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List of Symbols

Natural or counting numbers: ℕ = {1, 2, 3, 4, 5,…}
Prime numbers = {2, 3, 5, 7, 11, 13,…}
Whole numbers =W = {0, 1, 2, 3, 4, 5,…}
Integer numbers =ℤ = {…, −6, −5, −4, −3, −2, −1, 0, 1, 2, 3,…}
Rational numbers =ℚ = {numbers of the form a/b with a and b integers and b≠ 0}
Irrational numbers = {numbers that cannot be represented as the quotient of two integers}
Real numbers =ℝ = {all rational and irrational numbers}
Complex numbers =ℂ = {numbers of the form a+ib with a and b real numbers and i such that i2 =−1}
n! = n× ðn− 1Þ× ðn− 2Þ× … × 3× 2× 1 n! (read “n factorial”) is defined for all n≥ 0. By definition 0! =1.
{x | x has a certain property} gives the description of a set. In this context the symbol “|” is read “such
that.” All objects that have the required property are called “elements” of the set.
a ∈ A: a is an element of the set A (see Section on Basic Set Theory in Chapter 4)
a ∉ A: a is not an element of the set A (see Section on Basic Set Theory in Chapter 4)
A ⊆ B: the set A is contained (or equal to) in the set B (see Section on Basic Set Theory in Chapter 4)
A ∪ B: read “A union B” (see Section on Basic Set Theory in Chapter 4)
A ∩ B: read “A intersection B” (see Section on Basic Set Theory in Chapter 4)
A’ = C(A): read “complement of A” (see Section on Basic Set Theory in Chapter 4)

|x| = absolute value of x = distance from 0 to x =
xwhen x≥ 0

− xwhen x< 0
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SOME FACTS AND PROPERTIES OF NUMBERS
Trichotomy Property of Real Numbers
Given two real numbers a and b, exactly one of the following three relations holds true: 1) a< b; 2) a = b;
3) a> b.

Selected Relations, Definitions, and Properties of Integer, Rational,
and Irrational Numbers
The following definitions are given only for integer numbers:

An integer number a is divisible by a nonzero integer number b if there exists an integer number n such
that a = bn. The number a is said to be a multiple of b, and b is said to be a divisor (or a factor) of a.

Numbers that are multiples of 2 are called even. Therefore, for any even number a there exists an
integer number k such that a = 2k. Numbers that are not divisible by 2 are said to be odd; thus, any odd
number t can be written as t = 2s + 1 for some integer number s.

The following relations, definitions, and properties are given only for positive integer numbers:
A counting number larger than 1 is called prime if it is divisible only by two distinct counting num-

bers, itself and 1. Because of this definition, the number 1 is not a prime number.
The lcm(a, b) = least common multiple of a and b, call it L, is the smallest multiple that the positive

integers a and b have in common. Therefore,
i. there exist two positive integers n and m such that L = an and L = bm;
ii. if M is another common multiple of a and b, then M is a multiple of L; and
iii. L ≥ a and L ≥ b.

vii



The GCD(a, b) = greatest common divisor of a and b, call it D, is the largest divisor that the positive
integers a and b have in common. Therefore,
i. there exist two positive integers s and t such that a =Ds and b =Dt; with s and t relatively prime (i.e.,
having no common factors);

ii. if T is another common divisor of a and b, then T is a divisor of D; and
iii. D ≤ a and D ≤ b.

If GCD(a, b) = 1, then a and b are said to be relatively prime.
There are two equivalent definitions that are usually employed when dealing with rational numbers.

The first is the one given above, with rational numbers considered to be the ratio (quotient) of two inte-
gers, where the divisor is not equal to zero. When using this definition, it might be useful to remember
that it is always possible to represent a rational number as a fraction whose numerator and denominator
have no common factors (relatively prime) (e.g., use 1/3 instead of (−6)/(−18) or 3/9). This kind of frac-
tion is said to be in reduced form.

The second definition states that a number is rational if it has either a finite decimal part OR an infi-
nite decimal part that exhibits a repeating pattern. The repeating set of digits is called the period of the
number. It can be proved that these two definitions are equivalent.

The two definitions used for rational numbers generate two definitions for irrational numbers. The
first one is the one given above. The second states that a number is irrational if its decimal part is infinite
AND does not exhibit a repeating pattern.

Well-Ordering Principle
Every nonempty set of nonnegative integers contains a smallest element.

Division Algorithm
Let a and b be two integers. Then there exist two integers q and r such that

a = qb+ r

with 0≤ r< |b|. The number q is the quotient, the number r is the reminder. (For a proof of this fact see
the section on Existence Theorems in Chapter 3.)

SOME FACTS AND PROPERTIES OF FUNCTIONS
Let f and g be two real 0 valued functions. Then it is possible to construct the following functions:

1. f + g defined as ðf + gÞðxÞ = f ðxÞ+ gðxÞ
2. f− g defined as ðf − gÞðxÞ = f ðxÞ− gðxÞ
3. fg defined as ðfgÞðxÞ = f ðxÞgðxÞ
4. f /g defined as ðf /gÞðxÞ = f ðxÞ/gðxÞ when gðxÞ≠ 0
5. f ∘g defined as f ∘gðxÞ = f ðgðxÞÞ

The domains of these functions will be determined by the domains and properties of f and g.
A function f is said to be

1. Increasing if for every two real numbers x1 and x2 such that x1< x2, it follows that

f ðx1Þ< f ðx2Þ:
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2. Decreasing if for every two real numbers x1 and x2 such that x1< x2, it follows that

f ðx1Þ> f ðx2Þ:
3. Nondecreasing if for every two real numbers x1 and x2 such that x1< x2, it follows that

f ðx1Þ≤ f ðx2Þ:
4. Nonincreasing if for every two real numbers x1 and x2 such that x1< x2, it follows that

f ðx1Þ≥ f ðx2Þ:
5. Odd if f ð−xÞ = − f ðxÞ for all x.
6. Even if f ð−xÞ = f ðxÞ for all x.
7. One-to-one if for every two real numbers x1 and x2 such that x1≠ x2, it follows that f ðx1Þ≠ f ðx2Þ:
8. Onto if for every value y there is at least one value x such that f ðxÞ = y:

List of Symbols ix



This page intentionally left blank



CHAPTER

1Getting Started

INTRODUCTION AND BASIC TERMINOLOGY
Have you ever felt that the words mathematics and frustration have a lot in common? There are many
people who feel this way, including, frequently, some very good mathematicians. At the beginner’s
level—the level for readers of this book—this feeling is often the result of the use of an unproductive
and often unsystematic (and panicky) approach that leads to hours of unfruitful work. When anxiety
sets in, memorization may look like the way to “survival.” But memorization without a thorough
understanding is usually a poor and risky approach, both in the short term and in the long run. It is
difficult to recall successfully a large amount of memorized material under the pressure of an exam or
a deadline. Moreover, it is very easy for most of this material to quickly fall into oblivion if not used.
The combination of these two aspects will render most of the work done completely useless, and it
will make future use of the material very difficult. The worst consequence is that no ownership of the
subject is gained.

The construction of airtight logical constructions, “proofs,” represents one of the major obstacles math-
ematical neophytes face when making the transition to more advanced and abstract material. It might be
easy to believe that all results already proved are true and that there is no need to check them or under-
stand why they are true. But there is much to be learned from understanding the proofs behind the results.
Such an understanding gives us new techniques that we can use to gain an insider’s view of the subject,
obtain other results, remember the results more easily, and be able to derive them again if we want to.
And the understanding will make us see and appreciate the intrinsic beauty of mathematics.

To learn how to read and understand proofs (this term will be defined more precisely in the next few
paragraphs) already written in a textbook, and to learn how to construct proofs on our own, we will pro-
ceed by breaking them down into a series of simple steps and looking at the clues that lead from one
step to the next. “Logic” is the key that will help us in this process. We will use the words “logic” and
“logical” according to the definition suggested by Irving Copi: “Logic is the study of methods and princi-
ples used to distinguish good (correct) from bad (incorrect) reasoning.” Before we start, though, we need
to know the precise meaning of some of the most common words that appear in mathematics and logic
books.

Statement: A statement is a sentence expressed in words (or mathematical symbols) that is either true
or false. Statements do not include exclamations, questions, or orders. A statement cannot be true and
false at the same time, though it can be true or false when considered in different contexts or at
different times. For example, the statement “No man has ever been on the Moon” was true in 1950,
but it is now false.

A statement is simple when it cannot be broken down into other statements (e.g., “It will rain.”
“Two plus two equals four.” “I like that book.”). A statement is composite when it is built by using
several simple statements connected by punctuation and/or words such as and, although, or, thus,
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then, therefore, because, for, moreover, however, and so on (e.g., “It will rain, although now it is only
windy.” “I like that book, but the other one is more interesting.” “If we work on this problem, we will
understand it better.”).

A statement that is always true (e.g., “A white horse is white.” “Either you have a dollar bill or
you do not.”) is called a tautology. On the other hand, a sentence whose truth cannot be established is
called a paradox. A classic example is given by the sentence “This sentence is false.” If we decide
that the sentence is true, then it is indeed true that the sentence is false! If we decide that the sentence
is false, then it is false that the sentence is false. Thus the sentence must be true!

Hypothesis: A hypothesis is a statement that it is assumed to be true, and from which some
consequence follows. (e.g., In the sentence “If we work on this problem, we will understand it better”
the statement “we work on this problem” is the hypothesis.)

There are other common uses of the word hypothesis in other scientific fields, and they are
considerably different from the one listed here. For example, in mathematics hypotheses are never
tested. In other fields (e.g., statistics, biology, psychology) scientists discuss the need “to test the
hypothesis.”

Conclusion: A conclusion is a statement that follows as a consequence from previously assumed
conditions (hypotheses). (e.g., In the sentence “If we work on this problem, we will understand it
better” the statement “we will understand it better” is the conclusion.) In the book The Words of
Mathematics Steven Schwartzman (page 52) writes “In mathematics, the conclusion is the ‘closing’ of
a logical argument, the point at which all the evidence is brought together and a final result obtained.”

Definition: A definition is an unequivocal statement of the precise meaning of a word or phrase, a
mathematical symbol or concept, to end all possible confusion. Definitions are like the soil in which a
theory grows, and it is important to be aware of the fact that mathematicians do not coin new definitions
without giving the process a lot of thought. Usually a definition arises in a theory to capture the
properties of some concept that will be crucial in the development and understanding of that theory.
Therefore, it is difficult to understand and work with results that use technical terms when the
definitions of these terms are not clear. This is similar to working with tools we are not sure how to use
or to speaking a language using words whose meaning is not clear. Knowing and understanding
definitions will save a lot of time and frustration.

This is not to suggest that definitions should be memorized by rote, without understanding them. It
is a good idea to work with new definitions to be sure that their meanings and immediate
consequences are clear, so that it will be possible to recall them quickly and appropriately. It is easy
to fall behind during a lecture because the speaker is using unfamiliar words and it is easy to miss
much of the speaker’s argument while either trying to remember the meaning of the technical terms
used or losing interest altogether, thus not understanding what is being said. In this situation,
conscious or unconscious doubts about one’s technical/mathematical abilities creep in, making
successful and efficient learning more difficult.

Therefore, we should make sure to have a good starting point by having a clear and thorough
understanding of all necessary definitions. It is usually helpful to pin down a definition by finding
some examples of objects that satisfy it and some examples of objects that do not satisfy it. Do not
confuse the two concepts though; examples are not definitions, and cannot replace them.

Proof: A proof is a logical argument that establishes the truth of a statement beyond any doubt. A proof
consists of a finite chain of steps, with each one of them being a logical consequence of the previous
one. Schwartzman (page 174) explains “the Latin adjective probus means ‘upright, honest,’ … The
derived verb probare meant ‘to try, to test, to judge.’ One meaning of the verb then came to include the
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successful result of testing something, so to prove meant ‘to test and find valid.’ … In a deductive
system like mathematics, a proof tests a hypothesis only in the sense of validating it once and for all.”

Theorem: A theorem is a mathematical statement whose truth can be established using logical
reasoning on the basis of certain assumptions that are explicitly given or implied in the statement
(i.e., by constructing a proof). The word theorem shares its Greek root with the word theater. Both
words are derived from the root thea, which means “the act of seeing.” Indeed the proof of a theorem
usually allows us to see further into the subject we are studying.

Lemma: A lemma is an auxiliary theorem proved beforehand, so that it can be used in the proof of
another theorem. This word comes from the Greek word that means “to grasp.” Indeed in a lemma
one “grasps” some truth to be used in the proof of a larger result.

The proofs of some theorems are long and difficult to follow. In these cases it is common for one
or more of the intermediate steps to be isolated as lemmas and to be proved ahead. Then, in the proof
of the theorem we can refer to the lemmas already established and use them to move to the next step.
Often the results stated in lemmas are not very interesting by themselves, but they play key roles in
the proof of more important results. On the other hand, there are some lemmas that are used in so
many different cases and are so important that they are named after famous mathematicians.

Corollary: A corollary is a theorem that follows logically and easily from a theorem already proved.
Corollaries can be important theorems. The name, which derives from the Latin word for “little
garland,” underlines the fact that the result stated in a corollary follows naturally from another
theorem. The James & James Mathematics Dictionary defines a corollary as a “by-product of another
theorem.”

GENERAL SUGGESTIONS
The first step, whether we are trying to prove a result on our own or we are trying to understand some-
one else’s proof, consists of clearly understanding the assumptions (hypotheses) made in the statement
of the theorem and the conclusion to be reached. In this way we are establishing the starting and end-
ing points of the logical process that will take us from the hypotheses to the conclusion. We must
understand the meaning of the hypotheses so that we can use the full strength of the information we
are given, either implicitly or explicitly, to achieve the desired result. It is essential to check all techni-
cal words appearing in the statement and to review the definitions of the ones whose meanings are not
clear and familiar.

EXAMPLE 1.1
Suppose we are going to prove the following statement: If a triangle is equilateral, then its internal angles
are equal.

We start with the following information:

i. the object is a triangle (explicit information); and
ii. the three sides have the same length (explicit information from the word equilateral).

But what else do we know about triangles; that is, what implicit information do we have? We can use
any previously established result, not only about triangles, but also, for example, about geometric
properties of lines and angles in general (implicit information).

(Continued )
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The conclusion we want to reach is that “the internal angles of the triangle are equal.” Therefore it will

be extremely important to know the definition of “internal angles of a triangle” as well.
Consider the following statement: The number a is a nonzero real number.
The statement gives the following information:

i. the number a is different from zero (explicit information); and
ii. the number a is a real number (explicit information).

As mentioned previously, the second fact implicitly states that we can use all properties of real
numbers and their operation that the book has already mentioned or requires readers to know (implicit
information). Sometimes the hypotheses, as stated, might contain nonessential details, which are included
for the sake of clarity.

EXAMPLE 1.2
1. Consider the triangle ABC.
2. Let A be the collection of all even numbers.
3. Let a be a nonzero real number.

The fact that the triangle is denoted as ABC is not significant. We can use any three letters (or other
symbols) to name the three vertices of the triangle. In the same way, we can use any letter to denote the
collection of all even numbers and a nonzero real number. The most important thing is consistency. If we
used the letters A, B, and C to denote the vertices of a triangle, then these letters will refer to the vertices
of the triangle any time they are mentioned in that context, and they cannot be used to denote another
object.

Only after we are sure that we can identify the hypothesis and the conclusion, and that we understand
the meaning of a theorem to be proved, we can go on to read, understand, or construct its proof (that is,
a logical argument that will establish how and why the theorem we are considering is true). It is impor-
tant to observe that a mathematical statement to be proved does not exist in a vacuum, but it is part of a
larger context. Therefore the construction of its proof might change significantly, depending on the mate-
rial previously introduced. Indeed all the results already established and all the definitions already stated
as parts of a context can be used in the construction of the proofs of other results in that same context.
As this book focuses more on the “nuts and bolts” of proof design than on the development of a mathe-
matical theory, it does not include the construction of a mathematical setting for the material presented.
This approach is supposed to provide the reader with the basic tools to use for the construction of proofs
in a variety of mathematical settings.

At this point, we want to emphasize the difference between the validity of an argument and the truth/
falsity of the results of an argument. An argument is valid if its hypothesis supplies a sufficient and cer-
tain basis for the conclusion to be reached. An argument can be valid and reach a false conclusion, as in
the following example, in which one of the hypotheses is false:

All birds are able to fly. Penguins are birds.
Therefore penguins are able to fly.

An argument can be invalid and reach a true conclusion. Consider the following argument:

Cows have four legs. Giraffes have four legs.
Therefore giraffes are taller than cows.
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In the example just given, it is clear that the information we have (“Cows have four legs. Giraffes
have four legs.”) does not imply that “Giraffes are taller than cows,” which is nonetheless a true fact. The
only conclusion we could legitimately reach is that giraffes and cows have the same number of legs.

In other cases the possible flaws in the reasoning process are more subtle. Consider the following
argument:

If Joe wins the state lottery, he can afford a new car.
Joe did not win the state lottery.
Therefore Joe cannot afford a new car.

The hypotheses for this argument are:

If Joe wins the state lottery, he can afford a new car. Joe did not win the state lottery.

The conclusion reached is:

Joe cannot afford a new car.

This is an example of incorrect (nonvalid) reasoning. Indeed, Joe did not win the state lottery, so he
might not be able to afford a new car (the conclusion is true). But, on the other hand, Joe might inherit
some money (or he might be already wealthy) and he will be able to afford a new car (the conclusion is
false, whereas the hypotheses are still true). Thus, the conclusion does not follow logically from the
hypotheses, because the hypotheses do not state what Joe will do if he does not win the lottery. So, any
conclusion we reach in this case is just speculative as it is not the only possible logical conclusion. This
is why the reasoning process is not valid.

When we are working on the proof of a statement, we strive for a sound proof, that is, a proof that
uses valid arguments, under true hypotheses. It is not unusual to be able to construct more than one
sound proof for a true statement, especially when the chain of steps required is rather lengthy. Very often
the construction of a sound proof takes considerable time and effort, and usually the first attempts pro-
duce little more than “scratch work.” Thus we must be ready to work on several drafts. While doing this,
the elegance of the construction is not the most important issue. After the soundness of a proof is estab-
lished, it is easier to keep working on it to make it flow well and to remove useless details.
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CHAPTER

2Basic Techniques to Prove If/Then
Statements

WHAT DOES “IF/THEN” MEAN?
Let’s start by looking at the details of a process that goes on almost automatically in our minds hundreds
of times every day: deciding whether something is true or false. Suppose you make the following state-
ment: “If I go home this weekend, I will take my parents out to dinner.” When is your statement true?
When is it false? That is, when could you be accused of lying? The statement we are considering is a
composite statement, and its two parts are the following simple statements:

A: I go home this weekend.
B: I will take my parents out to dinner.

As far as your trip is concerned, there are two possibilities:

i. You are going home this weekend (A is true).
ii. You are not going home this weekend (A is false).

Regarding the dinner, there are two possibilities as well.

i. You will take your parents out to dinner (B is true).
ii. You will not take your parents out to dinner (B is false).

Thus we can consider four possibilities:

1. A is true and B is true.
2. A is true and B is false.
3. A is false and B is true.
4. A is false and B is false.

Case 1. You do go home and you do take your parents out to dinner. Your statement is true.
Case 2. You go home for the weekend, but you do not take your parents out to dinner. You have been
caught lying! Your statement is false.
Cases 3 and 4. You cannot be accused of lying if you did not go home, but you did take your parents
out to dinner, since they came to visit you. If you did not go home, nobody can accuse you of lying
if you did not take your parents out to dinner. It is very important to notice that you had not specified
what you would do in case you were not going home (A is false). So whether you did take your
parents out to dinner or not, you did not lie.

In conclusion, there is only one case in which your statement is false: when A is true and B is false.
This is a general feature of statements of the form “If A, then B” or “A implies B.”

A statement of the form “If A, then B” is true if we can prove that it is impossible for A to be true and
B to be false at the same time; that is, whenever A is true, B must be true as well.

The Nuts and Bolts of Proofs, Fourth Edition. DOI: 10.1016/B978-0-12-382217-8.00002-6
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This information can be represented using one of the so-called truth tables1 (T = true, F = false):

A B If A, then B
T T T
T F F
F T T
F F T

All arguments having this form, which is called modus ponens, are valid. The expression “modus
ponens” comes from the Latin ponere, meaning “to affirm.”

The statement “If A, then B” can be reworded as “A is a sufficient condition for B” and as “B is a
necessary condition for A.” The mathematical use of the words “sufficient” and “necessary” is very simi-
lar to their everyday use. A statement that is true and provides enough (sufficient) information to reach
the conclusion is called a sufficient condition. If a statement is an inevitable (certain) consequence of a
given statement, it is called a necessary condition. A condition can be sufficient, but not necessary, or
necessary, but not sufficient.

As an example, consider the statement “if an animal is a cow, then it has four legs.” Having four legs
is a necessary condition for an animal to be a cow, but it is not a sufficient condition for identifying a
cow, as it is possible for an animal to have four legs and not be a cow. On the other hand, being a cow
is a sufficient condition for knowing that the animal has four legs. Consult the James & James Mathe-
matics Dictionary if you want to find out more about “sufficient” and “necessary” conditions. Other
words used to introduce the hypothesis (similarly to “if” and “sufficient”) are “when,” “whenever,” and
“it is enough that…” Words that can help identify the conclusion (in addition to “then” and “necessary”)
are “only if” and “only when.” Since in a statement of the form “If A, then B” the hypothesis and the
conclusion are clearly separated (part A, the hypothesis, contains all the information we are allowed to
use; part B is the conclusion we want to reach, given the previous information), it is useful to try to write
in this form any statement to be proved. The following steps can make the statement of a theorem simpler
and therefore more manageable, without changing its meaning:

1. Identify the hypothesis (A) and conclusion (B), so that the statement can be written in the form “If A,
then B” or “A implies B.”

2. Watch out for irrelevant details.
3. Rewrite the statement to be proved in a form you are comfortable with, even if it is not the most

elegant.

A is true

B is true B is false B is true B is false

A is false

Possibilities

1Truth tables are diagrams used to analyze composite statements. A column is assigned to each of the simple statements that
form the composite statement. Then one considers all possible combinations of “True” and “False” for them. The logic
connectives used to construct the composite statement (e.g., and, or, if…, then….) will determine the truth value of the
composite statement.
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4. Check all relevant properties (from what you are supposed to know) of the objects involved. If you
get stuck while constructing the proof, double-check whether you have overlooked some explicit or
implicit information you are supposed to know and be able to use in the given context. As mentioned
in the “General Suggestions” section, the proof of a statement depends on the context in which the
statement is presented.

The examples included in the next sections will illustrate how to use these suggestions, which at this
point are somewhat vague, to construct some proofs.

Exercises
Given the following statements, write them in the form “If…, then…” Do not be concerned with their
truth.

1. The function f is continuous only if it is differentiable.
2. Whenever the product of two integer numbers is odd, the two numbers are odd.
3. The fact that two numbers are prime implies that their greatest common divisor is 1.
4. It is sufficient for a function to be a polynomial in order for it to be continuous.
5. It is necessary for two numbers to be even for their sum to be even.
6. It is enough that a number is prime for it to be odd.
7. The sum of two numbers is even only if the numbers are both odd.
8. A number is even only if it is a multiple of 4.
9. A number is even if it is a multiple of 4.

10. For a number to be a multiple of 9 it is necessary for it to be a multiple of 3.

Direct Proof: A direct proof is based on the assumption that the hypothesis contains enough information
to allow the construction of a series of logically connected steps leading directly to the conclusion. ■

EXAMPLE 2.1
The sum of two odd numbers is an even number.

Discussion: The statement is not in the standard form “If A, then B.” Therefore we have to identify the
hypothesis and the conclusion. What explicit information do we have? We are dealing with any two odd
numbers. What do we want to conclude? We want to prove that their sum is not an odd number. So we
can set:

A: Consider any two odd numbers and add them. (Implicit hypothesis: As odd numbers are integer
numbers, we can use the properties and operations of integer numbers.)

B: Their sum is an even number.

Thus, we can rewrite the original statement as: “If we consider two odd numbers and add them, then
we obtain a number that is even.” This statement is much less elegant than the original one, but it is
much more explicit since it separates clearly the hypothesis and the conclusion.

From experience we know that the sum of two odd numbers is an even number. But this is not
sufficient (good enough) evidence (we could be overgeneralizing). We must prove this fact. We will start
by introducing some symbols, so that it will be easier to refer to the numbers used.

Let a and b be two odd numbers. Thus (see “Facts and Properties of Numbers” at the front of the
book) we can write

a = 2t +1 and b = 2s +1,

(Continued )
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(Continued )
where t and s are integer numbers. Therefore,

a +b = ð2t +1Þ+ ð2s +1Þ = 2t +2s +2 = 2ðt + s +1Þ:
The number t + s + 1 is an integer number, because t, s, and 1 are integers. This proves that the

number a + b is indeed even. We reached the conclusion that was part of the original statement! We seem
to be on the right track. Can we rewrite the proof in a precise and easy to follow way? Let us try!

Proof: Let a and b be two odd numbers (by hypothesis). As the numbers are odd, it is possible to write

a = 2t +1 and b = 2s +1,

where t and s are two integers. Therefore,

a +b = ð2t +1Þ+ ð2s +1Þ = 2t +2s +2 = 2ðt + s +1Þ:
The number p = t + s + 1 is an integer because t, s, and 1 are integers. Thus

a +b = 2p,

with p an integer. This implies that a + b is an even number. Because this is the conclusion in the original
statement, the proof is complete. ■

Let us look back briefly at how this proof relates to the considerations presented at the beginning of this
section. We have worked under the assumption that part A of the statement is true. We have shown that part B
holds true, and we have done this using a general way of thinking, not by using specific examples (more about
this later). Therefore, it is true that A implies B. Now let us consider some more statements to be proved.

EXAMPLE 2.2
Let a, b, and c be three integers. If a is a divisor of b and c, then a is a divisor of b − c.

Discussion: Let us separate the hypothesis and conclusion.

A: The number a is a divisor of b and c. This statement can be more explicitly written as b = ak and c = at
with k and t integer numbers.

B: The number a is a divisor of b − c. This statement (to be proved) can be more explicitly written as
b − c = an for some integer number n.

Implicit hypothesis: We need to know how to use the properties and operations of integer numbers.
In addition, by the definition of “divisor,” we know that a ≠ 0. The statement “Let a, b, and c be three
integers” is somewhat redundant, because the definition of divisor is only used when working with integer
numbers. Usually statements of this kind are made to officially set up the mathematical background in
which the work will be done.

Proof: By the hypothesis and by the definition of divisor, b = ak and c = at with k and t integer numbers.
Since the conclusion is about the relationship between the numbers b − c and a, it would make sense to
build a mathematical formula that uses these numbers. Using the hypothesis, we can write

b − c = ak − at :

By the distributive property of multiplication over addition, it is possible to factor the common factor a
from the two terms on the left-hand side to have

b − c = ak − at = aðk − tÞ:
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The number k − t is an integer because it is the sum of two integers. Let n = k − t. Then

b − c = an:

This equality proves that a is a divisor of b − c. ■

EXAMPLE 2.3
If the x- and the y-intercepts of a line that does not pass through the point (0, 0) have rational
coordinates, then the slope of the line is a rational number.

Discussion: Let us separate the hypothesis and conclusion.

A: Consider a line in the Cartesian plane such that its x- and y-intercept have rational coordinates, and
neither one of them is the point (0, 0).

B: The slope of the line described in the hypothesis is a rational number.

Implicit hypothesis: We need to know the structure of the Cartesian plane, how to find the x- and the
y-intercepts of a line, how to find the slope of a line, and how to use the properties and operations of
rational numbers. In general, if we know the coordinates of any two points on a line, we can use them to
calculate the slope of the line. Indeed, if N(x1, y1) and M(x2, y2) are any two points on a line (including its
x- and y-intercepts), the slope of the line is the number

m =
y2 − y1
x2 − x1

,

if x1 ≠ x2, and it is undefined if x1 = x2. The hypothesis mentions two special points on the line, namely its
x- and y-intercepts. So, they can be used to calculate the slope.

Proof: By hypothesis, if N is the x-intercept of the line, then N(p/q, 0), with p ≠ 0 (as N is not the point
(0, 0)), and q ≠ 0 (because division by 0 is not defined), and with p and q integers. By hypothesis, if M is
the y-intercept of the line, then M(0, r/s), with r ≠ 0 (as M is not the point (0, 0)), and s ≠ 0 (because
division by 0 is not defined), and with r and s integers. Therefore, the slope of the line is the number

m =

r
s
−0

0− p
q

= − rq
sp

with sp ≠ 0 and rq ≠ 0, and sp and rq both integers. Thus m, the slope of the line, is a rational number.■

If we again look at the structure of the proof in Example 2.3, we can see that the hypothesis offered
enough information to use as a starting point for the work needed to reach the conclusion.

EXAMPLE 2.4
A five-digit number is divisible by 3 when the sum of its digits is divisible by 3.

Discussion: This statement can be rewritten as “If the sum of the digits of a five-digit number is divisible
by 3, then the number is divisible by 3.”

(Continued )
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A: Let n be an integer number with n = ±a4a3a2a1a0, 0 ≤ ai ≤ 9 for all i = 0, 1, 2, 3, 4, and a4 ≠ 0, such

that a4 + a3 + a2 + a1 + a0 = 3t, where t is an integer number. (The fact that n is an integer number is
an implicit hypothesis, since the concept of divisibility is defined only for integer numbers. The ± sign
indicates that the number n can be either positive or negative.)

B: The number n is divisible by 3; that is, n = 3s with s an integer number.

Proof: As the hypothesis provides information about the digits of the number, we will separate the digits using
powers of 10. For sake of simplicity, let us assume that n is positive. Thus,

n = a4a3a2a1a0 = 104a4 +103a3 +102a2 +10a1 + a0:

Since the digit a0 is the only digit without a positive power of 10, we could consider replacing it by
using the other digits. By hypothesis, a4 + a3 + a2 + a1 + a0 = 3t, where t is an integer number. Thus,

a0 = 3t − a4 − a3 − a2 − a1:

If we substitute this expression for a0 into the expression for n and perform some algebraic steps, we
obtain

n = 104a4 +103a3 +102a2 +10a1 + a0

= 104a4 +103a3 +102a2 +10a1 + ð3t − a4 − a3 − a2 − a1Þ
= 9, 999a4 +999a3 +99a2 +9a1 +3t :

Therefore,

n = 9, 999a4 +999a3 +99a2 +9a1 +3t

= 3ð3, 333a4 +333a3 +33a2 +3a1 + tÞ:
Since the number 3,333a4 + 333a3 + 33a2 + 3a1 + t is an integer (because all the numbers that generate
it are integers), we proved that number n is divisible by 3.

If n is a negative number, just replicate all the steps above, starting with n = −a4a3a2a1a0. ■

Note: The number of digits used in Example 2.4 is irrelevant. This is a special case of the much more
general statement, “A number is divisible by 3 when the sum of its digits is divisible by 3.”

We chose to use five digits because the proof of the more general statement, which at the beginning is
very similar to the one above, can be easily completed using a technique that will be introduced later,
namely “proof by induction.” Let’s look at the set up of the general proof.

Let n be an integer number with n = akak−1… a2a1a0, 0 ≤ ai ≤ 9 for all i = 0, 1, 2,… , k and ak ≠ 0,
such that ak + ak−1 +…. + a2 + a1 + a0 = 3t, where t is an integer number. Then, following the same
steps performed in the proof in Example 2.6, we can write

n = 10kak + 10k−1ak−1 +…+ 102a2 + 10a1 + a0

= 10kak + 10k−1ak−1 +…+ 102a2 + 10a1 + ð3t− ak − ak−1 −…− a2 − a1Þ
= ð10k − 1Þak + ð10k−1 − 1Þak−1 +…+ 99a2 + 9a1 + 3t:

At this point, to be able to show that n is divisible by 3, we need to prove that 10s− 1 is divisible by
3 for all s ≥ 1. This is the step that can require proof by induction (see Exercise 31 at the end of the sec-
tion on mathematical induction), unless one is familiar with modular arithmetic. As one’s mathematical
background increases, one has more tools to use, and therefore becomes able to construct the proof of a
statement using several different approaches.
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EXAMPLE 2.5
The sum of the first n counting numbers is equal to [n(n + 1)]/2.

Discussion: We can rewrite this statement in the more explicit (and less elegant) form “If n is an arbitrary
counting number and one considers the sum of the first n counting numbers (i.e., all the numbers from
1 to n, including 1 and n), then their sum can be calculated using the formula [n(n + 1)]/2.”

Let us start by separating the hypothesis and the conclusion:

A: Consider the sum of the first n counting numbers (i.e., 1 + 2 + 3 +… + n). (Implicit hypothesis:
We are familiar with the properties and operations of counting numbers.)

B: The sum above can be calculated using the formula [n(n + 1)]/2, that is,

1+2+3+…+ n =
nðn+1Þ

2
:

Before working on a proof, we might want to check that this equality works for some values of n. But
we need to keep in mind that these will be examples, and will not provide a proof. They will just provide a
better understanding of how the formula works.

When n = 6, we add the first six counting numbers and we have

1+2+3+4+5+6 = 21:

If we use the formula given above, we obtain 6ð6+1Þ
2 = 42

2 = 21:
When n = 7, we add the first seven counting numbers and we have

1+2+3+4+5+6+7 = 28:

If we use the formula given above, we obtain 7ð7+1Þ
2 = 56

2 = 28:
In these two cases the two answers coincide, but this might be true just by chance. To construct a

proof, we need to find a mathematical relationship between the sum of counting numbers and the
formula given in the conclusion.

Proof: The hypothesis does not give a clear idea of what to use as a starting point. Our goal is to find a
formula to add the first n counting numbers efficiently and without performing all the additions. We can
try different ways to group the n numbers. Because of the associative and commutative laws of
addition, the result will not change. (For example, in the sum of the first six numbers, we could try
grouping them in different ways, and after a few tries, with a little luck, we might be able to see that
1 + 6 = 7, 2 + 5 = 7, and 3 + 4 = 7. So it seems that the sums of the numbers at the same distance
from the two ends, 1 and 6, are constant. Let’s see if we can us this fact to construct a proof.)

Let Sn = 1 + 2 + 3 +… (n − 2) + (n − 1) + n. The sum of the first and last numbers is n + 1. The sum
of the second number and the next to the last number is 2 + (n − 1) = n + 1. The sum of the third
number and the second to the last number is 3 + (n − 2) = n + 1. So, the sum of numbers at the same
distances from 1 and n is always 1 + n. How many of these pairs can we form with n numbers?

If n is even we have n/2 pairs (for example, in the case of n = 6, we have 3 pairs.). Thus, the total is

Sn = 1+2+3+…+ n
2
+ n

2
+1

� �
+…+ ðn−2Þ+ ðn−1Þ+ n

= ðn+1Þ+ ½2+ ðn−1Þ�+ ½3+ ðn−2Þ�+…+ n
2
+ n

2
+1

� �h i
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n
2
pairs

= ðn+1Þ n
2
:

(Continued )
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(Continued )
If n is an odd number, there will be a number not used (the number in the middle) and (n − 1)/2

pairs whose sum is (n + 1). The number in the middle is the average of the first and last number, that is,
(n + 1)/2. Thus

Sn = 1+2+3+…+ n+1
2

−1
� �

+ n+1
2

+ n+1
2

+1
� �

+… ðn−2Þ+ ðn−1Þ+ n

= ðn+1Þ+ ½2+ ðn−1Þ�+ ½3+ ðn−2Þ�+…+ n+1
2

−1
� �

+ n+1
2

+1
� �h i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n−1
2

pairs

+ n+1
2

:

Therefore we have

Sn = 1+2+3+… ðn−2Þ+ ðn−1Þ+n = ðn+1Þ n−1
2

+ n+1
2

= n n+1
2

:

Thus, in any case 1+2+3+…+ n = nðn+1Þ
2 : ■

Here is another proof, that uses the same idea we just explored, but is organized in a more elegant,
less naïve way.

Proof: Let Sn denote the sum of the first n counting numbers, that is,

Sn = 1+ 2+ 3+…+ ðn− 1Þ+ n:

Because addition is a commutative operation, we can try rearranging the numbers to write

Sn = n+ ðn− 1Þ+…+ 3+ 2+ 1:

Compare these two ways of writing Sn,

Sn = 1+ 2+…+ ðn− 1Þ+ n

Sn = n+ ðn− 1Þ+…+ 2+ 1:

If we add these two equations, we obtain

2Sn = ð1+ nÞ+ ½2+ ðn− 1Þ�+…+ ½ðn− 1Þ+ 2�+ ðn+ 1Þ; ,

or

2Sn = ðn+ 1Þ+ ðn+ 1Þ+…+ ðn+ 1Þ+ ðn+ 1Þ; ,

or

2Sn = nðn+ 1Þ:
From this last equation, we obtain

Sn =
nðn+ 1Þ

2
:

Therefore it is true that 1+ 2+ 3+…+ n = nðn+ 1Þ
2 : ■
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The second proof shown in Example 2.5 is known as Gauss’ proof, and it hinges on the smart idea of
using the commutative property of addition. One might wonder how to think of such a breakthrough step,
which does not seem to follow naturally from any previous information. One way is to build a “mathema-
tical toolbox” of ideas, by reading proofs already completed by more experienced mathematicians.
Another way is to try to think how to work out of mathematical situations by using basic ideas. For
example, after writing

Sn = 1+ 2+ 3+…+ ðn− 1Þ+ n,

there is not much more to be done. Thus, one can start trying to use the basic properties of addition, such
as the associative property (to regroup the numbers somehow), the commutative property, and so on. As
usual, practice will help. The section on mathematical induction includes a different proof of the result
presented in Example 2.5.

EXAMPLE 2.6
If a and b are two positive integers, with a > b, then we can find two integers q and r such that

a = qb + r

with 0 ≤ r < b and 0 ≤ q.

Since the statement to be proved is already written in the form “If A, then B,” with the hypothesis and
conclusion already separated, we will proceed with the proof.

Proof: There are two possibilities: either a is a multiple of b, or a is not a multiple of b. We will consider
them separately.

Case 1. If a is a multiple of b, then the statement is proved since a = qb, and r = 0.
Case 2. We will assume that a is not a multiple of b. This means that if we consider all the multiples
of b, none of them will be equal to a. The multiples of b are numbers of the form

b, 2b, 3b, 4b, 5b,…:: , nb, ðn+1Þb,……

This collection is infinitely large, and the values of the numbers get larger and larger. They divide the
number line in separate consecutive intervals of size b. As a is a finite number, and these intervals cover
the whole positive number line, then a will be in one of the intervals determined by these multiples of b.

0 b 2b 3b (q +1)bqb

a

r

Thus,

qb < a< ðq+1Þb
for some positive integer q. To show that this number satisfies the conclusion to be reached, we need to
show that we can find the other number r. If we subtract qb from these inequalities, we obtain

0< a − qb < b: ( � )

(Continued )
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(Continued )
If we now set r = a − qb, we can show that this number satisfies the conditions listed in the conclusion.

By the previous inequalities (*), 0 < r < b. By its definition, a = qb + r. Since the two cases presented cover
all the possibilities, we proved that the statement is true. ■

The statement in Example 2.6 is part of the theorem known as the division algorithm. The beginning
of the proof uses an idea that, while clever, might not look intuitive. But, on the other hand, it does not
use advanced mathematical concepts. It is an example of how the combination of basic ideas can yield
more advanced results.

Later on we will prove that the numbers q and r we just found are the only ones satisfying the
required properties (see the exercises at the end of the section on uniqueness theorems). To be precise,
Example 2.6 could have been included in the section on existence theorems, because it states that there
exist two numbers having certain properties. Moreover, its proof is constructed by considering two sepa-
rate cases. Thus, one could argue for its inclusion in the section on multiple hypotheses!

Exercises
Rewrite the following statements in the form “If/then.” Then prove them.

11. The average of two consecutive odd integers is always even.
12. Let n be a number that is not a multiple of 3. Then its square can be written as 3s + 1 with s an

integer.
13. Let n be a three-digit number, whose unit digit is at most 4, whose hundreds digit is between 1 and

5, and whose tens digit is the sum of the other two digits. Then n is divisible be 11.
14. The number n is odd only if n3 is odd.
15. It is necessary that n2 + 3n + 5 is odd for n to be odd.

THE NEGATION OF A STATEMENT: AND/OR
If we are having a conversation and somebody makes a statement whose meaning escapes us, we might
ask “What do you mean?” Our hope is that the wording of the statement will be changed so that we can
grasp its meaning, without changing the meaning itself. This situation happens when we are working with
mathematical statements as well. How do we change a mathematical statement into one that is easier for
us to handle, but has the same mathematical meaning?

Two statements are logically equivalent when they have the same truth table. So, we can change a
mathematical statement into one easier to work with, which is true or false exactly when the original
statement is true or false.

Given the statement A, we can construct the statement “not A,” which is false when A is true and true
when A is false; “not A” is the negation of A.

A not A
T F
F T

Clearly, these two statements are related, but they are not logically equivalent. But we will see that there
are a lot of instances in which being able to construct correctly the negative of a given statement is a
very useful tool. This is not just a “grammar” exercise, because of the precise nature of mathematical
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statements. The construction of the statement “not A” can be a tricky step. Sometimes it is enough to
insert the word “not” into statement A to achieve our goal. For example, the statements “x + y is irra-
tional” and “the collection is infinite” are changed into the statements “x + y is not irrational” and “the
collection is not infinite.”

Other cases are not so easy to handle, especially when A includes words such as unique, for one, for
all, every, none. These expressions are usually called quantifiers. Let us see how we can work with some
of these expressions.

ORIGINAL STATEMENT NEGATION

At least one object in a collection has a given property. None of the objects in a collection has a given property.
Some of the objects in a collection have a certain property. None of the objects in a collection has a given property.
All objects in a collection have a certain property. There is at least one object in the collection that does

not have that property.
Every object in a collection has a certain property. There is at least one object in the collection that does

not have that property.
None of the objects in a collection has a given property. There is at least one object in a collection that has a

given property.

Quantifiers are not the only possible source of problems when constructing the negation of a state-
ment. The logical connectives “or” and “and” have to be handled carefully as well.

The composite statement “C or D” is true when either one of the statements C or D is true.
The composite statement “C and D” is true when both statements C and D are true.

The definitions given above are represented by the following tables:

C D C or D C D C and D
T T T
T F T
F T T
F F F

T T T
T F F
F T F
F F F

The statement “C or D” is also true when both statements are true, but this is not required. Unless
otherwise indicated, the “or” used in mathematics is inclusive; that is, it includes the possibility that
both parts of the statement are true. This use of “or” is different from its everyday use, when “or” sug-
gests making exactly one choice given two (or more) possible cases (as in the case of a waiter asking
“Would you like to have coffee or tea?” and expecting only one choice). Therefore, for the statement
“C or D” to become false both C and D must be false. Thus the negation of “C or D” (i.e., the state-
ment “not ‘C or D’”) is the statement “‘not C’ and ‘not D.’” The truth tables can reinforce and clarify
what has just been stated in words.

Truth table for the negation of the statement “C or D,” that is, “not ‘C or D’”:

C D C or D not “Cor D”
T T T F
T F T F
F T T F
F F F T
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Truth table for the statement “‘not C’ and ‘not D’”:

C D not C not D “not C” and “not D”

T T F F F
T F F T F
F T T F F
F F T T T

By comparing these two tables, we can conclude that the statements “not ‘C or D’” and “‘not C’ and
‘not D’” are indeed logically equivalent, since they have the same truth values under the same
conditions.

The statement “C and D” is true only when both its parts are true. Therefore, for it to become false it
is sufficient that either C or D is false. Thus the negation of “C and D” (i.e., the statement “not ‘C and
D’”) is the statement “‘not C’ or ‘not D.’” The constructions of the truth tables for the statements “not
‘C and D’” and “‘not C’ or ‘not D’” is left as an exercise. These results are usually remembered by say-
ing that “not” changes “or” into “and” and vice versa. Just as a note, the logical connectives “but” and
“however” are just other ways to express “and.” For example, when we state “I like that book, but it is
too expensive” we mean “I like that book and it is too expensive.” Let’s negate some statements, to
apply the material just seen. It is important to realize that often there is more than one way to construct
the negative of a statement.

EXAMPLE 2.7
a. All natural numbers are positive.

Negation: There exists at least one natural number that is not positive.
b. There are some multiples of 4 which are divisible by 3.

Negation 1: No multiples of 4 are divisible by 3.
Negation 2: If a number is a multiple of 4, then it is not divisible by 3.

c. The function f is continuous and differentiable. (It is possible to rewrite this statement as “The function f
is continuous and the function f is differentiable.”) Negation: Either the function f is not continuous or it
is not differentiable.

d. For every number M there exists a number x such that f (x)>M.
Negation 1: There exists a number M for which there exists no number x such that f (x)>M.
Negation 2: There exists a number M such that f (x)≤M for all x.

e. There exists a number M for which there exists a number x such that f (x)>M.
Negation 1: There does not exist a number M for which there exists a number x such that f (x)>M.
Negation 2: For all numbers M there does not exist a number x such that f (x)>M.
Negation 3: All numbers M have the property that f (x)≤M for all x.

f. Every positive number is either prime or composite.
Negation: There exists a positive number that is not prime and not composite.

Exercises
Given the following statements, negate them.

16. The function f is defined for all real numbers.
17. Let x and y be two numbers. There is a rational number z such that x + z = y.
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18. The function f has the property that for any two distinct real numbers x and y, f (x) ≠ f (y).
19. The equation P (x) = 0 has one and only one solution.
20. All nonzero real numbers have nonzero opposites.
21. For every number n > 0 there is a corresponding number Mn > 0 such that f(x) > n for all real numbers

x with x > Mn. (To understand this statement better, you might want to use a graph in the Cartesian
plane.)

22. Every number satisfying the equation P (x) = Q (x) is such that |x| < 5.
23. The equation P (x) = 0 has several solutions (check Exercise 19).
24. The function f is continuous at the point c if for every ε > 0 there is a δ > 0 such that if |x − c| < δ then

|f (x) − f (c)| < ε.
25. For every real number x the number f (x) is rational.

Using the techniques seen in this section, prove the following statements:

26. Let f and g be two nondecreasing functions such that f ∘ g is well defined. Then f ∘ g is nondecreas-
ing (see “Some Facts and Properties of Functions” at the front of the book for the definition of
nondecreasing).

27. Let n be a number with three or more digits. If the two-digit number made by n’s two rightmost digits
(the unit and the tens) is divisible by 4, then n is divisible by 4.

28. If (a + b)2 = a2 + b2 for all real numbers b, then a must be zero.
29. Every four-digit palindrome number is divisible by 11 (a palindrome number reads the same forward or

backwards).
30. Let f be a nondecreasing function defined for all real numbers. Then, for all x ≠ c

f ðcÞ− f ðxÞ
c− x

≥0:

(See “Some Facts and Properties of Functions” at the front of the book for the definition of
nondecreasing.)

31. The function f(x) = mx + b, with m ≠ 0, is a one-to-one function (see “Some Facts and Properties of
Functions” at the front of the book for the definition of one-to-one function).

Read the following proofs and make sure you understand them. Then outline the proofs, listing explicitly
all the most important steps. Fill in details that might have been skipped (e.g., write the statement in
the form “If A, then B,” indicate which technique has been used, and fill in the logic details and alge-
braic steps).

32. Euclid’s algorithm for finding the greatest common divisor of two numbers. Let a and b be two posi-
tive integers with a > b. Divide a by b and write

a = bq1 + r1

with q1 ≥ 0 and 0 ≤ r1 < b.
Then, divide b by r1, obtaining

b = r1q2 + r2

with q2 ≥ 0 and 0 ≤ r2 < r1.
Continuing, we can divide r1 by r2 and obtain

r1 = r2q3 + r3

with q3 ≥ 0 and 0 ≤ r3 < r2. Continue this process as long as rk ≠ 0. Then the greatest common divi-
sor of a and b, denoted as (a, b) or GCD (a, b) is the last nonzero remainder. (See “Some Facts and
Properties of Numbers” at the front of the book for the definition of the greatest common divisor of
two numbers.)
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Proof: If we use the process described in the statement, we obtain

a = bq1 + r1

b = r1q2 + r2

r1 = r2q3 + r3

……:

……:

rn−3 = rn−2qn−1 + rn−1

rn−2 = rn−1qn + rn

rn−1 = rnqn+1 +0:

The process will take at most b steps because b > r1 > r2 > …. ≥ 0. The last of the equalities
written above implies that rn = GCD(rn−1, rn) (explain why).

Since

rn−2 = rn−1qn + rn

= rnqn+1qn + rn = rnt1

with t1 > 0, it follows that rn divides rn−2 and rn−1. So, rn is a common divisor of rn−2 and rn−1. If d
is another positive integer divisor of rn−2 and rn−1, then d will divide rn (check this claim). Therefore
rn = GCD(rn−1, rn−2).

Similarly, working backward through all the equalities of the algorithm, we obtain that rn = GCD(rn−2,
rn−3),… , rn = GCD(a, b). ■

33. If d = GCD(a, b), then d = sa + tb for some integers s and t.

Proof: Using the steps of the Euclidean algorithm described in Exercise 32, we obtain

r1 = a −bq1,

r2 = b − r1q2 = b − ða −bq1Þq2 = as2 +bt2,

r3 = r1 − r2q3 = ða −bq1Þ− ðas2 +bt2Þq3 = as3 + bt3:

Proceeding in this way, in at most b steps we will be able to write

rn = sa + tb:

The statement is therefore proved. ■

34. Let p be a prime number. If p divides the product ab, then p divides either a or b.

Proof: If p does not divide a, then GCD(a, p) = 1 (explain why). Therefore

1 = sa +pt

for some integers s and p (see Exercise 33).
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Thus

b = bðsa +ptÞ
= ðkpÞs + bpt

= pðks + btÞ:
This implies that p divides b (explain why). ■

PROOF BY CONTRAPOSITIVE
In some cases we cannot use the kind of direct, straightforward arguments we have already seen; that
is, we cannot deduce conclusion B directly from hypothesis A. This might happen because assuming
that A is true does not seem to give us enough information to allow us to prove that B must also be
true. In other cases, direct verification of the conclusion B would be too time consuming or impossible
(e.g., when there might be infinitely many cases “to check.”). Therefore we must find another starting
point.

This goes beyond just trying to reword the statement to separate hypothesis and conclusion. As
already mentioned, in everyday conversations, when we are unclear about the meaning of someone’s
statement, we ask the person to rephrase it. While we want the meaning of the statement to be
unchanged, we like to have it worded in the way that best fits our way of thinking. So, how can
we change the statement “If A, then B” into a logically equivalent statement that is more user
friendly?

There are three statements of the same form related to “If A, then B,” and they are defined as
follows:

1. The converse of the statement “If A, then B” is the statement “If B, then A.” (To obtain the converse,
reverse the roles of the hypothesis and the conclusion.)

2. The inverse of the statement “If A, then B” is the statement “If ‘not A,’ then ‘not B.’” (To obtain the
inverse, negate the hypothesis and the conclusion.)

3. The contrapositive of the statement “If A, then B” is the statement “If ‘not B,’ then ‘not A.’” (To
obtain the contrapositive, construct the converse, and then consider the inverse of the converse. This
means reverse the roles of the hypothesis and the conclusion and negate them.)

Let us consider some examples to clarify these definitions.

EXAMPLE 2.8
Let the original statement be

“If x is a rational number, then x2 is a rational number.”

Its converse is the statement “If x2 is a rational number, then x is a rational number.” Its inverse is the
statement “If x is not a rational number, then x2 is not a rational number.” Its contrapositive is the
statement “If x2 is not a rational number, then x is not a rational number.” These statements cannot be all
logically equivalent because the original statement and its contrapositive are true (prove that this claim is
indeed correct), while the converse and the inverse are false (why?).
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EXAMPLE 2.9
Consider the following statement:

“Let a and b be two integers.
If ab is an even number, then either a or b is an even number.”

Its converse is the statement

“Let a and b be two integers.
If either a or b is an even number, then ab is an even number.”

Its inverse is the statement

“Let a and b be two integers.
If ab is not an even number, then a is not an even number and b is not an even number.”
(i.e., If ab is an odd number, then a is an odd number and b is an odd number.)

Its contrapositive is the statement

“Let a and b be two integers.
If a is not an even number and b is not an even number, then ab is not an even number.” (i.e., If a
is an odd number and b is an odd number, then ab is an odd number.)

Note that the sentence “Let a and b be two integers” is never changed. This is because it is used to
establish the mathematical setting in which the statement is to be considered, and this setting does not
change. In Example 2.9 it is hard to decide whether the statements above are all logically equivalent
because they are all true (prove that this claim is indeed correct).

To avoid guessing if and when these four statements are logically equivalent, we will construct their
truth tables. Since we want to compare the four tables, the columns for statements A and B must always
be the same. We want to know when, under the same conditions for A and B, we get the same conclu-
sions regarding the truth of the final composite statements.

Truth table for the statement “If A, then B”:

A B If A, then B

T T T

T F F

F T T

F F T

Truth table for the converse statement “If B, then A”:

B A If B, thenA

T T T

F T T

T F F

F F T
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Truth table for the inverse statement “If ‘not A,’ then ‘not B’”:

A B not A not B If “not A,” then “not B”
T T F F T
T F F T T
F T T F F
F F T T T

Truth table for the contrapositive statement “If ‘not B,’ then ‘not A’”:

A B not B not A If “not B,” then “not A”
T T F F T
T F T F F
F T F T T
F F T T T

We can conclude from the preceding tables that the original statement is only equivalent to its contra-
positive. The converse and the inverse are logically equivalent to each other, but not to the original
statement.

Using the fact that a statement is logically equivalent to its contrapositive, when we have a hard time
proving a statement, we can try to work with its contrapositive. Doing so gives us a different starting
point because we will start by assuming that B is false, and we will prove that this implies that A is
false, because the contrapositive of the original statement is “If ‘not B,’ then ‘not A.’” Let us consider
some examples that illustrate the use of this technique.

EXAMPLE 2.10
Let n be an integer number. If the number 7n + 4 is even, then n is even.

Discussion: In this case the hypothesis and the conclusion are already clearly distinguishable. Therefore,
we can set:

A: The number 7n + 4 is even. (Implicit hypothesis: We can use the properties of integer numbers and
their operations.)

B: The number n is even.

By hypothesis 7n + 4 = 2k for some integer number k (see “Facts and Properties of Numbers” at the
front of the book). If we try to solve for n explicitly, we will need to divide by 7, and it is not evident that
the result of the division will be an integer and will give information on the parity of n. Therefore, we will
try to prove the original statement by using its contrapositive. Let n be an integer number. If n is not even,
then the number 7n + 4 is not even.

Proof: Assume that B is false, and that “not B” is true, and use this as the new hypothesis. Therefore, we
will start by assuming that “n is not even.” This means that “n is odd.” Thus,

n = 2t +1

for some integer number t. Using this information to calculate the number 7n + 4 yields

7n+4 = 7ð2t +1Þ+4 = 2ð7t +5Þ+1:

(Continued )
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(Continued )
The number s = 7t + 5 is integer because 7, t, and 5 are integers. Therefore, we can write

7n+4 = 2s +1,

and conclude that 7n + 4 is an odd number (“not A”). This means that the statement “If ‘not B,’ then
‘not A’” is true. Therefore, its contrapositive, that is, the original statement, is also true. ■

EXAMPLE 2.11
Let m and n be two integers. If they are consecutive, then their sum, m + n, is an odd number.

Discussion: In this case we can set:

A: The numbers m and n are consecutive (i.e., if m is the larger of the two, then m − n = 1). (Implicit
hypothesis: We can use the properties of integer numbers and their operations.)

B: The sum m + n is an odd number.

This statement can be proved either directly (this proof is left as an exercise) or by using its
contrapositive.

Proof: Assume that B is false, and that “not B” is true, and use this as the new hypothesis. Therefore, we
will start by assuming that the number m + n is not odd. Then m + n is even and there exists some integer
number k such that m + n = 2k. This implies that m = 2k − n, and thus,

m − n = ð2k −nÞ−n = 2ðk −nÞ:
As the number k − n is an integer, we have proved that the difference between m and n is an even

number. Therefore, it cannot equal 1, and m and n are not consecutive numbers.
This means that the statement “If ‘not B,’ then ‘not A’” is true. Therefore, its contrapositive, that is,

the original statement, is also true. ■

Again, the method of using the contrapositive of a statement should be used when the assumption that
A is true does not give a good starting point, but the assumption that B is false does. Sometimes the
statement whose truth we are trying to establish gives us a hint that it might be easier to work with its
contrapositive. This method is helpful if B already contains a “not,” because if we negate B we get an
affirmative statement.

Exercises
Given the following statements, construct their (a) contrapositive, (b) converse, and (c) inverses.

35. If x is an integer divisible by 6, then x is divisible by 2.
36. If a quadrilateral is not a parallelogram, then its diagonals do not bisect.
37. If the two polynomials

PðxÞ = anxn + an−1xn−1 +…+ a1x + a0 and QðxÞ = bnxn +bn−1xn−1 +…+b1x +b0

are equal for all real numbers, then ai = bi for all i, with 0 ≤ i ≤ n.
38. If two integer numbers are odd, their product is odd.
39. If the product of two integer numbers is even, then at least one of the numbers is even.
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Prove the following statements by proving their contrapositives.

40. The function f(x) = mx + b, with m ≠ 0, is a one-to-one function. (See “Facts and Properties of Func-
tions” at the front of the book for the definition of one-to-one function.)

41. Let n be a counting number. If the number 2n − 1 is a prime number, then n is prime.
42. Let a and b be two integers. If ab is an even number, then either a or b is an even number.
43. If m is a positive number, the function f (x) = mx + b is increasing. (See “Facts and Properties of

Functions” at the front of the book for the definition of one-to-one function.)
44. If a number is divisible by 10, its unit digit is 0.
45. If n2 is even, then n is even.

PROOF BY CONTRADICTION
Sometimes even using the contrapositive of a statement does not offer enough information to start con-
structing the proof of the statement “If A, then B.” Thus, it is useful to know about another statement
that is equivalent to it, but that, unlike the contrapositive, uses logic connectives other than “If…,
then…” When we think about the truth table of an “If A, then B” statement, we can observe that this
statement is true three times out of four. This is also a feature of the logical connective “or.” So it is con-
ceivable to suspect a logical relation between the two. We can compare “If A, then B” with “A or B,”
“(not A) or (not B),” “(not A) or B,” “A or (not B).”

We can indeed prove that “If A, then B” is logically equivalent to “(not A) or B.” Consider the
following truth table:

A B If A, then B not A ‘not A’ or B
T T T F T
T F F F F
F T T T T
F F T T T

The third and fifth columns of the table are identical, so we can conclude that the two corresponding
statements are logically equivalent.

Consider the statement “If a number is divisible by 10, then its unit digit is 0.” It is equivalent to the
statement “A number is not divisible by 10 and its unit digit is 0.” Consider the statement “If ab is an
even number, then either a or b is an even number.” It is equivalent to the statement “The number ab is
an odd number, and either a or b is an even number.” How is this knowledge going to give us another
tool for our mathematical toolbox? We need to put together a couple of ideas:

1. To prove that a statement is true, we can prove that its negative is false.
2. Given the statement “If A, then B,” we can use its logical equivalent form “(not A) or B.”

By combining these two ideas, we have a new tool! To prove that “If A, then B” is true we can prove
that its negative, namely “not{(not A) or B},” is false. Note also that “not{(not A) or B}” can also be
rewritten as “(not(not A)) and (not B),” or better yet as “A and (not B).” This method is known as the
“proof by contradiction method.”

Proof by contradiction method. Proving that the statement “If A, then B” is true is logically equiva-
lent to proving that its negative, written in the form “A and (not B)” is false. To do so, assume that
“A and (not B)” is true, and see how this assumption generates a contradiction to some fact that is
true in the given mathematical system.

Let’s use this technique to work on a statement.
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EXAMPLE 2.12
Let a and b be two integers. If ab is an even number, then either a or b is an even number.

Discussion: In this case we can set:

A: The number ab is even. (Implicit hypothesis: We can use the properties of integer numbers and their
operations.)

B: Either a or b is an even number.

To prove that this statement is true using the “proof by contradiction” method we need to prove that
the statement “The number ab is an odd number, and either a or b is an even number” is false.

Proof: We will start by assuming that “The number ab is an odd number, and either a or b is an even
number.” Since the statement “either a or b is an even number” is true, we can assume that at least one
of the numbers is even. For example, without loss of generality, we can assume that a is even. All the
assumptions just made can be written using equalities. Therefore,

ab = 2k +1with k an integer number

and

a = 2t with t an integer number:

Substituting 2t for a in the product ab yields

ð2tÞb = 2k +1

or

2tb −2k = 1:

This equality is equivalent to

2ðtb − kÞ = 1,

or

tb − k = 1
2
:

Since the number tb − k is a combination of integers, and thus it is an integer, this is a false
statement. We have reached a contradiction. Therefore the statement “The number ab is an odd number,
and either a or b is an even number” is false. This proves that its negation, logically equivalent to the
original statement, is true. ■

EXAMPLE 2.13
The graphs of the functions f ðxÞ = − x

6 + 1
4 and gðxÞ = x −1

x2 + x −2 have no points in common.

Discussion: If we try to separate hypothesis and conclusions, we obtain:

A: Consider the graphs of the functions defined above. (Implicit hypothesis: We are familiar with the con-
cepts of functions, graphs, and intersection points, and the properties and operations of real numbers.)

B: The graphs of the two functions do not have any point in common.
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We could construct the graphs of both functions. The graph of f is a line, so it is easy to obtain. The
graph of g is more complicated. This function is not defined at x = −2 and at x = 1. Thus its graph has
three parts, one for x < −2, one for x in the interval (−2, 1), and one for x > 1. Moreover, some mathema-
ticians object to the use of graphs as proofs, arguing that it is possible for the graphs of the functions not
to have points in common in the finite part we graphed, but to have points in common in the parts we do
not graph. So, they expect a proof that supports what we can observe by graphing. Therefore it might just
be easier to prove the truth of the contrapositive of the original statement.

It is easy to construct the negative of the statement “The graphs of the two functions do not have any
point in common,” because the statement is already negative. Its negative is “The graphs of the two
functions have at least one point in common.”

Proof: We start by assuming that given the existing mathematical system (A), the graphs of the two
functions have at least a point in common (not B). This means that the equation

f ðxÞ = gðxÞ

has at least one real solution.
As the function f is defined for all real numbers while g is not defined for x = −2 and x = 1, we can

assume x ≠ −2 and x ≠ 1 in the equation

− x
6
+ 1

4
= x −1

x2 + x −2
:

If we factor the denominator in the right-hand side, we obtain

− x
6
+ 1

4
= x −1

ðx −1Þðx +2Þ :

We can divide by x − 1 because x ≠ 1, so x − 1 ≠ 0, and the equation becomes

− x
6
+ 1

4
= 1

x +2
:

We can multiply the equation by x + 2 because x ≠ −2, so x + 2 ≠ 0 to obtain

2x2 + x +6 = 0:

By our assumption, this equation has at least one real solution, contradicting the fact that a quadratic
equation with a negative discriminant (Δ = 1 − 4(6)(2) = −47) has no real solutions (implicit hypothesis).
Therefore the statement is false, and the two graphs have no points in common. ■

EXAMPLE 2.14
Every positive number smaller than 1 is larger than its square.

Discussion

A: Consider the collection of all positive real numbers smaller than 1. (Implicit hypothesis: We are familiar
with all properties and operations of real numbers.)

B: Every number in the collection described in A is larger than its square.

We will prove this statement in two ways and compare the proofs.
(Continued )
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(Continued )
1. Direct proof:

Let x be a positive number smaller than 1; that is, x < 1. We can multiply both sides of this inequality
by x (and since x is positive, the inequality is preserved) and obtain

x2 < x :

Therefore, x is larger than its square.
2. Proof by contrapositive:

We need to construct the statement “not B”: there is at least one positive real number smaller than 1
that is smaller than its square.
Thus, we can start from the assumption that there exists a positive number x < 1 such that

x < x2:

We can rewrite the previous inequality as

x − x2 <0:

The expression on the left-hand side of the inequality can be factored, and the inequality becomes

xð1− xÞ<0:

The product of two real numbers is negative if and only if the numbers have opposite sign. Since by
hypothesis x > 0, we must conclude that

1− x <0;

that is,

1< x :

This is clearly a contradiction. Since the negative of the original statement is false, the original
statement is true.

In Example 2.14, the direct proof is shorter and simpler, but sometimes it is nice to know that there is
another way to achieve a goal.

EXAMPLE 2.15
There are infinitely many prime numbers.

Discussion: We need to analyze the statement to find the hypothesis and the conclusion because they are
not clearly distinguishable. The point is that we want to consider the collection of all prime numbers and
show that it is infinite. Therefore we can set:

A: Consider the collection of all prime numbers, call it P. (Implicit hypothesis: We can use the properties
of prime numbers and the operations and properties of counting numbers, since prime numbers are
counting numbers.)

B: The collection P is infinite.

To prove this statement directly, we have to show that we “never run out of prime numbers.” Direct
proof is not a feasible method, because if the conclusion is true, it would take an infinite amount of time
to list all prime numbers. Even if the statement is false, there could be billions of very large prime
numbers, and listing them would take a long time. Moreover it is not always easy to decide if a large
number is prime, even with the help of a computer.
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Proof: We will assume that in our mathematical system the collection P of prime number is indeed finite.
Then we can have a complete list of prime numbers:

p1 = 2; p2 = 3; p3 = 5;p4 = 7;… ; pn :

Using the trichotomy property of numbers, we can list the prime numbers in increasing order. So

p1 < p2 <p3 < p4 <…<pn :

Thus pn is the largest existing prime number.
Let’s have a little more discussion at this point, because we could ask the question “Where do we go

now?” We could try to construct a prime number that is not in the list using the ones in the list (if we
think that there are infinitely many prime numbers). How do we reach this goal? We can try to use
operations with counting numbers. Division is not an easy one to use, because the quotient of two integers
might be a noninteger number. If we consider the sum of all the prime numbers listed above, we do not
have a lot of information. We do not know how many integers we are using, so we do not even know if the
sum is an even or odd number. We can consider the product of all these primes. We have a little more
information about this product. It is not a prime number, because it is divisible by all the prime numbers.
We know that it is even since 2 is one of the prime numbers in the list. All prime numbers larger than 2
are odd numbers. So, what can we do? We can always add (or subtract) 1 to an even number to construct
an odd number, that is, its consecutive.

Consider the number q = p1p2p3p4… pn + 1. What properties does it have?
The number q is odd and it is larger than all the prime numbers listed, so it is not one of the numbers

listed. Moreover q is not divisible by any of the prime numbers since the quotient

q
pk

= p1p2 … pk−1pk+1… pn +
1
pk

is not an integer.
This implies that q is a prime number because it is not divisible by any prime number, and it is not in

our list of prime numbers. But we had assumed that we had a complete list of prime numbers. This is a
contradiction. Therefore, the collection P of all prime numbers is infinite. ■

See Exercise 57 for another proof of the statement in Example 2.15.

EXAMPLE 2.16
The number

ffiffiffi
2

p
is irrational.

This is one of those statements that have only implicit hypotheses. Since the statement is about
irrational numbers, we need to work with real numbers. Therefore,

A: All the properties of real numbers and their operations hold true.
B: The number

ffiffiffi
2

p
is irrational.

Theoretically there are a couple of ways to check this statement directly. The first would be to show
that the decimal part of

ffiffiffi
2

p
is infinite and it has no repeating pattern. But this can take a long time. The

other is to check that there is no fraction (we could limit ourselves to fractions between 1 and 1.5) whose
square is exactly equal to 2. Thus we can try to use the proof by contradiction method, using

A: All the properties of real numbers and their operations hold true.
Not B: The number

ffiffiffi
2

p
is rational.

(Continued )
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(Continued )

Proof: Let us assume that
ffiffiffi
2

p
is a rational number, that isffiffiffi

2
p

= n
q

with n ≠ 0 (since
ffiffiffi
2

p
≠ 0), q ≠ 0 (because division by 0 is not defined), n and q integers, with the

fraction written in reduced form (see “Some Facts and Properties of Numbers” at the front of the book).
So n and q have no common factors. Since this equality is our only starting point, we can try to perform
some algebra steps, to see what will happen. (Sometimes the logic steps in a proof are guided by
curiosity, or lack of alternatives.) Therefore,

2 = n2

q2
:

Thus

n2 = 2q2:

Since n2 is a multiple of 2, it is even. Then n must be also even (see Exercise 45 in this chapter).
Therefore we can write n = 2k for some positive integer k. This implies

ð2kÞ2 = 2q2

or

4k2 = 2q2:

This can be simplified as

2k2 = q2:

Because q2 is a multiple of 2, and therefore even, it follows that q is also even (see Exercise 45 again).
Therefore we can write q = 2m for some positive integer m.

This contradicts the fact that the fraction n and q have no common factors, since they are both even.
Thus the statement is false, and it proves that

ffiffiffi
2

p
is an irrational number. ■

As already mentioned and as can be seen from the examples, one has to use caution identifying a
hypothesis and conclusion to construct and use the contrapositive of a statement or to work with the
negative of a statement. “Proof by contrapositive” and “proof by contradiction” are somewhat similar,
since both of them use the statement “not B.” But when using the contrapositive of the original statement
one uses “not B” as the only hypothesis and tries to prove that “not A” is also true. So, one has a clear
target.

When using “proof by contradiction,” one uses both A and “not B” as a starting point and tries to
prove that this causes some contradiction. So, one positive side of the “proof by contradiction” is the
amount of information in the starting point. One drawback is that one does not exactly know what kind
of contradiction to expect.

Just to compare how the proofs would start with the two different methods, consider the following
statement:

Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is
not a multiple of z.
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When we construct its contrapositive, we have the statement

Let x, y, and z be counting numbers. If either x is a multiple of z or y is a multiple of z, then xy is a
multiple of z.

Thus the proof starts with the hypothesis “either x is a multiple of z or y is a multiple of z.”
When we use “proof by contradiction,” the starting point is

“The number xy is not a multiple of z and (either x is a multiple of z or y is a multiple of z).”

Exercises
Rewrite the following statements in the form “A and (not B)” where A represents the hypothesis and B
represents the conclusion.

46. Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is
not a multiple of z.

47. If x is a rational nonzero number and y is an irrational number, then the number xy is irrational.
48. Let a and b be two positive numbers. Their harmonic mean is the number 2

1/a+1/b : The arithmetic
mean, also known as the average, is the number a+ b

2 : If a ≠ b, their harmonic mean is smaller than
the arithmetic mean.

49. Let n be an integer. If n2 is odd, then n is odd.
50. Let a and b be two integers. If a + b ≥ 22, then either a ≥ 11 or b ≥ 11.

Prove the following statements by contradiction.

51. Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is
not a multiple of z.

52. If x is a rational nonzero number and y is an irrational number, then the number xy is irrational.
53. Let a and b be two positive numbers. Their harmonic mean is the number 2

1/a+1/b : The arithmetic
mean, also known as the average, is the number a+ b

2 : If a ≠ b, their harmonic mean is smaller than
the arithmetic mean.

54. Let n be an integer. If n2 is odd, then n is odd.
55. Let a and b be two integers. If a + b ≥ 22, then either a ≥ 11 or b ≥ 11.

Read the following proofs and make sure you understand them. Then outline the proofs, listing explicitly
all the most important steps. Fill in details that might have been skipped (e.g., write the statement in
the form “If A, then B,” indicate which technique has been used, and fill in the logic details and alge-
braic steps).

56. Let p be a prime number. Then
ffiffiffi
p

p
is an irrational number.

Proof: Let us assume that
ffiffiffi
p

p
is a rational number, that is,ffiffiffi

p
p

= n
q

with n ≠ 0, q ≠ 0 (why?), n and q integers, and the fraction written in reduced form (why?). Therefore,

p = n2

q2
:

Thus,

n2 = pq2:

Proof by Contradiction 31



Since n2 is a multiple of p, which is a prime number, then n must be a multiple of p (why?).
Therefore we can write n = pk for some positive integer k. This implies

p2k2 = pq2

or

pk2 = q2:

Because q2 is a multiple of p, which is a prime number, then q must be a multiple of p (why?).
Therefore we can write q = pm for some positive integer m. Therefore,

n
q

=
pk
pm

= k
m

:

This is a contradiction (why?), and it proves that
ffiffiffi
p

p
is an irrational number. ■

57. There are infinitely many prime numbers.

Proof: We will assume that the in our mathematical system the collection P of prime number is
indeed finite (what kind of proof technique is used?). Then we can have a complete list of prime
numbers:

p1 = 2;p2 = 3;p3 = 5;p4 = 7;… ; ps :

The prime numbers are in increasing order (why?). So

p1 < p2 <p3 < p4 <…<ps :

Let N = p1 × p2 × p3 ×… × pt and M = pt+1 × pt+2 × pt+3 ×… × ps where 3 < t < s. Each prime
number pk divides either N or M, but not both (why?). The number N + M is larger than ps and not
divisible by any prime number. Then it is prime and this is a contradiction (why?). ■
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CHAPTER

3Special Kinds of Theorems

There are several kinds of theorems whose proofs follow rather standard structures. In this chapter we
will look at some of the most important and common of these special theorems.

“IF AND ONLY IF” OR “EQUIVALENCE THEOREMS”
Statements including the expression “if and only if” are rather common and very useful in mathematics. If
we can show that “A if and only if B,” we are proving that A and B are (logically) equivalent statements,
because either one of them is true (or false) only when the other one is true (or false). The statement
“A if and only if B” means that “A is a necessary and sufficient condition for B” and that at the same
time “B is a necessary and sufficient condition for A.”

Thus, to prove that the statement “A if and only if B” is true, we must prove two statements:

1. If A, then B. (A is a sufficient condition for B; B is a necessary condition for A.)
2. If B, then A. (B is a sufficient condition for A; A is a necessary condition for B.)

The statements “If A, then B” and “If B, then A” are converses of each other. Therefore, the proof of an
“if and only if” statement has two parts: the proof of a statement, and then the proof of its converse. We can
use any one of the techniques we know to construct each one of the two parts. Let’s work on some examples.

EXAMPLE 3.1
A nonzero real number is positive if and only if its reciprocal is positive.

Proof: Consider

A: A real number a is positive.
B: The reciprocal of a, denoted as a−1 is positive.

Part 1. If A, then B.
(The fact that the number a is positive is sufficient to imply that its reciprocal is positive.) By definition

of reciprocal

a × a−1 =1:

So the number a × a−1 is positive.
By the properties of operations of real numbers, the product of two numbers is positive only if the two

numbers are either both positive or both negative. Because by hypothesis a is positive, it follows that a−1

is positive.
(Continued )
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(Continued )
Part 2. If B, then A.
(The fact that the number a is positive is necessary to imply that its reciprocal is positive.) By definition

of reciprocal

a × a−1 =1:

So, the number a × a−1 is positive. By the properties of operations of real numbers, the product of two
numbers is positive only if the two numbers are either both positive or both negative. By hypothesis a−1

is positive, thus it follows that a is positive. ■

It is easy to see that the two parts of the proof in Example 3.1 are very similar. Thus, after making
sure that no details have been overlooked we can edit and streamline the proof. The following is an
example of how the proof can be condensed.

Let a × a−1 = 1. The product of two numbers is positive if and only if the two numbers are either both
positive or both negative. Thus, if a is positive, so is a−1, and conversely, if a−1 is positive, so is a.

EXAMPLE 3.2
A counting number is odd if and only if its square is odd.

Proof: Let n represent a generic counting number. Then we can set:

A: The number n is odd.
B: The number n2 is odd.

Part 1. If A, then B.
(The fact that the number n is odd is sufficient to imply that its square is odd.) By hypothesis the

number n is odd. So we can write n = 2p + 1, where p is an integer number. Therefore,

n2= ð2p +1Þ2
=4p2 +4p +1
=2ð2p2 +2pÞ+1:

Since p is an integer number, the number s = 2p2 + 2p is an integer as well. Thus,

n2 =2s +1:

This proves that n2 is odd.
Part 2. If B, then A.
(The fact that the square of number n is odd is sufficient to imply that the number itself is odd.)

(See Exercise 54 in Chapter 2 for a proof by contradiction of this statement.)

Discussion: If we know that n2 is odd, we can only write n2 = 2t + 1, with t a positive integer. We cannot
write that n2 = (2k + 1)2, because this is the conclusion we are trying to reach. If n2 = 2t + 1, then

n=
ffiffiffiffiffi
n2

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2t +1

p
:

This equality does not give us any useful information. So, we need to look for another starting point.
We can try to prove its contrapositive.

Let us assume “not A”: The number n is not odd. Because n is an even number, it can be written as
n = 2t, with t a positive integer. Therefore, n2 = 4t2. This implies that n2 is even since we can write it as
n2 = 2(2t2), and 2t2 is an integer number. Thus, we have proved that “not A” implies “not B.” So, the
statement “If B, then A” is true. ■
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As can be seen from Example 3.2, the proof of an equivalence theorem might require the use of two
different techniques (e.g., direct proof and use of the contrapositive) for the two different parts of the
proof.

Some theorems list more than two statements and claim that they are all equivalent. The construction
of the proof of these theorems is rather flexible (that is, it can be set up in several ways), as long as we
establish that each statement implies each of the other statements and that each statement is implied by
each of the other statements. In this way we prove that each statement is sufficient and necessary for all
the others. Some of the implications will have to be proved explicitly, while others might follow from
some of the implications already proved.

Let us assume that we want to prove that four statements, A, B, C, and D, are equivalent. There are
many ways of proceeding. We will look at four of them, by working in detail on the first one and just
giving the outlines (diagrams) for the others. It will be up to you to check that by proving the implica-
tions represented by the arrows in each diagram, we would indeed prove that the four statements, A, B,
C, and D, are equivalent.

We use this diagram to express the fact that we have proved the following implications:

i. If A, then B.
ii. If B, then C.
iii. If C, then D.
iv. If D, then A.

The order in which the implications have been proved is not relevant.
We can see that if these four implications are true, then A implies B, C, and D. Indeed:

a. A implies B (proved explicitly).
b. A implies B, and B implies C; so A implies C.
c. A implies C, and C implies D; so A implies D.

On the other hand, A is implied by the other three statements:

a. D implies A (proved explicitly).
b. C implies D, and D implies A; so C implies A.
c. B implies C, and C implies A; so B implies A.

Similarly, we can establish that B, C, and D imply all other statements and are implied by all of them.
Depending on our priorities, we can choose the chain of proofs that involves the implications that are

easier to prove, or the one that gives the more detailed information, or the one that requires the smallest
number of proofs. Therefore, there is no prescribed way of proving that three or more statements are
equivalent. In general, to prove that n statements are equivalent, one needs to prove at least n implications
(see Diagram 1 for an illustration of this claim). Let us now consider some more examples.

A B

CD
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EXAMPLE 3.3
Let a and b be two distinct real numbers. Then, the following statements are equivalent:

i. The number b is larger than the number a.
ii. Their average, (a + b)/2, is larger than a.
iii. Their average, (a + b)/2, is smaller than b.

Discussion: By hypothesis, a and b are two distinct real numbers, so we can use all the properties of real
numbers, such as the order (or trichotomy) property, because the statements deal with comparison of
numbers. The order property states that given any two real numbers, x and y, one of the three following
relations holds: either x< y, or x> y, or x = y. To prove that the three statements are equivalent, we will need
at least three separate proofs. We will construct four proofs, according to the following diagram:

i ↔ ii

↕

iii

The reader can explore other alternatives.

Proof: Part 1. If i, then ii.
That is, if the number b is larger than the number a, then their average is larger than a.
By hypothesis

a <b:

As we want to obtain a + b, we can add either a or b to both sides of the inequality. Because the
conclusion we want to reach deals with a, we could try adding a. Thus, we obtain

2a < a + b:

A B

CD

A B

CD

A B

CD
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Dividing by 2 yields

a < a + b
2

:

This proves that the conclusion holds true. So, it is true that “If i, then ii.”
Part 2. If ii, then i.
That is, if the average of a and b, (a + b)/2, is larger than a, then b is larger than a.
By hypothesis

a < a + b
2

:

Then

2a < a+ b,

and

a <b:

So, the statement “If ii, then i” is true.
Part 3. If i, then iii. That is, if the number b is larger than the number a, then their average is smaller

than b.
By hypothesis

a <b:

Since we want to obtain a + b, we can add either a or b to both sides of the inequality. Because the
conclusion we want to reach deals with b, we could try adding b. Thus, we obtain

a+ b <2b:

Dividing by 2 yields

a +b
2

< b:

This proves that the conclusion holds true. So, it is true that “If i, then iii.”
Part 4. If iii, then i. That is, if the average of a and b, (a + b)/2, is smaller than b, then b is larger than a.
By hypothesis

a +b
2

< b:

Then

a +b <2b,

and

a <b:

So, the statement “If iii, then i” is true.
Since statements ii and iii are both equivalent to statement i, they are equivalent to each other.

Thus, the proof is now complete. ■

Often we need to prove that two or more definitions of the same object are equivalent. The existence
of different definitions is usually generated by different approaches that emphasize a certain property and
point of view over another.
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EXAMPLE 3.4
The following definitions are equivalent:

i. A triangle is an isosceles triangle if it has two equal sides.
ii. A triangle is an isosceles triangle if it has two equal angles.

Proof: Part 1. If i, then ii.
We have to prove that if a triangle has two equal sides, then it has two equal angles.

A D

C

B

Suppose that the two sides AC and CB are equal. Consider the two triangles ADC and CDB, obtained by
constructing the segment CD, perpendicular to the base AB (this is the third side not mentioned in the
hypothesis). The angles ∠ADC and ∠BDC are equal, because they are right angles.

The two triangles have two equal sides: CD, because it is a common side, and AC equal to CB by
hypothesis. Thus, AD and DB are equal (we can use the Pythagorean theorem to reach this conclusion). This
implies that the triangles ADC and CDB are congruent, and the two angles at the vertices A and B are equal.

Part 2. If ii, then i.
We have to prove that if a triangle has two equal angles, then it has two equal sides.

A D

C

B

Suppose that the angles ∠CAB and ∠CBA are equal. Consider the two triangles ADC and CDB, obtained
by constructing the segment CD, which starts from the third vertex and is perpendicular to the base AB.
The angles ∠ADC and ∠BDC are equal, since they are right angles. The two angles at the vertices A and B
are equal by hypothesis. Therefore the angles ∠ACD and ∠DCB are equal as well. Thus, the two triangles
ADC and CDB are similar. Moreover, they have the side CD in common. Thus, the triangles are congruent.
In particular, the sides AC and CB are equal. ■

EXAMPLE 3.5
Let f be a positive function defined for all real numbers. Then, the following statements are equivalent:

1. f is a decreasing function.
2. The function g, defined as g (x) = 1

f ðxÞ , is increasing.
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3. The function h, defined as h(x) =−f (x), is increasing.
4. The function kn, defined as kn(x) = nf(x) is decreasing for all positive real numbers n. (See “Some Facts

and Properties of Functions” at the front of the book for the definitions of increasing and decreasing
functions.)

Proof: We will prove that statement 1 implies statement 2, statement 2 implies statement 3, statement 3
implies statement 4, and statement 4 implies statement 1, as shown in the following diagram:

1 → 2

↑ ↓

4 ← 3

Part 1. If 1, then 2.
As f is decreasing, given any two real numbers x1 and x2 such that x1< x2, it follows that f (x1)> f (x2).

Therefore, 1/f (x1)< 1/f (x2). This means that g (x1)< g (x2). So g is an increasing function.
Part 2. If 2, then 3.
The hypothesis gives information on the function g, not on f. Thus, we need to find an explicit relation

between h and g. By definition of the functions used, h(x) =−1/g (x). As g is an increasing function, for
every two real numbers x1 and x2 such that x1< x2, it follows that g (x1)< g (x2). Thus, 1/g (x1)> 1/g (x2),
and −1/g (x1)<−1/g (x2). This implies that h(x1)< h(x2). So h is an increasing function.

Part 3. If 3, then 4.
The hypothesis gives information on the function h. Thus, we need to find a relation between kn and h.

By definition of the functions used, kn(x) = n(−h(x)) =−nh(x). As h is an increasing function, for every two
real numbers x1 and x2 such that x1 < x2, it follows that h(x1) < h(x2). Therefore, −h(x1) > −h(x2), and
−nh(x1) > −nh(x2). Thus, kn(x1) > kn(x2), and this proves that kn is a decreasing function.

Part 4. If 4, then 1.
By definition of the functions used, f (x) = k1(x). Thus, this implication is trivially true.
The proof is now complete. ■

Exercises
Prove the following statements.

1. The product of two integers is odd if and only if they are both odd.
2. Let n be a positive integer. Then n is divisible by 3 if and only if n2 is divisible by 3.
3. Let a and b be two positive numbers. Their harmonic mean, 2

1/a+1/b, is equal to their arithmetic mean,
a+ b
2 , if and only if a = b.

4. A function f is nonincreasing if and only if f ðxÞ− f ðcÞ
x − c ≤0 for all c and x in the domain of f with x≠ c. (See

“Some Facts and Properties of Functions” at the front of the book for the definition of nonincreasing
function.)

5. Let r and s be two counting numbers. The following statements are equivalent:
i. r > s,
ii. as< ar for all real numbers a> 1, and
iii. ar< as for all real positive numbers a< 1.

6. Let a and b be two distinct real numbers. The following statements are equivalent:
i. The number b is larger than the number a.
ii. Their average, (a + b)/2, is larger than a.
iii. Their average, (a + b)/2, is smaller than b.
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Prove this statement by proving “If i, then ii,” “If ii, then iii,” and “If iii, then i.”

7. Let x and y be two distinct negative real numbers. The following statements are equivalent:
i. x< y,
ii. |x |> |y |, and
iii. x2> y2.

8. Consider the two systems of linear equations

S1:
a1x + b1y = c1
a2x + b2y = c2

(

and

S2:
a1x + b1y = c1

ða1 + ba2Þx + ðb1 + bb2Þy = c1 + bc2

(

with a1, a2, b1, b2, c1, c2 real numbers and b≠ 0. The pair of values (x0, y0) is a solution of S1 if and
only if it is a solution of S2.

USE OF COUNTEREXAMPLES
An example can be very useful when trying to make a point or explain the result obtained in a proof, but it
cannot be used as a proof of the fact that a statement is true. Let us see what might happen if we used and
accepted examples as proofs. We could make the claim that if a and b are any two real numbers, then

ða+ bÞ2 = a2 + b2:

When asked to support our claim, we can produce a multitude of pairs of numbers that satisfy this
equality. For example, consider a = 0 and b = 1. Then,

ða+ bÞ2 = ð0+ 1Þ2 = 1

a2 + b2 = 02 + 12 = 1:

Thus, in this case, it is true that (a + b)2 = a2 + b2.
Consider some more examples, such as a = 0 and b =−1, a =−4 and b = 0, a = π and b = 0, and so on.

For all these pairs the equality (a + b)2 = a2 + b2 holds true. But it is possible to notice that in all the pairs
listed above at least one number is equal to zero. The claim states that the equality holds true for any two
real numbers, not just for some special pairs. What happens if we consider a = 1 and b = 2?

ða+ bÞ2 = 32 = 9

a2 + b2 = 12 + 22 = 5

Therefore, the equality is false. In spite of all the examples that seem to support it, we have found an
example that contradicts it, a counterexample.

A counterexample is an acceptable proof of the fact that the statement “If A, then B” is false because
it shows that B can be false while A is true (remember that this situation is the only one for which the
statement “If A, then B” is false). Indeed, to prove that a statement is false in general, it is enough to
prove that it is false in just one instance.

Examples cannot replace the proof that a statement is true in general, because examples deal with spe-
cial cases. A counterexample can prove that a statement is false in general, because it exhibits one case in
which the statement is false. Therefore we cannot state that the statement is always true.
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Consider the statement “Every real number has a reciprocal.” We can think of millions of numbers
that do have a reciprocal. But the existence of one number with no reciprocal (the number zero does not
have a reciprocal) makes the statement “Every real number has a reciprocal” false. What is true is the
statement “Every nonzero real number has a reciprocal.” Sometimes the existence of a counterexample
can help us understand why a statement is not true, and whether a restriction of the hypothesis (or the
conclusion) can change it into a true statement.

The statement “The equality

ða+ bÞ2 = a2 + b2

holds for all pairs of real numbers a and b in which at least one of the two numbers is zero” is a true
statement. (Prove it.)

The discovery of a counterexample can save the time and effort spent trying to construct a proof, but
sometimes even counterexamples are not easy to find. Moreover, there is no sure way of knowing when and
how to look for a counterexample. If the best attempts at constructing a proof have failed, then it might make
sense to look for a counterexample. This search might be difficult. But if it successful, then it proves that the
statement is false. If it is unsuccessful, it will provide examples that support the statement and it might give
an insight into why the statement is true. And this might give new ideas for the construction of the proof.

EXAMPLE 3.6
For all real numbers x> 0, x3> x2.

Discussion: It might be a good idea to graph the functions x2 and x3 to compare them. Is the graph of x3

above the graph of x2 for all positive numbers? Let:

A: The number x is a positive real number. (We can use all the properties and operations of real numbers.)
B: x3> x2

Proof: Let us look for a counterexample. If x = 0.5, then x3 = 0.125 and x2 = 0.25. Therefore, in this case,
x3< x2. So the statement is false. ■

Note that the statement “For all real numbers x> 1, x3> x2, is true.

EXAMPLE 3.7
If a positive integer number is divisible by a prime number, then it is not prime.

Proof: The statement is false. Consider the prime number 7. It is a positive integer number and it is
divisible by the prime number 7 (indeed 7/7 = 1). So, it satisfies the hypothesis. But 7 is a prime number.
Thus, the conclusion is false. ■

The statement “If a positive integer number is divisible by a prime number and the quotient of the
division is not 1, then it is not prime” is true.

EXAMPLE 3.8
If an integer is a multiple of 10 and 15, then it is a multiple of 150.

Proof: The statement is false. Just consider the least common multiple of 10 and 15, namely 30. This
number is a multiple of 10 and 15, but it is not a multiple of 150. ■
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The statement “If an integer is a multiple of 10 and 15, then it is a multiple of 30” is true. The proof
is left to the reader.

Exercises
Use counterexamples to prove that the following statements are false.

9. Let f be an increasing function and g be a decreasing function. Then the function f + g is constant. (See
“Some Facts and Properties of Functions” at the front of the book for the definitions of nonincreasing
function and f + g.)

10. If t is an angle in the first quadrant, then 2 sin t = sin 2t.
11. Consider the polynomial P (x) =−x2 + 2x− 3/4. If y = P (x), then y is always negative.
12. The reciprocal of a real number x≥ 1 is a number y such that 0< y< 1.
13. The number 2n + 1 is prime for all counting numbers n.
14. Let f, g, and h be three functions defined for all real numbers. If f ∘ g = f ∘ h, then g = h.

Discuss the truth of the following statements; that is, prove those that are true and provide counterexam-
ples for those that are false.

15. The sum of any five consecutive integers is divisible by 5.
16. If f (x) = x2 and g (x) = x4, then f (x)≤ g (x) for all real numbers x≥ 0.
17. The sum of four consecutive counting numbers is divisible by 4.
18. Let f and g be two odd functions defined for all real numbers. Their sum f + g is an even function

defined for all real numbers. (See “Some Facts and Properties of Functions” at the front of the book
for the definitions of even and odd function and f + g.)

19. Let f and g be two odd functions defined for all real numbers. Then their quotient function f /g is an
even function defined for all real numbers. (See “Some Facts and Properties of Functions” at the
front of the book for the definitions of even and odd functions.)

20. A six-digit palindrome number is divisible by 11.
21. The sum of two numbers is a rational number if and only if both numbers are rational.
22. Let f be an odd function defined for all real numbers. The function g (x) = (f (x))2 is even. (See “Some

Facts and Properties of Functions” at the front of the book for the definitions of even and odd
functions.)

23. Let f be a positive function defined for all real numbers. The function g (x) = (f (x))3 is always increas-
ing. (See “Some Facts and Properties of Functions” at the front of the book for the definitions of
increasing function.)

MATHEMATICAL INDUCTION
In general, we use this kind of proof when we need to show that a certain statement is true for an infinite
collection of natural numbers, and therefore direct verification is impossible. We cannot simply check that
the statement is true for some of the numbers in the collection, and then generalize the result to the whole
collection. Indeed, if we did this, we would just provide examples, and, as already mentioned several
times, examples are not proofs. Consider the following claim:

The inequality

n2 ≤ 5n!

is true for all counting numbers n≥ 3.
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How many numbers should we check? Is the claim true since the inequality holds true for n = 3, 4,
5, 6,… , 30? We cannot check directly all counting numbers n ≥ 3. Therefore, we must look for another
way to prove this kind of statement.

The technique for proving a statement by using mathematical induction (complete induction) consists
of the following three steps:

1. Prove that the statement is true for the smallest number included in the statement to be proved (base case).
2. Assume that the statement is true for an arbitrary number in the collection (inductive hypothesis).
3. Using the inductive hypothesis, prove that the statement is true for the next number in the collection

(deductive step).

These steps will imply that the statement is true for all the numbers in the given collection.

Test that the
statement is true for
the smallest number
in the collection:|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

#
State the inductive

hypothesis for an arbitrary
number in

the collection:|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
#

Prove that the
statement is true

for the next number
in the collection:|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

At first, the construction of the proof by induction might seem quite peculiar. We start by checking
that the given statement is true in a special case. We know that we cannot stop here because examples
are not proofs. Then we seem to temporarily “trust” the statement to be true for a generic number in the
collection, and then we check its strength by using deductive reasoning to see if the truth of the result
can be extended one step further. If the statement passes this last test, then we claim that the proof is
complete. What makes it complete? Why are we allowed to make extra assumptions (inductive hypoth-
esis)? Intuitively, this construction works like a row of dominoes; when the first one is knocked down, it
will knock down the one after it, and so on, until the whole row is down.

The three steps show that the statement is true for the first number and that whenever the statement is
true for a generic number it will be true for the next. The fact that this extension process can be extended
indefinitely from the smallest number requires an in-depth explanation that is beyond the purpose of this
book. Indeed, the technique of mathematical induction is founded on a very important theoretical result,
namely the Principle of Mathematical Induction, usually stated as follows:

Let P(n) represent a statement relative to a positive integer n. If

1. P(t) is true, where t is the smallest integer for which the statement can be made, and
2. whenever P(n) is true, it follows that P(n + 1) is true as well,

then P(n) is true for ALL n≥ t.
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EXAMPLE 3.9
Prove by induction that the sum of the first k natural numbers is equal to kðk +1Þ

2 :

Proof: We want to prove that the equality

1+2+3+…::+ ðk −1Þ+ k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k numbers

=
kðk +1Þ

2

holds true for all k≥ 1 natural numbers.

1. Base case. Does the equality hold true for k = 1, the smallest number that can be used?

1=
1ð1+1Þ

2

Thus, by using the given formula we obtain a true statement. This means that the formula works
for k = 1.

2. Inductive hypothesis. Assume the formula works when we add the first n numbers (k = n). Thus,

1+2+3+…::+ ðn−1Þ+n|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n numbers

=
nðn+1Þ

2
:

3. Deductive proof. We want to prove that the formula holds true for the next number, n + 1.
Thus, we have to prove that

1+2+3+…::+n+ ðn+1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðn+1Þ numbers

=
ðn+1Þ½ðn+1Þ+1�

2
,

or equivalently

1+2+3+…::+n+ ðn+1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðn+1Þ numbers

=
ðn+1Þðn+2Þ

2
:

To reach this goal, we will need to use the equality stated in the inductive hypothesis:

1+2+3+…::+n+ ðn+1Þ
Associative property of addition of numbers:

= ½1+2+3+…::+n�+ ðn+1Þ

Use the equality stated in the inductive hypothesis:

=
nðn+1Þ

2
+ ðn+1Þ

Perform algebraic steps:

=
nðn+1Þ+2ðn+1Þ

2

=
ðn+1Þðn+2Þ

2
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Thus,

1+2+3+…::+ n+ ðn+1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðn+1Þ numbers

=
ðn+1Þðn+2Þ

2
:

Therefore, the formula given in the statement holds true for all natural numbers k≥ 1, by the Principle
of Mathematical Induction. ■

A different proof of the result stated in Example 3.9 can be found in Chapter 1 (see Example 1.5).
This is one of the nice situations in which several proofs of the same statement can be constructed, using
different mathematical tools.

EXAMPLE 3.10
The sum of the first k odd numbers (for k≥ 1) is equal to k2; that is,

1+3+5+…+ ð2k −1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k numbers

= k2:

Proof

1. Base case. Does the equality hold true for k = 1, the smallest number that can be used? In this case we
are considering only one odd number. Therefore we have

1=12:

Thus, the equality is true for k = 1.
2. Inductive hypothesis. Assume the equality holds true when we add the first n odd numbers, where n is

an arbitrary number larger than 1. Thus, we are assuming that

1+3+5+…:+ ð2n−1Þ= n2:

3. Deductive proof. We want to prove that the equality is true when we add the first n + 1 odd numbers.
Since the next odd number after (2n− 1) is (2n + 1), we need to check the equality

1+3+5+…:+ ð2n−1Þ+ ð2n+1Þ= ðn+1Þ2:
Using the associative property of addition we can write

1+3+5+…:+ ð2n−1Þ+ ð2n+1Þ

= f1+3+5+…:+ ð2n−1Þg+ ð2n+1Þ:
Then we can use the inductive hypothesis to obtain

1+3+5+…:+ ð2n−1Þ+ ð2n+1Þ
=n2 + ð2n+1Þ
= ðn+1Þ2:

Therefore, the formula given in the statement holds true for the sum of an arbitrary number of odd
natural numbers, by the Principle of Mathematical Induction. ■
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A couple of comments are in order at this point. If the statement does not hold true for the smallest
number, then it is false because we have just found a counterexample. After the base case has been com-
pleted, the inductive hypothesis should be stated as precisely and as explicitly as possible. Writing some-
thing vague along the lines of “Assume the statement is true for a generic number” is quite pointless. The
use of the inductive hypothesis will be crucial for the third step, and therefore the hypothesis should be
clearly made. Check again Examples 3.9 and 3.10.

The Principle of Mathematical Induction stated before Example 3.9 is also known as the Weak (or
First) Principle of Mathematical Induction, in contrast to the Strong (or Second) Principle of Mathematical
Induction, usually stated as follows:

Let P(n) represent a statement relative to a positive integer n. If

1. P(t) is true, where t is the smallest integer for which the statement can be made, and
2. whenever P(k) is true for all numbers k with k = t, t + 1,… . , n, it follows that P(n + 1) is true as well,

then P(n) is true for ALL n≥ t.

Let us see how to use this principle in a proof before getting into some more discussion.

EXAMPLE 3.11
If n> 1 is a counting number, then either n is a prime number, or it is a product of primes.

Proof

1. Base case. The statement is true for the smallest number we can consider, which is 2. This number is
indeed prime.

2. Inductive hypothesis. Assume the statement is true for all the numbers between 2 and an arbitrary
number k, including k. So, every number between 2 and k is either a prime number or a product of
primes.

3. Deductive proof. Is the statement true for k + 1?
If k + 1 is a prime number, then the statement is trivially true. If k + 1 is not a prime number, then
by definition it has a positive divisor d such that d ≠ 1 and d< k + 1. Thus, k + 1 = dm with m ≠ 1,
m< k + 1, and m≥ 2.
As both d and m are positive numbers larger than or equal to 2 and smaller than or equal to k, by inductive
hypothesis they are either primes or the product of prime numbers. If they are both prime numbers, the
statement is proved: k + 1 is the product of two primes. If at least one of them is not prime, we can replace
it with its prime factors. So k + 1 will be a product of prime factors in any case. Therefore, by the Second
Principle of Mathematical Induction, the statement is true for all natural numbers n> 1. ■

The adjectives “strong” and “weak” attached to the two statements of the Principle of Mathematical
Induction are not always used in the same way by different authors and they are somewhat misleading.
When reading and comparing the two statements, it is easy to see that the Strong Principle of Mathe-
matical Induction implies the Principle of Mathematical Induction. Indeed the inductive hypothesis of
the Principle of Mathematical Induction assumes that the given statement is true just for an arbitrary
number n. The inductive hypothesis of the Strong Principle of Mathematical Induction assumes that
the given statement is true for all the numbers between the one covered by the base case and an arbi-
trary number n.

In reality, these two principles are logically equivalent. The proof of this claim is not trivial; it usually
consists of proving that both principles are logically equivalent to a third principle, the Well-Ordering Prin-
ciple (see “Some Facts and Properties of Numbers” at the front of the book). So, in turn the Strong Principle
of Mathematical Induction and the Principle of Mathematical Induction are equivalent to each other.
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Then, which one of the two principles should be used in a proof by induction? The first answer is that
since the two principles are logically equivalent, it really does not make any difference. One could always
use the Strong Principle of Mathematical Induction since its inductive hypothesis seems to cover more
ground. In general, when proving equalities, the Principle of Mathematical Induction is sufficient. For
some mathematicians it is a matter of elegance and beauty to use as little mathematical machinery as pos-
sible when constructing a proof, and therefore they prefer to use the Principle of Mathematical Induction
whenever possible. We will consider another proof that takes full advantage of the Strong Principle of
Mathematical Induction.

EXAMPLE 3.12
A polynomial of degree n≥ 1 with real coefficients has at most n real zeroes, not all necessarily distinct.

Proof

1. Base case. The statement is true for the smallest number we can consider, which is 1. Indeed a
polynomial of degree 1 is of the form P (x) = a1x + a0 with a1 ≠ 0. Its zero is the number
x = −a0 /a1. So a polynomial of degree 1 with real coefficients has one real zero.

2. Inductive hypothesis. Assume the statement is true for every polynomial with real coefficients whose
degree is between 2 and an arbitrary number k, including k. So, every polynomial of degree s, with
2≤ s≤ k, has at most s real zeros.

3. Deductive proof. Is the statement true for polynomials with real coefficients of degree k + 1? Let
Q (x) = ak+1xk+1 + akxk +….. + a1x + a0 be one of such polynomials.
If Q(x) has no real zeroes, then the statement is trivially true. Assume that Q(x) has at least one real zero,
c, which could be a repeated zero, that is, Q(x) is divisible by (x− c)t, with t≥ 1. Then, using the rules of
algebra we can write

QðxÞ= ðx − cÞt T ðxÞ
where t≥ 1 and T(x) is a polynomial of degree (k + 1)− t, with real coefficients.
If t = k + 1, then T (x) is a constant, and the statement is true because Q (x) has exactly k + 1 coinci-
dent zeroes. If t < k + 1, then T(x) is a polynomial whose degree is between 1 and k, with real coeffi-
cients. So, by the inductive hypothesis and the base case, T(x) has at most (k + 1)− t real zeroes.
Every zero of T (x) is a zero of Q (x) as well; so all the zeroes of T (x) must be counted as zeroes of
Q(x). Thus, the real zeroes of Q (x) are all the real zeroes of T(x) and c, which might be counted as a
zero exactly t times. So Q (x) has at most {[(k + 1) − t] + t} = k + 1 real zeroes. Therefore, by the Strong
Principle of Mathematical Induction, the statement is true for all n ≥ 1. ■

One important comment regarding this kind of proof (by mathematical induction) is that the inductive
hypothesis must be used in the construction of the proof of the last step. If this does not happen, then we
are either using the wrong technique or making a mistake in the construction of the deductive step. An
illustration of this is given in the next example.

EXAMPLE 3.13
The difference of powers 7k− 4k is divisible by 3 for all k≥ 1.

Incorrect Use of Proof by Induction

1. Base case. The statement is true for the smallest number we can consider, which is 1, because
71− 41 = 3.

(Continued )
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(Continued )
2. Inductive hypothesis. Assume the statement is true for an arbitrary number n; that is 7n− 4n = 3t for an

integer number t.
3. Deductive proof. Is the statement true for n +1? Is 7n+1− 4n+1 = 3s for an integer number s? Using the

factorization technique for differences of two powers (this is possible because n + 1≥ 2), we can write

7n+1 −4n+1 = ð7−4Þð7n +7n−1 ×4+…:+7×4n−1 +4nÞ
=3ð7n +7n−1 ×4+…:+7×4n−1 +4nÞ:

The number in parenthesis is an integer (it is a combination of integers), thus, we proved that
7n+1 − 4n+1 = 3s for an integer number s. Therefore, the formula given in the statement holds true
for all natural numbers k ≥ 1, by the Principle of Mathematical Induction.
Clearly, in the proof of the deductive step we have not used the inductive hypothesis to reach the conclu-
sion. This might imply either that the proof of the original statement can be constructed without using the
Principle of Mathematical Induction (in which case we need to redo the whole proof to make sure that the
logic of it is correct) or that we made a mistake in the third step (in which case we can work on it, and still
use the previous two steps). ■

Correct Proof by Induction

1. Base case. The statement is true for the smallest number we can consider, which is 1, because
71− 41 = 3.

2. Inductive hypothesis. Assume the statement is true for an arbitrary number n; that is, 7n− 4n = 3t for
an integer number t.

3. Deductive proof. Is the statement true for n + 1? Is 7n+1− 4n+1 = 3s for an integer number s? We will
use properties of exponents and other rules of algebra to obtain the expression 7n − 4n so that we can
use the inductive hypothesis. Thus, we have

7n+1 −4n+1 =7×7n −4×4n

= ð3+4Þ×7n −4×4n =3×7n +4×7n −4×4n

=3×7n +4× ð7n −4nÞ:
At this point we can use the inductive hypothesis to write

7n+1 −4n+1 =3×7n +4× ð7n −4nÞ
=3×7n +4×3t =3ð7n +4tÞ:

Since the number 7n + 4t is an integer number, we proved that 7n+1 − 4n+1 = 3s for an integer number s.
Therefore, by the Principle of Mathematical Induction, the original statement is true. ■

Another Correct Proof

Case 1. The statement is true for k = 1, because 71− 41 = 3.
Case 2. Let k> 1. Then it is possible to write k = n + 1, with n≥ 1. Using the factorization technique for
differences of two powers, we can use the following equality:

7n+1 −4n+1 = ð7−4Þð7n +7n−1 ×4+…:+7×4n−1 +4nÞ
=3ð7n +7n−1 ×4+…:+7×4n−1 +4nÞ:

Since the number in parenthesis is an integer, we proved that 7k− 4k = 3s for an integer number s.
Thus, the number 7k− 4k is divisible by 3. ■
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From a technical point of view, one could argue that the factorization formula used to factor 7n − 4n

needs to be proved using mathematical induction, so that we have a completely self-contained proof that
does not invoke factorization techniques established in some other context. We trust the reader to be
familiar with them.

Statements involving inequalities are, in general, more difficult to prove than those involving equal-
ities. Indeed, when working with inequalities there is a certain degree of freedom because the relation
between the mathematical expressions involved is not quite as unique as the one determined by equality.
A mathematical expression can only be equal to some “variation” of itself, so all we can do is try to
rewrite it in seemingly different ways using the rules of algebra. But a mathematical expression can be
larger (or smaller) than several other expressions, and we need to choose the one that is useful for com-
pleting our task.

EXAMPLE 3.14
For all integer numbers a≥ 4,

a3 ≥3a2 +3a +1:

Proof: We will use the Principle of Mathematical Induction.

1. Base case. The statement is true for the smallest number we can consider, namely 4, because
43 ≥ 3 × 42 + 3 × 4 + 1, since 64 ≥ 61.

2. Inductive hypothesis. Assume the statement is true for an arbitrary number n; that is

n3 ≥3n2 +3n+1:

3. Deductive proof. Is the statement true for n + 1? Is

ðn+1Þ3 ≥3ðn+1Þ2 +3ðn+1Þ+1?

If we simplify the right-hand side of the inequality, we can rewrite it as

ðn+1Þ3 ≥3n2 +9n+7:

By finding the third power of the binomial n + 1 and using the inductive hypothesis to replace n3 we
obtain

ðn+1Þ3 =n3 +3n2 +3n+1

≥ ð3n2 +3n+1Þ+3n2 +3n+1:

Combining some of the similar terms yields

ðn+1Þ3 ≥3n2 +3n2 +6n+2:

Therefore we need to prove that

3n2 +3n2 +6n+2≥3n2 +9n+7: ð�Þ
At this point there are several ways to proceed to prove that this inequality is indeed true. Thus, it is

very important to keep in mind the conclusion we want to reach.
(Continued )
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(Continued )
Because n≥ 4, 3n2 =3n × n≥12n: Therefore,

ðn+1Þ3 ≥3n2 +3n2 +6n+2

≥3n2 +12n+6n+2

=3n2 +9n+ ð9n+2Þ:

Again, n≥ 4 implies 9n + 2≥ 7. So

ðn+1Þ3 ≥3n2 +9n+7:

This is exactly the conclusion we wanted to reach. Therefore, by the Principle of Mathematical
Induction the inequality holds true for all integers greater than or equal to 4. ■

The method used above is the one most mathematicians prefer: start from one side of an inequality (or
equation) and work to “reach” the other side! But one can also try to prove inequality (�) by contraposi-
tive. Assume that for an n≥ 4,

3n2 + 3n2 + 6n+ 2< 3n2 + 9n+ 7:

This inequality is equivalent to

3n2 + 2< 3n+ 7,

that is,

3n2 − 3n< 5:

This inequality can also be rewritten as

3nðn− 1Þ< 5:

This is a contradiction because the smallest value of the left-hand side for n ≥ 4 is 36. Therefore,
inequality (�) holds true.

EXAMPLE 3.15
For all integer numbers n≥ 4,

3n ≥ n3:

Proof: We will use the Principle of Mathematical Induction.

1. Base case. The statement is true for the smallest number we can consider, namely 2, because
34 = 81 > 64 = 43.

2. Inductive hypothesis. Assume the statement is true for an arbitrary number k; that is 3k> k3.
3. Deductive proof. Is the statement true for k + 1? Is 3k+1 > (k + 1)3? Let’s start from one side of the

inequality and try to construct a series of logical steps to take us to the expression on the other side.

ðk +1Þ3 = k3 +3k2 +3k +1< k3 +3k2 +3k + k
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The inequality is due to the fact that k> 1. Using the fact that k> 4 (and therefore k> 3)

ðk +1Þ3 < k3 +3k2 +4k < k3 + k × k2 + k2 × k:

Thus,

ðk +1Þ3 <3k3:

Using the inductive hypothesis yields

ðk +1Þ3 <3k3 <3×3k =3k+1:

Therefore, by the Principle of Mathematical Induction, the inequality holds true for all integers greater than
or equal to 4. ■

Exercises
Prove the following statements.

24. For all positive integers k,

1+2+22 +23 +…:+2k−1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k terms

=2k −1:

25. The number 9k− 1 is divisible by 8 for all k≥ 1.
26. For all integer numbers k≥ 1

2+4+6+…:+2k|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
k even numbers

= k2 + k:

27. Let a> 1 be a fixed number. Then for all integer numbers k≥ 3

ð1+ aÞk >1+ ka2:

28. Check that for all counting numbers k≥ 1

1
2
+ 1

2

� �2
+ 1

2

� �3
+…::+ 1

2

� �k
=

1− 1
2

� �k+1
1− 1

2

−1:

29. The inequality k2 ≤ 5k! is true for all counting numbers k≥ 3.
30. Let n be an odd counting number. Then, n2− 1 is divisible by 4.
31. The number 10k− 1 is divisible by 9 for all k≥ 1.
32. Let n be an integer larger than 4. The next to the last digit (the tens digit) from the right of 3n is

even.
33. Let n be a counting number. Then, 1

2 × 3
4 × 5

6 ×…× 2n−1
2n|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n fractions

≥ 1
2n :

34. The number 8k− 3k is divisible by 5 for all k≥ 1.

35. Let A=
1 0
1 1

� �
: Then An =

1 0
n 1

� �
for all n≥ 2. (�)
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EXISTENCE THEOREMS
Existence theorems are often easy to recognize because they claim that at least one object having some
required properties does indeed exist. Usually this kind of theorem is proved in one of two ways:

1. If it is possible, use an algorithm (a procedure) to construct explicitly at least one object with the
required properties.

2. Sometimes, especially in more advanced mathematical theories, the explicit construction is not
possible. Therefore, we must be able to find a general argument that guarantees the existence of the
object in consideration, without being able to provide an actual example of it.

EXAMPLE 3.16
Given any two distinct rational numbers, there exists a third distinct rational number between them.

Discussion: We will reword the statement above:

A: Consider two distinct rational numbers, a and b. (Implicit hypothesis: Because the two numbers are not
equal, we can assume without loss of generality that one is smaller than the other. We can use all the
properties and operations of rational numbers.) Assume that a< b.

B: There exists a rational number c such that a< c< b.

Proof: If a and b are two rational numbers, we can write a =
m
n and b =

p
q with m, n, p, and q integer numbers;

n ≠ 0 and q≠ 0.
As the average of two numbers is always between the two of them (see Example 3.3 in the section on

equivalence theorems), we can construct the average of a and b and check whether it is a rational
number. Thus, we have

c= a +b
2

= 1
2

m
n

+
p
q

� �
=

mq+ np
2nq

:

The number mq + np is an integer because m, n, p, and q are integer numbers. The number 2nq is a
nonzero integer since n and q are integer numbers, and n≠ 0 and q≠ 0. Therefore, the number c is a
rational number. For the proof of the fact that a< c< b, see Example 3.3 in this chapter. ■

EXAMPLE 3.17
Let x be an irrational number. Then there is at least one digit that appears infinitely many times in the
decimal expansion of x.

Discussion: Since we do not know anything about the value of x, we cannot even hope to find explicitly
which one of the possible ten digits is repeated infinitely many times. Thus, the proof will not be a
constructive one.

Proof: This proof will be handled using contradiction. Let us assume that x is irrational and that none of the
decimal digits repeats infinitely many times in its decimal expansion. So, we can assume that each digit k,
with 0≤ k≤ 9 repeats nk times. Then the decimal expansion of x has N = n0 + n1 +….. + n8 + n9 digits and it
is finite. This is a contradiction because x is an irrational number. Therefore, the original statement is true. ■

In Example 3.16 we are able to construct explicitly the mathematical object that satisfies the given
requirements. In Example 3.17 we can only establish that an object exists, but we cannot explicitly give
the procedure for finding it. In the example that follows we can use either one of these methods.
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EXAMPLE 3.18
A line passes through the points with coordinates (0, 2) and (2, 6).

Discussion: We will reformulate the statement as: if (0, 2) and (2, 6) are two points in the plane, then
there is a line passing through them. We will prove this statement in two ways, that is, by finding the
equation of the line explicitly, and by using a theoretical argument.

Proof

1. The point-slope equation of a line is

y − y0 =mðx − x0Þ,
where m is the slope and (x0, y0) are the coordinates of any point on the line.
If (x1, y1) and (x0, y0) are the coordinates of any two points on the line, and x1≠ x0 then

m =
y1 − y0
x1 − x0

:

Using the points with coordinates (0, 2) and (2, 6), we obtain m = 4/2 = 2.
Therefore, the line that passes through the given points has equation

y −2=2ðx −0Þ
or

y =2x +2:

2. There is a postulate from geometry that states that given any two distinct points in the plane there is a
unique straight line joining them. Therefore, there is a line joining the points with coordinates (0, 2)
and (2, 6). ■

EXAMPLE 3.19
The polynomial P(x) = x4 + x3 + x2 + x− 1 has a real zero in the interval [0, 1].

Discussion: If we want to find an explicit value of x such that P(x) = 0, we need to solve a fourth-degree
equation. This can be done, but the formulas used to solve a fourth-degree equation are quite
cumbersome, even if they are not difficult. It is possible to use a calculator, or any numerical method
(such as Newton’s method) as well. But the statement does not ask us to find the real zeroes of the
polynomial P(x). We are only asked to prove that one of the zeroes is in the interval [0, 1]. The proof that
follows requires some knowledge of calculus.

Proof: Polynomials are continuous functions. Since P(0) =−1 is a negative number, and P(1) = 3 is a
positive number, by the Intermediate Value Theorem the polynomial function will take on all the values
between −1 and 3 for x in the interval [0, 1]. Therefore, there will be a value of x for which P(x) = 0. Thus,
the given statement is true. ■

A graph would be acceptable evidence in Example 3.19, since we are only considering the function
P(x) on a closed interval.

Exercises
Prove the following statements.

36. There exists a function whose domain consists of all the real numbers, and whose range of values is the
interval [0, 1].
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37. There is a counting number n such that 2n + 7n is a prime number.
38. Let a be an irrational number. Then there exists an irrational number b such that ab is an integer.
39. There is a second degree polynomial P such that P(0) =−1 and P(−1) = 2.
40. There exist two rational numbers a and b such that ab is a positive integer and ba is a negative

integer.
41. If P(x) = anxn + an−1xn−1 +…. + a1x + a0 is a polynomial of degree n, with n odd, then the equation

P(x) = 0 has at least one real solution. (�)
42. Let a and b be two rational numbers, with a < b. Then there exist at least three rational numbers

between a and b.
43. There exists an integer number k such that 2k> 4k.

UNIQUENESS THEOREMS
This kind of theorem states that an object having some required properties, and whose existence has
already been established, is unique. In order to prove that this is true, we have to prove that no other
object satisfies the properties listed. Direct and explicit checking is usually impossible, because we might
be dealing with infinite collections of objects. Therefore we need to use a different approach. Usually this
kind of theorem is proved in one of the three following ways:

1. What would happen if the object with the required properties is not unique? Use contradiction! To
deny that something is unique means to assume that there is at least one more object with the same
properties. So, assume that there are two objects satisfying the given properties, and then prove that
they must coincide.

2. If the object has been explicitly constructed using an algorithm (a procedure), we might be able to use the
fact that every step of the algorithm could only be performed in a unique way. So the final result is unique.

3. Especially when the explicit construction of the object is not possible, we might be able to find a
general argument that guarantees the uniqueness of the object with the required properties in the given
mathematical system.

EXAMPLE 3.20
The number, usually indicated by 1, having the property that

a ×1=1× a = a

for all real numbers a is unique. (The number 1 is called the identity for multiplication of real numbers.)

Proof: Let t be a number with the property that

a × t = t × a = a

for all real numbers a (even for a = 1 and for a = t). (We cannot use the symbol 1 for this number, because
as far as we know t could be different from 1.) Since 1 leaves all other numbers unchanged when
multiplied by them, we have

1× t = t :

Since t leaves all other numbers unchanged when multiplied by them, we have

1× t =1:
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Therefore,

t =1× t =1:

This proves that t = 1. Thus it is true that only the number 1 has the required properties (i.e., the
identity element for multiplication is unique). ■

Very often existence and uniqueness theorems are combined in statements of the form “There exists a
unique…” The proof of this kind of statement has two parts:

1. Prove the existence of the object described in the statement.
2. Prove the uniqueness of the object described in the statement.

While these two steps can be performed in any order, it seems to make sense to prove the existence of
an object before proving its uniqueness. After all, if the object does not exist, its uniqueness becomes
irrelevant. If the object can be constructed explicitly (to prove its existence), the steps used in the con-
struction might provide a proof of its uniqueness.

EXAMPLE 3.21
The function f (x) = x3 has a unique inverse function.

Proof: We start by recalling that two functions, f and g, are inverse of each other if

f ∘ gðxÞ= f ðgðxÞÞ= x

g ∘ f ðxÞ= gðf ðxÞÞ= x

for all real numbers x (because f in this case is defined for all real numbers and its range is the collection
of all real numbers).

Part 1. The inverse function of f exists.
Because the function f is described by an algebraic expression, we will look for an algebraic expression

for its inverse, g. The function g has to be such that

f ∘ gðxÞ= f ðgðxÞÞ= x :

Therefore, using the definition of f, we obtain

ðgðxÞÞ3 = x :

This implies that

gðxÞ= x1/3 =
ffiffiffi
x3

p
:

We need to check that the function obtained in this way is really the inverse function of f. Since

f ∘ gðxÞ= f ð ffiffiffi
x3

p Þ= ð ffiffiffi
x3

p Þ3 = x

g ∘ f ðxÞ= gðx3Þ=
ffiffiffiffiffi
x33

p
= x

we can indeed conclude that g is the inverse function of f.
Part 2. The inverse function of f is unique.
In this case we can establish the uniqueness of g in two ways.

(Continued )
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1. The function g is unique because of the way it has been found and defined.
2. Let us assume that there exists another function h that is the inverse of f. Then, by definition of inverse

h ∘ f ðxÞ= x

f ∘ hðxÞ= x

for all real numbers x.

We want to compare the two functions g and h. They are both defined for all real numbers since they are
inverses of f. To compare them, we have to compare their outputs for the same value of the variable. While
we have a formula for g, we do not have a formula for h. So we need to use the properties of h and g.

gðxÞ= gðf ∘ hðxÞÞ= gðf ðhðxÞÞÞ
= ðg ∘ f ÞðhðxÞÞ= hðxÞ

Therefore, g = h. So, the inverse of f is unique. ■

There is a shorter and less explicit proof of the existence part of the statement in Example 3.21 that
relies on a broader knowledge of functions and inverse functions. We will mention it now for sake of
completeness. The function f is one-to-one and onto. Therefore it will have an inverse function. See the
section on functions for more details.

EXAMPLE 3.22
There exists a unique line passing through the points with coordinates (0, 2) and (2, 6).

Proof: Part 1. There exists a line passing through the points with coordinates (0, 2) and (2, 6). See
Example 3.18 in the section on existence theorems.

Part 2. We will prove the uniqueness of the line using all three procedures described at the beginning
of the section.

First procedure. Assume that there are two lines passing through the points with coordinates (0, 2)
and (2, 6). Let their equations be y = ax + b and y = cx + d. As both lines pass through the point (0, 2),
we have 0a + b = 2, and 0c + d = 2. Thus, b = d = 2. As both lines pass through the point (2, 6), we have
2a + b = 6 = 2c + d. Because b = d, this implies that a = c. Thus, the two lines coincide.

Second procedure. If we look at the steps used to find the equation of the line, in Example 3.18 in the
section on existence theorems, as y = 2x + 2, we can state that

1. the slope is uniquely determined by the coordinates of the points; and
2. given the uniqueness of the slope, the other constant in the formula is uniquely determined as well.

Third procedure. There is a postulate from geometry that states that given any two distinct points in the
plane there is a unique straight line joining them. Therefore, there is a unique line joining the points with
coordinates (0, 2) and (2, 6). ■

EXAMPLE 3.23
We proved that if n is an integer number larger than 1, then n is either prime, or it is a product of prime
numbers. Thus, we can write

n= p1 × p2 ×…::× pk

where the pj ’s are prime numbers and p1 ≤ p2≤….≤ pk. This factorization of n is unique.
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Proof: Let us assume that there are at least two ways of writing a number n as the product of prime factors
listed in nondecreasing order. Therefore,

p1 × p2 ×…::× pk =n=q1 × q2 ×…::× qs :

Thus, the prime factor p1 divides the product q1 × q2 ×….× qs (indeed,
q1 × q2 ×…::×qs

p1
= p2 × p3 ×…..× pk).

This implies that p1 divides at least one of the qj ’s. Let us assume that p1 divides q1 (we can reorder the qj ’s
if necessary).

As q1 is prime, this implies that p1 = q1. Therefore, after simplifying p1 and q1, we have

p2 ×…::× pk =q2 ×…::× qs :

Similarly, p2 divides q2 ×….. × qs. So we can assume that p2 divides q2. This again implies that
p2 = q2. Thus,

p3 ×…::× pk =q3 ×…::× qs :

So, if k < s, after k repetitions of the procedure, we obtain 1 = qk+1 ×….. × qs. This equality is
impossible because all the qj ’s are larger than 1 (they are prime numbers). If k > s, we obtain
1 = ps+1 ×….. × pk.

Again, this is impossible. Therefore, k = s and p1 = q1, p2 = q2,…. , pk = qk. Therefore, the factorization
of n is unique for the prime numbers used. The order in which these factors are arranged is unique, since
it is fixed. Therefore, the factorization of n as described is unique. ■

Exercises
Prove the following statements.

44. The polynomial p(x) = x− b has a unique solution for all real numbers b.
45. There exists a unique angle θ with 0≤ θ≤ π such that cos θ = θ.
46. The equation x3− b = 0, with b a real number, has a unique solution.
47. There exists a unique second degree polynomial P such that

Pð0Þ= −1,Pð1Þ=3, and Pð−1Þ=2:

48. The graphs of the functions f (x) = x3 and g (x) =−x2− 2x have a unique intersection point.

49. The system
3x −5y =6
2x +3y =4

�
has a unique solution.

Outline the proofs of the following statement, filling in all details as needed.

50. Division theorem. Let a and b be two integer numbers such that a ≥ 0 and b > 0. Then there exist
two unique integers, q and r, with q ≥ 0 and 0 ≤ r < b such that a = bq + r. (We have already proved
the existence of numbers with the required properties in Example 3.6 in the section on basic techni-
ques). We want to include a different proof that uses mathematical induction.)

Proof: Consider different cases and use mathematical induction.

1. If b = 1, consider q = a and r = 0.
2. If a = 0, consider q = 0 and r = 0.
3. The statement is clearly true for all numbers a< b. (Why? How can one choose q and r?)
4. Assume that a≥ b. If a = b, the statement is trivially true. (Why? How can one choose q and r?)
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Assume that the statement is true for a generic number n> b. Then consider a = n + 1.

a = n+1= ðbq1 + r1Þ+1

= bq1 + ðr1 +1Þ

Since 0 ≤ r1 < b, then 1 ≤ r1 + 1 ≤ b. If r1 + 1 ≤ b, then just set q1 = q and r1 + 1 = r. If r1 + 1 = b,
we can write

a = bq1 +b =bq+ r

where q = q1 + 1 and r = 0.
We are now going to prove the uniqueness part of the statement. Assume that there are two pairs

of integers, q and r, q’ and r’, such that

a =bq+ r =bq’+ r ’

with q≥ 0 and 0 ≤ r< b, and q’ ≥ 0 and 0 ≤ r’ < b. Without loss of generality we can assume that r’ ≥ r
(why?).

Thus,

bðq−q’Þ= r ’− r ≥0:

Since r’> r’ − r (why?), we have b> r’ − r (why?). Therefore,

b >bðq−q’Þ≥0:

Dividing by b we obtain

1> q− q’≥0:

This implies that q− q’ = 0 (why?), or q = q’. Since q− q’ = 0, then r’− r = 0. So r’ = r. The theorem is
now completely proved. ■

COMPOSITE STATEMENTS
The hypothesis and/or the conclusion of a theorem might be composite statements that include the words
“and,” “or.” Because of the more complicated structure of this kind of statement, we have to pay even
more attention to details. After analyzing a composite statement, we can check whether it is possible to
break it down into simpler parts, which can then be proved by using any of the principles and techniques
already seen. Other times we will replace the original statement with another logically equivalent state-
ment that is easier to handle.

Multiple Hypotheses
Multiple hypotheses statements are statements whose hypothesis are composite statements, such as “If A
and B, then C,” and “If A or B, then C.” Let us start by examining statements of the form “If A and B,
then C.”
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Proving that such a statement is true does not require any special technique, and some of these state-
ments have already been included in previous sections. The main characteristic of this kind of statement
is that the composite statement “A and B” contains several pieces of information, and we need to make
sure that we use all of them during the construction of the proof. If we do not, we are proving a state-
ment different from the original. Always remember to consider possible implicit hypotheses.

EXAMPLE 3.24
If b is a multiple of 2 and of 5, then b is a multiple of 10.

Proof
Hypothesis

A: The number b is a multiple of 2.
B: The number b is a multiple of 5. (Implicit hypothesis: The number b is an integer, and all properties

and operations of integer numbers can be used.)

Conclusion

C: The number b is a multiple of 10.

By hypothesis A, the number b is a multiple of 2. So, b = 2n for some integer n. The other hypothesis, B,
states that b is a multiple of 5. Therefore, b = 5k for some integer k. Thus,

5k =2n:

Because 5k is even, and 5 is odd, we conclude that k is even. Thus, k = 2t for some integer number t.
This implies that

b =5k =5ð2tÞ=10t

for some integer number t. Therefore the number b is a multiple of 10. ■

The proof of a statement of the form “If A and B, then C” can be constructed using its contrapositive,
which is “If ‘not C,’ then either ‘not A’ or ‘not B.’” (You might want to review the truth tables for con-
structing the negation of a composite statement introduced in the section “The Negation of a Statement.”)
This is a statement with multiple conclusions, which is part of the next topic presented.

Let us construct another proof for Example 3.24 using the contrapositive of the original statement, just
to become more familiar with this kind of statement. “If the number b is not a multiple of 10, then either
b is not a multiple of 2 or b is not a multiple of 5.”

Proof: The two parts of the conclusion are “b is not a multiple of 2” and “b is not a multiple of 5.” To
prove that the conclusion is true, it is enough to prove that at least one of the two parts is true. (Keep
reading for more details regarding this kind of statement.)

Assume that the number b is not a multiple of 10. Then, by the division algorithm,

b= 10q+ r

with q and r integers and 1≤ r≤ 9.
If r is an even number (i.e., 2, 4, 6, 8), then we can write r = 2t, with t a positive integer, and 1≤ t≤ 4. So

b= 10q+ 2t= 2ð5q+ tÞ:
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The number 5q + t is an integer, so the number b is divisible by 2. But b is not divisible by 5 because
r is not divisible by 5. Thus, in this case the conclusion is true because its second part is true. If r is an
odd number (i.e., 3, 5, 7, 9), then b is not divisible by 2. In this case the conclusion is true as well
because its first part is true. ■

The statement in Example 3.24 can also be proved using contradiction. In this case we start by assum-
ing that b is a multiple of 2 and 5 and it is not a multiple of 10.

We will now consider statements of the form “If A or B, then C.” In this kind of statement we know
that the hypothesis “A or B” is true. This can possibly mean that:

1. Part A of the statement is true.
2. Part B of the statement is true.
3. Both parts A and B are true.

Because we do not know which one of the three cases to consider, we must examine all of them. It is
important to notice that it is sufficient to concentrate on the first two cases, because the third case is a special
(weaker) case that combines the first two. Therefore, the proof of a statement of the form “If A or B, then C”
has two parts (two cases):

Case 1. “If A, then C.”
Case 2. “If B, then C.”

To be sure that the logic of this procedure is indeed correct, we can construct the truth tables that
prove that the statements “If A or B, then C” and “(If A, then C) and (If B, then C)” are logically
equivalent.

A B C Aor B If A or B, then C

T T T T T
T T F T F
T F T T T
T F F T F
F T T T T
F T F T F
F F T F T
F F F F T

A B C If A, then C If B, then C ðIf A, then CÞ and ðIf B, then CÞ
T T T T T T
T T F F F F
T F T T T T
T F F F T F
F T T T T T
F T F T F F
F F T T T T
F F F T T T

Thus, to prove the statement “If A or B, then C,” one has to prove that the two simpler statements “If
A, then C” and “If B, then C” are both true.
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EXAMPLE 3.25
Let x, y, and z be counting numbers. If x is a multiple of z or y is a multiple of z, then their product xy is a
multiple of z.

Proof

Case 1. Let x be a multiple of z. Then, x = kz, with k an integer (positive since x > 0, z > 0). Therefore,

xy = ðkzÞy = ðky Þz :
The number ky is a positive integer because k and y are positive integers. So xy is a multiple of z.
Case 2. Let y be a multiple of z. Then, y = nz with n an integer (positive since y > 0, z > 0). Therefore,

xy = xðnzÞ= ðxnÞz :
The number xn is a positive integer because x and n are positive integers. So xy is a multiple of z. ■

The proof of a statement of the form “If A or B, then C” can be constructed using its contrapositive,
which is “If ‘not C,’ then ‘not A’ and ‘not B.’” (You might want to review the truth tables for construct-
ing the negation of a composite statement introduced in the section “The Negation of a Statement.”) This
is again a statement with multiple conclusions, which is part of the next topic.

The contrapositive of the original statement in Example 3.25 is the statement “Let x, y, and z be counting
numbers. If the product xy is not a multiple of z, then x is not a multiple of z and y is not a multiple of z.”

Multiple Conclusions
The most common kinds of multiple conclusion statements are

1. If A, then B and C.
2. If A, then B or C.

We will consider these statements in some detail.

1. If A, then B and C.

The proof of this kind of statement has two parts:

i. If A, then B.
ii. If A, then C.

Indeed, we need to prove that each one of the possible conclusions is true, because we want all of
them to hold. If we have already completed the proof that one of the two (or more) implications is true,
we can use that result to prove the remaining ones (if needed).

EXAMPLE 3.26
The lines y = 2x + 1 and y =−3x + 2 are not perpendicular and they intersect in exactly one point.

Proof
Hypothesis

A: The two lines have equations y = 2x + 1 and y = −3x + 2. (Implicit hypothesis: All the properties and
relations between lines can be used.)

(Continued )
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(Continued )

Conclusions

B: The lines are not perpendicular.
C: The lines intersect in exactly one point.

Part 1. If A, then B.
Two lines are perpendicular if their slopes, m and m1, satisfy the equation m = −1/m1, unless one of

them is horizontal and the other vertical, in which case one slope is equal to zero and the other is
undefined. The first line has slope 2, the second has slope −3. So the lines are neither horizontal nor
vertical. In addition −3 ≠ −1/2. Thus, the lines are not perpendicular.

Part 2. If A, then C.
This second part is an existence and uniqueness statement: There is one and only one point belonging

to both lines.
We can prove this part in two ways:

i. The given lines are distinct and nonparallel (since they have different slopes); therefore they have only
one point in common.

ii.We can find the coordinates of the point(s) in common, by solving the system

y =2x +1

y = −3x +2
:

(

By substitution we have

2x +1= −3x +2:

The only solution of this equation is x = 1/5. The corresponding value of the y variable is y =2(1/5) + 1 = 7/5.
Therefore, the lines have in common the point with coordinates (1/5, 7/5). This point is unique because its
coordinates represent the only solution of the system formed by the equations of the two lines. ■

EXAMPLE 3.27
If a number is even, then its second power is divisible by 4 and its sixth power is divisible by 64.

Proof
Hypothesis

A: The number n is even. (Implicit hypothesis: All the properties and operations of integer numbers can be
used.)

Conclusions

B: The number n2 is divisible by 4.
C: The number n6 is divisible by 64.

Part 1. If A, then B.
By hypothesis the number n is even. Therefore, n = 2t for some integer number t. This implies that

n2 =4t2:

62 CHAPTER 3 Special Kinds of Theorems



As the number t2 is an integer, it is true that n2 is divisible by 4.
Part 2. If A, then C.
This implication can be proved in two ways.

Method 1: By hypothesis, the number n is even. Therefore n = 2t for some integer number t. This
implies that

n6 =64t6:

As the number t6 is an integer, it is true that n6 is divisible by 64.
Method 2: We can use the result established in part 1, since that part of the proof is indeed complete.
When n is even, then n2 = 4k for some integer number k. Then we have

n6 = ðn2Þ3 = ð4kÞ3 =64k3:

As k3 is an integer, it is true that n6 is divisible by 64. ■

2. If A, then B or C.

In this case we need to show that given A, then either B or C is true (not necessarily both). This
means that we need to prove that at least one of the possible conclusions is true; that is, if one of the two
conclusions is false, the other must be true. Thus, the best way to prove this kind of statement is to use
the following one, which is logically equivalent to it:

If A and ðnotBÞ, thenC:

It might be useful to consider the truth tables for the two statements “If A, then B or C” and “If A
and (not B), then C.”

A B C Bor C If A, then B or C
T T T T T
T T F T T
T F T T T
T F F F F
F T T T T
F T F T F
F F T F T
F F F F T

A B C not B A and ðnot BÞ If A andðnot BÞ, then C
T T T F F T
T T F F F T
T F T T T T
T F F T T F
F T T F F T
F T F F F F
F F T T F T
F F F T F T
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Similarly one can prove that the statements “If A, then B or C” and “If A and (not C), then B” are
logically equivalent.

EXAMPLE 3.28
Let n be a composite number larger than 1. Then n has at least one nontrivial factor smaller than or equal
to

ffiffiffi
n

p
:

Discussion: We have

A: The number n is a composite number larger than 1. Thus, n = pq with 1< p< n and 1< q< n. (Implicit
hypothesis: We can use all of the properties of counting and prime and nonprime numbers, divisibility,
and square roots.)

B or C: Then either p ≤
ffiffiffi
n

p
or q≤

ffiffiffi
n

p
:

Proof: We will start by assuming that

n= pq

with 1< p< n and 1< q< n, and p >
ffiffiffi
n

p
: Multiplying this last inequality by q yields

qp >q
ffiffiffi
n

p
,

that is,

n>q
ffiffiffi
n

p
:

This implies
ffiffiffi
n

p
>q: Thus it is true that

ffiffiffi
n

p
≥q: (Note that if p = q, then p =q=

ffiffiffi
n

p
:) ■

The result stated in Example 3.28 is used to improve the speed of the search for possible prime factors
of numbers.

EXAMPLE 3.29
If x is a rational number and y is an irrational number, their sum x + y is an irrational number.

Discussion: We will prove the contrapositive of the given statement; that is, the statement “If the sum x + y
is a rational number, then either x is irrational or y is rational.” Thus, let:

A: The sum x + y is an irrational number. (Implicit hypothesis: As rational and irrational numbers are real
numbers, we can use all the properties of real numbers and their operations.) The fact that the
numbers are called x and y is irrelevant. We can use any two symbols. We will keep using x and y to be
consistent with the original statement.

B: The number x is irrational.
C: The number y is rational.

Therefore, we plan to prove the equivalent statement “If A and (not B), then C.”

Proof: Assume that the number x + y is rational and so is the number x. Therefore, using the definition of
rational numbers we can write

x + y =n/p,

with p ≠ 0, and n and p integer numbers.
As x is rational, we can write x = a/b with b ≠ 0, and a and b integer numbers. Thus, we have

a/b + y =n/p:
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If we solve this equation for y, we obtain

y = n/p − a/b = ðnb − apÞ/pb
with pb ≠ 0 since p ≠ 0 and b ≠ 0. The numbers nb− ap and pb are integers because n, p, a, and b are
integer numbers. This information allows us to conclude that y is a rational number. As we have proved
the contrapositive of the original statement to be true, the original statement is also true. ■

EXAMPLE 3.30
Let a be an even number, with |a| >16. Then, either a≥ 18 or a≤−18.

Discussion: In spite of its apparent simplicity, this statement has composite hypothesis and conclusion.
Indeed it is of the form “If A and B, then C or D” where:

A: The number a is even. (Implicit hypothesis: We can use the properties and operations of integer
numbers.) The fact that the number is called a is irrelevant.

B: |a|> 16.
C: a≥ 18.
D: a≤−18.

Moreover B is a composite statement. Indeed, B can be written as “B1 or B2,” with

B1: a >16 and B2: a <−16:

Thus the original statement can be rewritten as:
If (a is even and a > 16) or (a is even and a<−16), then either a ≥ 18 or a ≤−18.
The presence of an “or” in the hypothesis suggests the construction of a proof by cases.

Proof

Case 1. We will prove the statement: “If a is an even number and a > 16, then either a ≥ 18 or a ≤−18.”
As a is even and larger than 16, then it must be at least 18. Thus, a ≥ 18, and the conclusion is true.
Case 2. We will prove the statement: “If a is an even number and a<−16, then either a ≥ 18 or
a ≤−18.” As a is even and smaller than −16, then it cannot be −17, so it must be at most −18.
Therefore, a ≤−18, and the conclusion is true. ■

Exercises
Prove the following statements.

51. If x2 = y2 and x≥ 0, y≥ 0, then x = y.
52. If a function f is even and odd, then f (x) = 0 for all x in the domain of the function. (See “Some

Facts and Properties of Functions” at the front of the book for the definitions of even and odd
functions.)

53. If n is a positive multiple of 3, then either n is odd or it is a multiple of 6.
54. If x and y are two real numbers such that x4 = y4, then either x = y or x =−y.
55. Let a and b be two nonzero numbers. If a divides b and b divides a, then a =±b.
56. Let n be an integer number. Then, either n2 or n2− 1 is divisible by 4.
57. Let a, b, and m be three positive numbers. If either a divides m or b divides m, then d = GCD (a, b)

divides m.
58. Let a, b, and m be three positive numbers. If a divides m and b divides m, then L = lcm (a, b) divides m.
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59. Let a, b, and c be a Pythagorean triple of integers, i.e., a2 + b2 = c2. Then the product of the three
numbers, abc, is even.

60. Fill in all the details and outline the following proof of the Rational Zero Theorem:

Let z be a rational zero of the polynomial

P ðxÞ= anxn + an−1xn−1 +…+ a0,

which has all integer coefficients with an ≠ 0 and a0 ≠ 0, with n ≥ 1. Let z = p/q be written in its lowest
terms, with q ≠ 0. Then, q divides an and p divides a0.

Proof: By hypothesis P (z) = 0. So

an
p
q

� �n
+ an−1

p
q

� �n−1
+…+ a1

p
q

� �
+ a0 =0:

Therefore (why?)

anpn + an−1pn−1q+…+ a1pqn−1 + a0qn =0: ð�Þ
Thus,

anpn = −qðan−1pn−1 +…+ a1pqn−2 + a0qn−1Þ ðwhy?Þ:
This can be rewritten as anpn = −qt, where t = an−1pn−1 +… + a1pqn−2 + a0qn−1 is an integer (why?).

This implies that q divides anpn. As p and q have no common factors (why?), q divides an. We can use
equation (�) to obtain (why?)

a0qn = −pðanpn−1 + an−1pn−2q+…+ a1qn−1Þ:
This can be rewritten as a0qn = −ps, where s = anpn−1 + an−1pn−2q +… + a1qn−1 is an integer

(why?). Thus, p divides a0qn. Because p and q have no common factors (why?), p must divide a0. ■

EQUALITY OF NUMBERS
There are at least three commonly used methods to prove that two numbers, call them a and b for
convenience, are equal. We can do so by showing that:

1. Both inequalities a≤ b and b≤ a hold true.
2. The equality a− b = 0 holds true.
3. The equality a/b = 1 holds true (in this case we need to be sure that b ≠ 0).

It is preferable to use the second and third methods when we can set up algebraic expressions invol-
ving a and b. The first one is more useful when we have to compare numbers through the examination of
their definitions and properties. At the end of the section there are a couple of additional methods that can
be used to prove that a number is equal to 0.

EXAMPLE 3.31
If a and b are two positive integers, then their least common multiple is equal to the quotient between
their product, ab, and their greatest common divisor; that is,

lcmða, bÞ= ab
GCDða, bÞ :
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Proof: Let d =GCD(a, b) and L = lcm(a, b). We want to prove that

L= ab
d

:

(For the definitions of the least common multiple and the greatest common divisor and their properties,
see “Some Facts and Properties of Numbers” at the front of the book.) We might start the proof by looking
for another (possibly simpler) way to rewrite the number represented by the fraction ab

GCDða,bÞ =
ab
d :

By definition of GCD(a, b), we can write

a = dn and b =dp

with n and p positive, relatively prime integers. Therefore,

ab
d

=
ðdnÞðdpÞ

d
=dnp:

Let M = dpn. We want to prove that M = L.
Part 1. We will prove that L≤M.
Clearly M is a multiple of both a and b. Indeed, M = pa and M = nb, with n and p positive integers. As

M is a common multiple, it will be larger than (or equal to) the least common multiple, L. Thus, L≤M.
Part 2. We will prove that M≤ L.
By definition, L is a multiple of both a and b (L is a common multiple). Thus,

L= at and L= bs

with t and s positive integers. Therefore, at = bs. Substituting a and b, we obtain

L=dnt = dps:

Thus, nt = ps. This implies that n divides ps. As p and n are relatively prime, this is possible only if n
divides s. Thus, s = nk for some integer k≥ 1. So

nt = pnk;

that is,

t =pk

for some integer k≥ 1. Then,

L= at = ðdnÞðpkÞ= dnpk =Mk:

Since L =Mk, with k≥ 1, this equality implies that L≥M.
Having proved that L≤M and L≥M, we can conclude that L =M. ■

EXAMPLE 3.32
Let f (x) = x

x2 +1, and let y and z be two real numbers larger than 1. If f (y) = f (z), then y = z. (This proves
that the function f is one-to-one on the interval (1, +∞). See “Some Facts and Properties of Functions” at
the front of the book for the definition of one-to-one.)

(Continued )
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Proof: From the hypothesis f (y) = f (z), it follows that

y
y2 +1

= z
z2 +1

:

We can now multiply both sides of the equation by (y2 + 1)(z2 + 1). This is a nonzero expression since
y2 + 1 ≠ 0 and z2 + 1 ≠ 0. Therefore, we obtain

zy2 + z = z2y + y ,

which can be rewritten and simplified as

ðz − yÞð1− yzÞ=0:

Thus, either z− y = 0 or 1− yz = 0. The first equality implies that y = z. The second equality implies that
yz = 1. This is not possible since y and z are two real numbers larger than 1. Therefore, the only possible
conclusion is y = z. ■

There are at least two special ways to prove that a number is equal to zero, and both of them use the
absolute value function and its properties. (See “List of Symbols” at the front of the book for the defini-
tion of absolute value.)

Method 1. To prove that a = 0 we can prove that |a| = 0. (This is true because by definition of absolute
value of a number |a| = 0 if and only if a = 0.)
Method 2. Let a be a real number. Then a = 0 if and only if |a|< ε for every real number ε> 0.

The second method is often used in calculus and analysis. We can prove that the two methods are
equivalent.

EXAMPLE 3.33
Let a be a real number. Then, |a| = 0 if and only if |a|< ε for every positive real number ε.

Proof: Since this is an equivalence statement, the proof has two parts.
Part 1. If |a| = 0, then |a|< ε for every real number ε> 0. This implication is trivially true, Indeed if |a| = 0,

then |a| is smaller then any positive number.
Part 2. If |a|< ε for every real number ε> 0, then |a| = 0. We will prove this statement using its

contrapositive.

If jaj≠0, then jaj≮ ε for every real number ε>0:

This statement can also be rewritten as

If jaj≠0, then there exists at least one positive real number ε0 such that jaj≥ ε0:

If |a| ≠ 0, then there exists at least one positive real number ε0 such that |a|≥ ε0.
Consider the number ε0 = |a|/39, which is a positive real number smaller that |a|. (Note that 39 does not

have any special property, use your favorite number larger than 1, to be sure that ε0 is small enough.)
Then, 0< ε0< |a|.

As the contrapositive of the original statement is true, the original statement is true as well. ■
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Exercises
Prove the following statements.

61. Let x and y be two real numbers. Then, (x− y)5 + (x− y)3 = 0 if and only if x = y.
62. Let x and y be two real numbers. The two sequences fxng∞n=2 and fyng∞n=2 are equal if and only if x = y.
63. Let a, b, and c be three counting numbers. If a divides b, b divides c, and c divides a, then a = b = c.
64. Let a, b, and c be three counting numbers. Then, GCD(ac, bc) = c GCD(a, b).
65. Let a and b be two relatively prime integers. If there exists an m such that (a/b)m is an integer, then

b = 1.
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CHAPTER

4Some Mathematical Topics on
Which to Practice Proof Techniques

The information presented in the previous chapters gives the nuts and bolts of the most common and
basic techniques used to prove the truth of mathematical results. These techniques can be implemented in
all branches of mathematics. The present chapter introduces the elementary concepts of some of the most
commonly studied branches of mathematics in the undergraduate curriculum, but no new proof techniques
(strictly speaking). The material presented will show how the basic proof techniques from the previous
chapters can be put to good use.

BASIC SET THEORY AND INDEXED FAMILIES
A set is a well-defined collection of objects. The objects that belong to a set are called the elements of the
set. If x is an element of a set A we write x ∈ A. The empty set is a set with no elements, usually repre-
sented either by ∅ or by { }.

Sets can be described in several ways. We can either provide a list of the elements (roster method) or
we can list the property (properties) the elements must have in order to belong to the set (constructive
method). If we are listing the elements of a set, the order of the listing is irrelevant, and the same element
should appear only once (repeated elements do not count as distinct elements).

The roster method is not very practical when the set has a large number of elements, and it is impossi-
ble to use when the set has an infinite number of elements. In this latter case we should list enough ele-
ments for a pattern to emerge, and then use “…” For example, it would be a bad idea to write

A= f3, 5, 7,…g
because we do not have enough information to decide whether A is the set of odd numbers larger than 1,
or the set of prime numbers larger than 2.

When we use the constructive method, usually we have two parts in the description. The first part spe-
cifies which kind of objects we are considering, that is, the universal set (e.g., integer numbers, cars pro-
duced during January 2011 in Detroit plants, and so on). The second part (if needed) follows the
expression “such that” (usually represented by a vertical segment “|” or two dots “:”) and lists additional
properties. So the description of a set might look like

A= fn∈ℤ j the remainder of the division of n by 2 is zerog,
B= fcars produced during January 2011 in Detroit plants j they have four doorsg:

Usually, in a general setting the universal set is represented by U.
Sets are very interesting mathematical objects and mathematicians like to study relationships and

operations between sets. This section will present some very basic concepts.
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A set A is contained in a set B (or A is a subset of B) if every element of A is an element of B. In this
case we write A ⊆ B. (If x ∈ A, then x ∈ B.) By definition of subset, every nonempty set has two trivial
subsets, itself and ∅.

EXAMPLE 4.1.1
Let A = {n ∈ ℤ | n is a multiple of 4} and B = {n ∈ ℤ | n is a multiple of 2}. Then A is a subset of B.

Proof: Let n ∈ A. Can we prove that n ∈ B? If n ∈ A, then n = 4t, with t an integer number. Therefore,
n = 2(2t). The number 2t is an integer since 2 and t are integers. So, the number n is a multiple of 2,
and thus an element of B. This proves that every element of A is also an element of B, and in
conclusion A is a subset of B. ■

EXAMPLE 4.1.2
Let A be any set. Then ∅ is a subset of A.

Proof: According to the definition of subset, to prove the given statement one needs to show that “If x ∈ ∅,
then x ∈ A.” The hypothesis, namely “x ∈ ∅,” is always false, since no object is an element of ∅. But when
the hypothesis of an “If, then” statement is false, the statement is always true (check again the definition
of “If, then” if needed). Therefore the statement “If x ∈ ∅, then x ∈ A” is always true, for every set A
(including A = ∅). ■

In order to prove that a set A is not a subset of a set B, that is, that the statement “every element of A
is an element of B” is false, one needs to prove that its negative is true. Therefore it is sufficient to prove
that “there is at least one element of A that is not an element of B.”

Two sets, A and B, are equal if the following two conditions are true:

1. A ⊆ B,
2. B ⊆ A.

The first of the two conditions states that every element of A is an element of B. The second states
that every element of B is an element of A. Therefore, A and B have exactly the same elements. Note
that the statements above are the converse of each other. The first states that “If x ∈ A, then x ∈ B.” The
second states that “If x ∈ B, then x ∈ A.” Therefore, the definition above could be rewritten as

Two sets, A and B, are equal when “x ∈ A if x ∈ B.”

So, when two sets are equal, membership in one of them is logically equivalent to membership in the other.

EXAMPLE 4.1.3
Let A = {n ∈ ℤ| the remainder of the division of n by 2 is zero} and B = {all integer multiples of 2}. Prove
that A = B.

Proof: Part 1. A ⊆ B.
Let x be a generic element of A (that is, x is any number satisfying the conditions to belong to the set A).

We need to prove that x is an element of B as well. As x is an element of A, we know that

x
2
= q+0,
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where q is an integer number. Thus, x = 2q. This means that x is a multiple of 2. Therefore, x is an element
of B.

Part 2. B ⊆ A.
Let x be an element of B. We need to prove that x is an element of A as well. Since x is in B, it is a

multiple of 2. Therefore x = 2t with t an integer number, and

x
2
= 2t

2
= t :

Since the remainder of the division of x by 2 is zero, then x is an element of A. Using both parts of
this proof, we can conclude that A = B. ■

In some cases it is easier to compare sets after making their descriptions as explicit as possible.

EXAMPLE 4.1.4
Let A= x ∈ℝ jj x2 −1 jj<5

	 

and B = {x ∈ ℝ| x is a number between the roots of the equation x2− 4x− 96 = 0}.

Prove that the two sets are equal.

Proof: We will simplify the descriptions of the two sets.
By definition of absolute value, the inequality���� x2 −1

����<5

is equivalent to the inequalities

−5< x
2
−1<5:

Adding 1 to all three parts of the preceding inequalities, we obtain

−4< x
2
<6,

which is equivalent to

−8< x <12:

Thus we can rewrite

A= fx ∈ℝ j−8< x <12g:

The solutions of the equation x2− 4x− 96 = 0 are the numbers −8 and 12 (check this claim).
Therefore

B = fx ∈ℝ j−8< x <12g:

At this point it is evident that the two sets are equal. ■

“Venn diagrams” (John Venn was a British logician [1834–1923]) are commonly used to illustrate
properties and operations between sets. Usually sets are represented by discs, which are labeled and
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placed inside a bigger rectangle that represents the universal set U. Because a Venn diagram is a visual
example, it is a good idea to try to represent a general situation, and therefore to have sets overlapping
each other, as shown in Diagram 1.

There are several operations that can be defined between sets. Let A and B be two subsets of a
universal set U. Given two sets, A and B, their union is the set represented by A ∪ B, and defined as

A∪B= fx j x∈A or x∈Bg:

Given two sets, A and B, their intersection is the set represented by A ∩ B, and defined as

A∩B= fx j x∈A and x∈Bg:

Clearly these definitions can be extended to three or more sets.
The shaded area in Diagram 2 represents the set A ∪ B:

The shaded area in Diagram 3 represents the set A ∩ B:

A

B

C

A

B

A

B

74 CHAPTER 4 Some Mathematical Topics on Which to Practice Proof Techniques



EXAMPLE 4.1.5
Let A and B be two sets. Then A ∩ B ⊆ A and A ⊆ A ∪ B.

Proof: To prove that A ∩ B ⊆ A, let x ∈ A ∩ B. Is x ∈ A?
By definition of intersection, x ∈ A ∩ B implies x ∈ A and x ∈ B. So, in particular, the statement x ∈ A is

true. To prove that A ⊆ A ∪ B, let x ∈ A. Is x ∈ A ∪ B? The fact that the statement x ∈ A is true, implies
that the statement x ∈ A or x ∈ B is also true. So, by definition of union, x ∈ A ∪ B. ■

Statements similar to the ones involving A in Example 4.1.5 can also be made for B, and we could
combine them by stating that “The intersection of two (or more) sets is a subset of all of them. The
union of two (or more) sets contains all of them.”

When working with several sets and several operations, parentheses can be used to indicate the
priority order. If there are no parentheses, the operations are performed from the left to the right.

EXAMPLE 4.1.6
Let A = {1, 2, 3, 4, 5}, B = {3, 5, 7, 9}, and C = {2, 3, 8, 9, 10}. Find the elements in the sets A ∩ (B ∪ C ),
(A ∩ B) ∪ C, and (A ∩ B) ∪ (A ∩ C).

Solution: Given the use of parentheses, the construction of the set A ∩ (B ∪ C) starts with the set (B ∪ C ):

ðB ∪CÞ= f2, 3, 5, 7, 8, 9, 10g:

Then we need to find the intersection between this new set and the set A:

A ∩ ðB ∪CÞ= f2, 3, 5g:

When constructing the set (A ∩ B) ∪ C, we need to start by finding the set (A ∩ B):

ðA ∩BÞ= f3, 5g:
Therefore, we obtain

ðA ∩BÞ∪C = f2, 3, 5, 8, 9, 10g:

To find the elements of (A ∩ B) ∪ (A ∩ C), we need to build the two sets (A ∩ B) and (A ∩ C):

ðA ∩BÞ= f3, 5g,

ðA ∩CÞ= f2, 3g:
Thus, we have that

ðA ∩BÞ∪ ðA ∩CÞ= f2, 3, 5g:

We should always keep looking for patterns to get new ideas and make conjectures (and then
prove them!). In addition to having constructed three sets, what can we learn from the results in
Example 4.1.6?
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1. We proved that the equality A ∩ (B ∪ C) = (A ∩ B) ∪ C does not hold true, and the sets in Example 4.1.6
provide a counterexample for it.

2. On the other hand, at least in this example A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C). Is this equality true by
chance for the sets used in the example, or does it hold true for any choice of the three sets?

Let’s try to prove this second result.

EXAMPLE 4.1.7
If A, B, and C are any three sets, then

A∩ ðB ∪CÞ= ðA∩BÞ∪ ðA∩CÞ:

(This is known as the distributive property of the intersection with respect to the union.)

Proof: Part 1. A ∩ (B ∪ C) ⊆ (A ∩ B) ∪ (A ∩ C)
Let x ∈ A ∩ (B ∪ C). We want to prove that x ∈ (A ∩ B) ∪ (A ∩ C). Since x ∈ A ∩ (B ∪ C), then x ∈ A

and x ∈ (B ∪ C) (by definition of intersection). So, x ∈ A and either x ∈ B or x ∈ C (by definition of
union).

Because we know that x ∈ A, we can consider two cases: either x ∈ A and x ∈ B, or x ∈ A and x ∈ C.
Thus, either x ∈ (A ∩ B) or x ∈ (A ∩ C) (by definition of intersection, determined by the “and”).
Therefore, we can conclude that x ∈ (A ∩ B) ∪ (A ∩ C) (by definition of union, determined by the “or”).
Part 2. (A ∩ B) ∪ (A ∩ C) ⊆ A ∩ (B ∪ C)
Let x ∈ (A ∩ B) ∪ (A ∩ C). We want to prove that x ∈ A ∩ (B ∪ C). Since x ∈ (A ∩ B) ∪ (A ∩ C), then either

x ∈ (A ∩ B) or x ∈ (A ∩ C) (by definition of union). So, either x ∈ A and x ∈ B, or x ∈ A and x ∈ C (by
definition of intersection). Therefore, in both cases x ∈ A, and either x ∈ B or x ∈ C. Thus, x ∈ A and x ∈
(B ∪ C) (by definition of union, determined by the “or”).

So, we can conclude that x ∈ A ∩ (B ∪ C) (by definition of intersection, determined by the “and”). By
the conclusions proved in the two preceding parts, we state that

A∩ ðB ∪CÞ= ðA∩BÞ∪ ðA∩CÞ:

■

Let’s check the equality A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C) using Venn diagrams.
We will start by constructing the set A ∩ (B ∪ C). The set B ∪ C is represented by the whole shaded

part. Then we consider the part of it that overlaps with the set A. Therefore A ∩ (B ∪ C) is represented by
the darkest shaded part in Diagram 4.

A
B

C
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We now consider the representation of the set (A ∩ B) ∪ (A ∩ C). The set (A ∩ B) is shaded in a darker
tone in Diagram 5. The set A ∩ C is shaded in a lighter tone. Thus (A ∩ B) ∪ (A ∩ C) is the set shaded at least
once.

Therefore, the two sets obtained using the Venn diagrams (4 and 5) are equal.
The use of Venn diagrams does not provide a proof, but it offers a good illustration. Venn diagrams

are logically as important as examples. Moreover, they become difficult to work with when the number
of sets depicted becomes larger, for example, when dealing with arbitrary collections of four or more
sets.

EXAMPLE 4.1.8
Let A = {x ∈ ℤ | x is a multiple of 5} and B = {x ∈ ℤ | x is a multiple of 7}. Then A ∩ B = {x ∈ ℤ | x is a
multiple of 35}.

Proof: Part 1. A ∩ B ⊆ {x ∈ ℤ | x is a multiple of 35}
Let x ∈ A ∩ B. Then x ∈ A and x ∈ B. This implies that x is a multiple of 5 and it is a multiple of 7.

Therefore, x = 5n and x = 7m with n and m integer numbers.
If we combine these two equalities, we obtain 5n = 7m. As 5 and 7 are prime numbers, 5n is divisible

by 7 only if n is divisible by 7. Thus, n = 7k for some integer number k. Therefore, x = 5n = 5(7k) = 35k
for some integer number k. This means that x is a multiple of 35.

Part 2. {x ∈ ℤ | x is a multiple of 35} ⊆ A ∩ B
Let x be a multiple of 35. Therefore, x = 35t for some integer number t. Thus, x is divisible by 5 (so

x ∈ A) and it is divisible by 7 (so x ∈ B). This implies that x ∈ A ∩ B. Therefore, the two sets are equal. ■

We will consider another set. The complement of a set A is the set of all elements that belong to the
universal set U, but do not belong to the set A. The complement of the set A can be denoted by a variety
of symbols. The most commonly used are A, C(A), and A: We will use A′. Therefore

A′= fx∈U j x∉Ag:

The part shaded in Diagram 6 represents the complement of the set A.

A B

C

U

A
A′
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While often there is no need to specify which universal set is being used, doing so becomes crucial
when determining the complement of a set. Indeed, the same set has different complements depending on
the universal set used.

EXAMPLE 4.1.9
Let A = {2, 3, 4, 5, 6}.

If the universal set is U = {n ∈ ℕ | n ≥ 2}, then A′ = {7, 8, 9, 10,…}. If the universal set is U = ℕ, then
A′ = {1, 7, 8, 9, 10,…}.

It is interesting to see how the construction of the complement interacts with the construction of
unions and intersections. This way of proceeding is commonly used when assembling mathematical
structures: How does a new idea interact with the material already in place?

EXAMPLE 4.1.10
Let A ⊆ U and B ⊆ U. Then

ðA∩BÞ′=A′∪B′:

(This is known as one of De Morgan’s laws. The proof of the other law, namely (A ∪ B)′ = A′ ∩ B′, is left
as an exercise. August De Morgan [1806–1871] was one of the first mathematicians to use letters and
symbols in abstract mathematics.)

Proof: Part 1. (A ∩ B)′ ⊆ A′ ∪ B′
Let x ∈ (A ∩ B)′. By definition of the complement of a set this implies that x ∉ (A ∩ B). Therefore, either

x ∉ A or x ∉ B. (Indeed, if x was an element of both A and B, then it would be an element of their
intersection. But we cannot exclude that x belongs to one of the two sets.) Thus, by the definition of the
complement of a set, either x ∈ A′ or x ∈ B′. This implies that x ∈ A′ ∪ B′.

Part 2. A′ ∪ B′ ⊆ (A ∩ B)′
Let x ∈ A′ ∪ B′. Then either x ∈ A′ or x ∈ B′; that is, by the definition of the complement of a set, either

x ∉ A or x ∉ B. This implies that x is not a common element of A and B, that is, x ∉ (A ∩ B). Thus, we can
conclude that x ∈ (A ∩ B)′. As both inclusions are true, the two sets are equal. ■

Sometimes the two inclusions can be proved at the same time, using equivalent statements. We could
have proved the statement in Example 4.1.10 as follows:

x∈ ðA∩BÞ′ if and only if x∉ ðA∩BÞ if and only if x∉A or x∉B if and only if x∈A′ or x∈B′ if
and only if x∈A′∪B′:

While this kind of proof is clearly shorter than the one presented in Example 4.1.10, it can be trickier
because there are fewer separate steps and it is less explicit. Therefore, proofs of this type can be harder
to analyze and it becomes easier to overlook important details and make mistakes. (See Theorem 10
(page 202) in the section “Collection of Proofs” (page 198).)
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At this point, it might be useful to look at the close relation between operations defined for sets and
logic, after all “and” corresponds to intersection, “or” corresponds to union, and “not” corresponds to the
complement. Consider the similarities between some equalities of sets and the logic equivalence of some
statements.

Sets Statements
A∩ ðB∪CÞ= ðA ∩BÞ∪ ðA ∩CÞ A and ðB orCÞ� ðA andBÞ or ðA andCÞ
ðA ∩BÞ′=A′∪B′ not ðA and BÞ� ðnotAÞ or ðnotBÞ
ðA ∪BÞ′=A′∩B′ not ðA or BÞ� ðnotAÞ and ðnotBÞ

This close relation does not mean that statements and sets can replace each other, but what is known
in one field can be used to expand knowledge in the other.

For example, if we are trying to prove that two sets, A and B, are equal, we need to prove that “If x ∈ A,
then x ∈ B” and “If x ∈ B, then x ∈ A.” Therefore, in order to prove that the two sets are not equal, we need
to prove that either “If x ∈ A, then x ∈ B” or “If x ∈ B, then x ∈ A” is false. So, it is sufficient to prove that
either one of the two inequalities (A ⊆ B or B ⊆ A) does not hold (denying the “and” produces the “or”).
This means that it is enough to show that there is at least one element in one set that does not belong to
the other.

A

B

a

EXAMPLE 4.1.11
Let A = {all odd counting numbers larger than 2} and B = {all prime numbers larger than 2}. These two
sets are not equal.

Proof: We have already seen that all prime numbers larger than 2 are odd. Therefore B ⊆ A.
Are all odd numbers larger than 2 prime numbers? The answer is negative, because the number 9 is

odd, but it is not prime. So 9 ∈ A but 9 ∉ B. Therefore, A ⊊ B. Thus, the two sets are not equal. ■

EXAMPLE 4.1.12
Let C = {all continuous functions on the interval [−1, 1]} and D = {all differentiable functions on the
interval [−1, 1]}. These two sets are not equal.

Proof: All differentiable functions are continuous (a calculus book might be helpful for checking this
claim), but not all continuous functions are differentiable.

Consider the function f (x) = |x|. This is continuous, but it is not differentiable at x = 0. Thus, f ∈ C
but f ∉ D. Therefore, C ⊊ D, and the two sets are not equal. ■
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It is possible to define yet another operation between sets. Let A and B be two subsets of the same
universal set U. The difference set is the set

A −B= fa∈A j a∉Bg:

EXAMPLE 4.1.13
Let A and B be two subsets of the same universal set U. The following equality holds true:

A −B =A ∩B′:

Proof: We will prove the two inclusions at the same time.
Let x ∈ A− B. By definition this will happen if and only if x ∈ A and x ∉ B. This is equivalent to stating

that x ∈ A and x ∈ B′. This will be true if and only if x ∈ A ∩ B′. Since x ∈ A−B if and only if x ∈ A ∩ B′,
the two sets have the same elements and are therefore equal. ■

Because of the relationship between the difference operation and the complement of a set, a lot of
properties that hold for the complement can be used for the difference. For example, De Morgan’s laws,
seen in Example 4.1.10, generate the following equality between sets.

EXAMPLE 4.1.14
Let A, B, and C be three subsets of a universal set U. Then

A − ðB ∩CÞ= ðA −BÞ∪ ðA −CÞ:

Proof: Part 1. A− (B ∩ C ) ⊆ (A−B) ∪ (A− C )
Let x ∈ A− (B ∩ C ). By definition of difference this implies that x ∈ A and x ∉ (B ∩ C ). Therefore, by

definition of the complement of a set, x ∈ A and x ∈ (B ∩ C )′. By De Morgan’s laws this implies that x ∈ A
and x ∈ B′ ∪ C ′. So x ∈ A and either x ∈ B′ or x ∈ C ′. Thus, x ∈ A and either x ∉ B or x ∉ C. This means
that either x ∈ A and x ∉ B or x ∈ A and x ∉ C. So, by definition of difference, either x ∈ A− B or x ∈ A− C.
In conclusion, by definition of union, x ∈ (A−B) ∪ (A− C ).

Part 2. A − (B ∩ C) ⊇ (A − B) ∪ (A − C)
Let x ∈ (A − B) ∪ (A − C). By definition of union, either x ∈ A−B or x ∈ A− C. By definition of

difference this implies that either x ∈ A and x ∉ B or x ∈ A and x ∉ C. Thus, x ∈ A and either x ∉ B or
x ∉ C. So, x ∈ A and either x ∈ B′ or x ∈ C′, that is, x ∈ A and x ∈ (B′ ∪ C′). Therefore, by De Morgan’s
laws, x ∈ A and x ∈ (B ∩ C)′. By definition of a complement of a set, this means x ∈ A and x ∉ (B ∩ C).
By definition of difference, this implies that x ∈ A− (B ∩ C). ■

There are many properties of operations between sets that can be established just from their definitions
(such as the associative and commutative properties of union and intersection, distributive properties, and
properties of the empty set and the universal set). Here is a partial list. The proofs of the properties are
left to the reader.
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Let A, B, and C be subsets of the universal set U.

1. Commutative property of union: A ∪ B = B ∪ A
2. Commutative property of intersection: A ∩ B = B ∩ A
3. Associative property of union: A ∪ (B ∪ C) = (A ∪ B) ∪ C
4. Associative property of intersection: A ∩ (B ∩ C) = (A ∩ B) ∩ C
5. Distributive properties: A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C)

A ∩ (B ∪ C) = (A ∩ B) ∪ (A ∩ C)
6. Idempotent properties: A ∪ A = A

A ∩ A = A
7. Properties of the empty set: A ∪ ∅ = A

A ∩ ∅ = ∅
8. Properties of the universal set: A ∪ U = U

A ∩ U = A
9. Properties of the complement: (A′)′ = A

u′ = ∅
∅′ = u
A− B = A ∩ B′
(A ∩ B)′ = A ∪ B′
(A ∪ B)′ = A′ ∩ B′

Exercises
1. Let U = {1, 2, 3,…, 14, 15},. Consider the sets A = {1, 2, 3,…, 9, 10}, B = {1, 2, 3, 4, 5}, C = {5, 6,

7, 10, 11, 12}. Find the elements of the following sets:
a. A− B
b. A− (B ∩ C)
c. (A ∩ B) ∩ C
d. A′ ∪ B′
e. (A ∩ B)′
f. (B ∪ C)′

2. Prove or disprove the following statement: For any three sets A, B, and C the following equality
holds:

ðA∪BÞ∪ ðA∪CÞ=A∪ ðB ∪CÞ:

3. Prove or disprove the following statement: The sets A = {all integer multiples of 2 and 3} and B = {all
integer multiples of 6} are equal.

4. Prove the second of De Morgan’s laws:

ðA∪BÞ′=A′∩B′:

5. Prove the following statement: For any three sets A, B, and C the following equality holds true:

ðA∩BÞ∩C =A∩ ðB ∩CÞ:
(Associative property of intersection)
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6. Prove or disprove the following statement: The sets A = {all integer multiples of 16 and 36} and
B = {all integer multiples of 576} are equal.

7. Prove or disprove the following equalities, with A, B, and C subsets of a universal set U:
a. A ∪ (B ∩ C) = (A ∪ B) ∩ C
b. (A ∩ B ∩ C)′ = A′ ∪ B′ ∪ C′

8. Prove or disprove the claim that the sets

A= fðx, yÞ j y = x2 −1with x ∈ℝ and x ∈ℝg

and B = ðx , yÞ j y = x4 −1
x2 +1

with x ∈ ℝ and y ∈ ℝ

� �

are equal.
9. Prove or disprove the following statement: Let A and B be two subsets of the same set U. If A − B is

empty, then either A is empty or A ⊆ B.
10. Prove or disprove the following statement: Let A and B be two sets. If either A = ∅ or A ⊆ B, then

A ∪ B = B.
11. Prove by induction that ðA1 ∩A2 ∩…::∩AnÞ′=A′1 ∪ A′2 ∪…::∪A′n for all n ≥ 2. (See Example 4.1.10

for the base case n = 2.)
12. Prove by induction that if a set has n elements, then it has 2n subsets, where n ≥ 0.

Cartesian Product of Sets
There is another operation that can be defined between sets. This operation is somewhat different from
the ones in the previous section because very often it changes the nature of the sets used, as we will see.

Let A and B be two sets. The Cartesian product of A and B is the set defined as

A×B= fða, bÞ j a∈A and b∈Bg:

The element (a, b) is a pair. The element a is called the first coordinate and the element b is the second
coordinate. Two pairs (a, b) and (c, d) are equal if and only if a = c and (b = d). This operation can easily
be extended to any number of sets.

EXAMPLE 4.1.15
Let A = {1, 2, 3} and B = {3, 4}. Build the sets A × B and B × A.

Solution: To construct the set A × B we construct all possible pairs using the elements of A for the first
coordinate and the elements of B for the second. Therefore

A ×B = fð1, 3Þ, ð1, 4Þ, ð2, 3Þ, ð2, 4Þ, ð3, 3Þ, ð3, 4Þg:
To construct the set B × A we construct all possible pairs using the elements of B for the first

coordinate and the elements of A for the second. Therefore

B ×A = fð3, 1Þ, ð3, 2Þ, ð3, 3Þ, ð4, 1Þ, ð4, 2Þ, ð4, 3Þg:
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The sets used in Example 4.1.15 are simple, but the results obtained allow us to observe a couple of
very interesting facts about this operation. The first, and very important one, is that the sets A and B are
subsets of ℕ and their elements are numbers. But the sets A × B and B × A are not subsets of ℕ, and their
elements are not numbers anymore. The construction of the Cartesian product has changed the nature
of the objects. This is quite different from what happens when we construct unions, intersections,
differences, or complements. All these processes generate sets of the same kind. The second fact is that
A × B ≠ B × A. For example (1, 3) ∈ A × B, but (1, 3) ∉ B × A. So, this operation is not commutative.

EXAMPLE 4.1.16
Let A = {1, 2, 3}. Construct the set A × A.

Solution: The definition of Cartesian product of two sets does not exclude the possibility of using two
equal sets. In this case both coordinates are chosen in the set A. These choices yield

A ×A = fð1, 1Þ, ð1, 2Þ, ð1, 3Þ, ð2, 1Þ, ð2, 2Þ, ð2, 3Þ, ð3, 1Þ, ð3, 2Þ, ð3, 3Þg:

The Cartesian plane so often used in mathematics, even for basic plots, is another example of a product
constructed by using two copies of the same set, namely the real line ℝ. The Cartesian plane is defined as

ℝ×ℝ= fðx, yÞ j x∈ℝ and y∈ℝg=ℝ2:

Graphs of equations (and functions) are subsets of the Cartesian plane, made of pairs whose coordi-
nates satisfy the given equation. Consider for example the set

C= fðx, yÞ∈ℝ×ℝ j x2 + y2 = 1g:
We can explicitly list some of the elements of C, such as

ð0, 1Þ, ð1, 0Þ, ð−1, 0Þ, ð0, −1Þ, ð
ffiffiffi
2

p
/2,

ffiffiffi
2

p
/2Þ, ð−

ffiffiffi
2

p
/2,

ffiffiffi
2

p
/2Þ,…:

There are infinitely many pairs that satisfy the equation that defines C, and the points that correspond
to those pairs form a circle with center at (0, 0) and radius 1. This operation has several properties and it
interacts quite smoothly with the other operations.

EXAMPLE 4.1.17
Let A, B, and C be three sets. Then

a. A × (B ∪ C) = (A × B) ∪ (A × C)
b. A × (B ∩ C) = (A × B) ∩ (A × C)
c. A × ∅ = ∅ × A = ∅
d. A × (B − C) = (A × B) − (A × C)

Proof:

a. Even if the structure of these sets might look more complicated than the ones in the previous section,
the technique used is the same.

First part: A × (B ∪ C) ⊆ (A × B) ∪ (A × C)
(Continued )
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(Continued )
To prove this inclusion, we need to show that if t ∈ A × (B ∪ C), then t ∈ (A × B) ∪ (A × C). Because t is the
element of the Cartesian product of two sets, namely A and (B ∪ C), t has two coordinates. So, we can write
t = (x, y) with x ∈ A and y ∈ (B ∪ C). Thus, t = (x, y) with x ∈ A and either y ∈ B or y ∈ C. Therefore, t = (x, y)
with either x ∈ A and y ∈ B or x ∈ A and y ∈ C. This implies that t = (x, y) with either (x, y) ∈ A × B or
(x, y) ∈ A × C. So, we can conclude that (x, y) ∈ (A × B) ∪ (A × C). So t ∈ (A × B) ∪ (A × C).

Second part: A × (B ∪ C) ⊇ (A × B) ∪ (A × C)
To prove this inclusion, we need to show that if t ∈ (A × B) ∪ (A × C), then t ∈ A × (B ∪ C). Because t is
the element of a union, either t ∈ A × B or t ∈ A × C. In any case, t is the element of the Cartesian
product of two sets, so it has two coordinates. So, we can write t = (x, y) with either (x, y) ∈ (A × B) or
(x, y) ∈ (A × C). Therefore, t = (x, y) with either x ∈ A and y ∈ B or x ∈ A and y ∈ C. In any case x ∈ A
and either (y ∈ B or y ∈ C). This implies that x ∈ A and y ∈ (B ∪ C). So t = (x, y) ∈ A × (B ∪ C).

b. See the exercises at the end of this section.
c. By definition, A × ∅ = {(x, y) | x ∈ A and y ∈ ∅}. Since there are no elements that satisfy the condition

y ∈ ∅, it is not possible to construct any pairs. Therefore, A × ∅ = ∅.
d. First part: A × (B − C) ⊇ (A × B) − (A × C)

Let t ∈ (A × B) − (A × C). Then t = (x, y) ∈ A × B and t = (x, y) ∉ A × C (by definition of difference).
Since t = (x, y) ∈ A × B, x ∈ A and y ∈ B. But t = (x, y) ∉ A × C. Therefore, either x ∉ A or y ∉ C. Since
it is not possible to have x ∈ A and x ∉ A, this is equivalent to x ∈ A and y ∈ B and y ∉ C. Therefore,
t = (x, y) ∈ A × B but t = (x, y) ∉ A × C. In conclusion t ∈ A × (B− C) (by definition of difference).
See the exercises at the end of this section for the proof of the second part of the inclusion. ■

Exercises
13. Let A = {a, b, c, d }, B = {1, 2, 3}, and C = {2, 3, 4}. Show that

A × ðB ∩CÞ= ðA ×BÞ∩ ðA ×CÞ:
14. Prove part b of Example 4.1.17.
15. Complete the proof of part d of Example 4.1.17.
16. Consider the following subsets of the Cartesian plane ℝ × ℝ. Determine explicitly which points

belong to each one of these sets:

C1 = fðx , yÞ j x , y ∈ℝ and x2 = y2g

C2 = fðx , y Þ j x , y ∈ℝ and x2 = − y2g

C3 = fðx , yÞ j x , y ∈ℝ and x2 = −1/y2g:
17. Let A and B be two subsets of the universal set U. Determine the relation between the sets (A × B)′

and A′ × B′. Are they equal, or is one of them a subset of the other? Are they not related at all?
Prove your conjecture.

Indexed Families of Sets
When we are dealing with a few sets, as in the previous section, we can just name them using the letters
of the alphabet or other symbols. However, this can be inconvenient when we work with large collections
of sets. Thus, it makes sense to find a more efficient way to handle them efficiently. To do so, we can
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use indices to identify the sets without writing too many details explicitly. For example, we could write
“let An = {n, n + 1} for n = 1, 2, 3,…, 50” to quickly represent 50 sets and explain that every set is made
of two consecutive numbers. The sentence “let An = {n, n + 1} for n ∈ ℕ” represents infinitely many sets
and so does the sentence “let Ar = {r, r + 1} for r ∈ ℝ.” These collections are called “indexed families of
sets,” and each set in the family is identified by its “index.” The formal definition is stated as follows:
Let F be a nonempty set. If to every f ∈ F there corresponds a set Af, the collection {Af for f ∈ F} is
called the family of sets indexed by the set F. The set F is called the indexing set.

EXAMPLE 4.1.18
Consider the family {An for n ∈ ℕ} with An = [n, 2n] = {x ∈]ℝ|n≤ x≤ 2n}.

Every set in this family is a closed interval on the real line. For example,

A1 = ½1, 2�
A2 = ½2, 4�
A3 = ½3, 6�
A4 = ½4, 8�
A5 = ½5, 10�:

Most of the operations defined between sets can be extended to families of sets, and so can do their
properties. We might want to reword them to make them easier to use.

The union of all sets of the family {Af for f ∈ F} is defined as

⋃
f∈F

Af = fx j x∈Af for at least one f ∈Fg:

The intersection of all sets of the family {Af for f ∈ F} is defined as

⋂
f∈F

Af = fx j x∈Af for all f ∈Fg:

It is not hard to see that these definitions are just extensions of the ones already studied.

EXAMPLE 4.1.19
Consider the family {An for n ∈ ℕ} with An = [n, 2n] = {x ∈ ℝ|n≤ x≤ 2n}. Find ⋃

n∈ℕ
An and ⋂

n∈ℕ
An :

Solution: By definition

⋃
n∈ℕ

An = fx ∈ℝ j x ∈An for at least one n∈ℕg

= fx ∈ℝ j x ∈A1 or x ∈A2 or x ∈A3 or x ∈A4 or x ∈A5 etc:g
= fx ∈ℝ j x ∈ ½1, 2� or x ∈ ½2, 3� or x ∈ ½3, 4� or x ∈ ½4, 5� etc: g
= fx ∈ℝ j x ≥1g= ½1, +∞Þ:

By definition

⋂
n∈ℕ

An = fx ∈ℝ j x ∈An for all n∈ℕg

= fx ∈ℝ j x ∈A1 and x ∈A2 and x ∈A3 and x ∈A4 and x ∈A5 etc:g
= fx ∈ℝ j x ∈ ½1, 2� and x ∈ ½2, 3� and x ∈ ½3, 4� and x ∈ ½4, 5� etc:g
=∅:
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EXAMPLE 4.1.20
De Morgan’s laws for families of sets. Let {Af for f ∈ F} be an indexed family of sets, all contained in a universal
set U. Then

a.
�
⋂
f∈F

Af

�
′= ⋃

f∈F
A′f

b.
�
⋃
f∈F

Af

�
′= ⋂

f∈F
A′f :

Proof of statement a:

First part:
�
⋂
f∈F

Af

�
′⊆⋃

f∈F
A′f

Let x ∈ ð⋂
f∈F

Af Þ′: By definition of complement, this implies that x ∉ ð⋂
f∈F

Af Þ: By definition of

intersection, the fact that an element does not belong to the intersection implies that the element fails

to belong to at least one of the sets used in the intersection. So, x ∉ ð⋂
f∈F

Af Þ implies that x ∉ Af for at

least one f ∈ F, call t f0. So, x ∉ Af0. By definition of the complement of a set, this is equivalent to

stating that x ∈ A′f0. Therefore, x will be in the union of A′f0 with any other set. So, x ∈ ⋃
f∈F

A′f : Therefore,

ð⋂
f∈F

Af Þ′⊆⋃
f∈F

A′f :

Second part: ð⋂
f∈F

Af Þ′⊇⋃
f∈F

A′f :

Let x ∈ ⋃
f∈F

A′f : By definition of union, the element x will be in the union only if it belongs to at least one

set in the union. Let that set be A′f1. So, x ∈A′
f1
: By definition of complement, this implies that x ∉ Af1. By

definition of intersection, x will not be in the intersection between Af1 and any other set. So, x ∉ ð⋂
f∈F

Af Þ:
By definition of complement, this means that x ∈ ð⋂

f∈F
Af Þ′: So, ð⋂

f∈F
Af Þ′⊇⋃

f∈F
A′f : Thus the two sets are

equal.

See the set of exercises below for the second proof. ■

EXAMPLE 4.1.21
Let {Af for f ∈ F } be an indexed family of sets, all contained in a universal set U. Then

a. B ∩ ð⋃
f∈F

Af Þ= ⋃
f∈F

ðB ∩Af Þ: Distributive property of intersection over union.

b. B ∪ ð⋂
f∈F

Af Þ= ⋂
f∈F

ðB ∪Af Þ: Distributive property of union over intersection.

Proof of statement a:
First part: B ∩ ð⋃

f∈F
Af Þ⊆⋃

f∈F
ðB ∩Af Þ

Let x ∈B ∩ ð⋃
f∈F

Af Þ: Then, by definition of intersection x ∈ B and x ∈ ð⋃
f∈F

Af Þ: By definition of union of a

family of sets, this last statement implies that x is an element of at least one of the sets in the union. Let

this set be Af0. Then x ∈ B and x ∈ Af0. By definition of intersection of two sets, x ∈ B ∩ Af0. Since x is an

element of this set, it will be an element of the union of this set with any other sets. Thus, x ∈ ⋃
f∈F

ðB ∩Af Þ:
This proves that B ∩ ð⋃

f∈F
Af Þ⊆⋃

f∈F
ðB ∩Af Þ:

Second part: B ∩ ð⋃
f∈F

Af Þ⊇⋃
f∈F

ðB ∩Af Þ
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Let x ∈ ⋃
f∈F

ðB ∩Af Þ: Then, by definition of union of a family of sets, x is an element of at least one of the

sets that form the union. So, x ∈ B ∩ Af for at least one f ∈ F, call t f1. Then x ∈ B ∩ Af1. By definition of

intersection, this implies that x ∈ B and x ∈ Af1. The fact that x ∈ Af1 implies that x is an element of the

union of Af1 with any other set. Thus, x ∈ ð⋃
f∈F

Af Þ: Also x ∈ B. So, x ∈B ∩ ð⋃
f∈F

Af Þ: This proves that
B ∩ ð⋃

f∈F
Af Þ⊇⋃

f∈F
ðB ∩Af Þ: The two inclusions prove that the sets are equal.

See the set of exercises below for the second proof. ■

Exercises
18. Consider the family {An for n ∈ ℕ} with {An = [−n, n] = {x ∈ ℝ|−n≤ x≤ n}. Find ⋃

n∈ℕ
An and ⋂

n∈ℕ
An.

19. Consider the family {An for n ∈ ℕ} with An = (−π/n, π/n) = {x ∈ ℝ|−π/n< x< π/n}. Find ⋃
n∈ℕ

An and ⋂
n∈ℕ

An:
20. Prove part b of Example 4.1.20.
21. Prove part b of Example 4.1.21.
22. Let {Af for f ∈ F } be an indexed family of sets, all contained in a universal set U. Then

B − ð⋃
f∈F

Af Þ= ⋂
f∈F

ðB −Af Þ

Fill in the details in the following proof.

23. A set A ⊆ ℝ is convex if whenever x and y are elements of A, the number tx + (1 − t)y is an element
of A for all values of t with 0≤ t≤ 1.
The set {z | z = tx + (1− t)y for 0≤ t≤ 1} is called the line segment joining x and y. Empty sets (sets with
zero elements) and sets with one element are assumed to be convex. Given this information, outline the
proof of the following statement: The intersection of two or more convex sets is a convex set.

Proof: Use mathematical induction on the number of sets.
Let A1 and A2 be two convex sets. If A1 ∩ A2 is either empty or it contains one element, then it is convex.
Let us assume that A1 ∩ A2 has at least two distinct elements, x and y. Then x and y are elements of both
A1 and A2. Since A1 and A2 are convex, the line segment joining x and y is contained in both sets A1 and
A2. Therefore, it is contained in their intersection, A1 ∩ A2.
Assume that if A1, A2,…,An are convex sets, then A1 ∩ A2 ∩…∩ An is a convex set. Prove that if A1, A2,…,
An, An+1 are convex sets, then A1 ∩ A2 ∩…∩ An ∩ An+1 is a convex set.
We can use the associative property of intersection (see Exercise 4) to write

A1 ∩A2 ∩…∩An ∩An+1 = ðA1 ∩A2 ∩…∩AnÞ∩An+1:

The set A1 ∩ A2 ∩…∩ An is convex by inductive hypothesis. So A1 ∩ A2 ∩…∩ An ∩ An+1 is convex
because it is the intersection of two convex sets. ■

ABOUT FUNCTIONS
Functions are extremely important mathematical objects that can help establish connections between sets,
construct patterns, and represent everyday phenomena in mathematical terms that make them easier to
quantify and to study. Therefore it is crucial to understand their nature and their basic properties.

Let A and B be sets. A function from A to B is a correspondence that associates to each element of A
one and only one element of B. The set A is called the domain of the function, the set B is the codomain
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of the function. If f is the letter representing the correspondence, then we use the notation f : A→ B to
indicate that f is a correspondence from A to B. If x ∈ A, then f (x) indicates the element of B that f associ-
ates to x, and it is called the image of x under f.

The definition of function is deceptively easy, but it is full of details. A correspondence must meet
two requirements to be a function. The image of every element of A must exist. The image has to be well
defined in B. There can be only one element of B selected to be the image of a given element of A.

A B

x f(x)

f

EXAMPLE 4.2.1
Let A = ℕ and B = ℚ, and let f : A→B be the correspondence that associates to each natural number its
reciprocal. So, using a mathematical formula f (x) = 1/x. Prove that f is a function.

Proof: If x ∈ ℕ, then its reciprocal exists (remember that 0 ∉ ℕ). So f is defined for all elements of A.
Moreover, the reciprocal, defined as the number 1/x, is by definition a rational number, so an element of B.
The reciprocal of an element is unique, so there is only one element of B that corresponds to a given
element of A. ■

EXAMPLE 4.2.2
Let A = ℤ and B = ℚ, and let f : A→B be the correspondence that associates to each natural number its
reciprocal. So, using a mathematical formula, it is possible to write f ðxÞ= 1

x : Explain why f is not a
function.

Proof: Note that 0 ∈ ℤ, and 0 has no reciprocal. So, f (0) is not defined. ■

EXAMPLE 4.2.3
Let A = ℤ− {0} and B = ℚ, and let f : A→B be the correspondence that associates to each natural number
its reciprocal. So, using a mathematical formula f ðxÞ= 1

x : Prove that f is a function.

Proof: Since 0 ∉ A, we can now determine the reciprocal of every element of A. If the element of A is
positive, its inverse is positive. If the element of A is negative, its inverse is also negative. This is not a
problem, since the set of rational numbers, B, includes negative numbers. Again, the reciprocal of a
number is unique. Numbers of the form 1/x, with x an integer, are rational numbers. So, f (x) is well
defined for all the elements of A. ■
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EXAMPLE 4.2.4
Let A = ℕ and B = ℤ, and let f : A→B be the correspondence that associates to each natural number its
reciprocal. So, using a mathematical formula f ðxÞ= 1

x : Explain why f is not a function.

Proof: Every element of A has a reciprocal, but usually the reciprocal of a natural number is not an integer
number (except for 1). Thus, f (x) ∉ B. ■

The four examples just seen are quite simple, but they emphasize the fact that a function is really
made of three objects: the rule that establishes the correspondence, its domain, and its codomain. Chang-
ing any one of them will change the function, and it will determine if a correspondence is a function.

Often mathematicians refer to the elements of A (the domain) as independent variables (or inputs), and
to the elements of B (the codomain) as dependent variables (or outputs). The sets A and B can be equal,
as it often happens, for example, in calculus, when A = B = ℝ.

EXAMPLE 4.2.5
Let A = B = ℝ, and let f :ℝ→ℝ be the correspondence defined by the formula f (x) = x2 + 2. Prove that f is
a function.

Proof: Let x ∈ ℝ, the domain. Then x2 is still a real number, and so is x2 + 2. So, if x ∈ ℝ, then f (x) ∈ ℝ,
the codomain. For every x ∈ ℝ, the number x2 + 2 can be calculated and it is unique. So f :ℝ→ℝ is
indeed a function. ■

One can observe that in Example 4.2.5 there are elements in the domain that are associated with the
same element of the codomain. For example f (1) = 3 = f (−1). This does not contradict the definition of
function, because the definition does not state that the elements chosen in B have to be different for dif-
ferent elements of A. As we will soon see, this is an additional property that some functions have, but it
is not a requirement.

Another observation is that not all the elements of B correspond to some element of A. If we still use the
function from Example 4.2.5 and consider the number −3 in B, we can quickly check that there is no x ∈ ℝ
for which f (x) = −3. Indeed this would imply that x2 + 2 = −3, which is impossible. But again, this does not
contradict the definition of function, as the definition does not state that every element of B must be used.

Let f : A→ B be a function. The subset of B defined as

Range f = fy∈B j y= f ðxÞ for some x∈Ag

is called the range of the function f. The range of a function is the set of the images of all the elements in
its domain, and it is a subset of the codomain.

The range of the function in Example 4.2.5 can be found by observing that for every x ∈ ℝ, x2 ≥ 0.
Therefore, y = f (x) = x2 + 2 ≥ 2. This means that Range f = {y ∈ ℝ | y ≥ 2} = [2, +∞).

EXAMPLE 4.2.6
Find the range of the function f :ℝ→ℝ defined as f ðxÞ= 1

x2 +1 :

Solution: We can begin by noticing that x2 + 1 ≠ 0 for all x ∈ ℝ. Therefore, the fraction 1
x2 +1 is always well

defined. Then we can observe that since x2 ≥ 0, x2 + 1 ≥ 1. Thus, 1
x2 +1 ≤1 for all x ∈ ℝ.

(Continued )
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(Continued )
In addition x2 + 1 > 0, so the fraction 1

x2 +1 is positive because it is the quotient of two positive
numbers. Therefore, 0< 1

x2 +1 ≤1, or 0 < f (x)≤ 1. So, to conclude, we can write

Range f = fy ∈ℝ j0< y ≤1g= ð0, 1�:

We briefly mentioned after Example 4.2.5 that functions can have additional properties. Let’s define
two of them.

Let f : A → B be a function. The function f is said to be one-to-one (or injective) if for every two ele-
ments of A, x1 and x2 such that x1 ≠ x2, it follows that f (x1) ≠ f (x2). This is equivalent to saying that f is
one-to-one if f (x1) = f (x2) implies x1 = x2.

The function f is said to be onto (or surjective) if for every y ∈ B there is at least one x ∈ A such that
f (x) = y. This is equivalent to saying that f is onto if Range f = B.

EXAMPLE 4.2.7
Prove that the function f :ℝ→ℝ defined as f ðxÞ= 1

x2 +1 is neither one-to-one nor onto.

Proof: To establish that the function is not one-to-one, it is sufficient to find a pair of different elements in the
domain that have the same image. Let x1 = −3 and x2 = 3. Since f ð−3Þ= 1

10 = f ð3Þ, f is not a one-to one
function. To prove that f is not onto, we can use the result from Example 4.2.6. Since Range f = (0, 1] ≠ ℝ,
the function is not onto.

There is another way to prove directly that f is not onto. It is enough to find one real number y (since
the codomain of the function is ℝ) for which there is no real number x such that f (x) = y. We will have
f (x) = y if 1

x2 +1 = y : This is equivalent to x2 +1= 1
y : The fraction 1/y is undefined when y = 0. So there is

no real number x such that f (x) = 0. ■

EXAMPLE 4.2.8
Prove that the function f :ℝ→ℝ defined as f (x) = 5x3 + 1 is one-to-one and onto.

Proof: To prove that the function f is one-to-one, we will use proof by contradiction, and assume that there
is a pair of numbers, x1 and x2 such that x1≠ x2, but f (x1) = f (x2). Then

5x31 +1=5x32 +1:

This statement is equivalent to

5ðx31 − x32 Þ=0:

We can divide both sides of the equation by 5 and factor the difference of cubes to obtain

ðx1 − x2Þðx21 + x1x2 + x22 Þ=0:
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The second factor in the product is irreducible, so it will never be equal to 0. This implies that

x1 − x2 =0,

that is,

x1 = x2:

We have reached a contradiction because we assumed that x1 ≠ x2. Therefore, f (x1) ≠ f (x2), and f is a
one-to-one function.

Let’s now prove that f is onto. Let y ∈ ℝ (the codomain). Can we find at least one x ∈ ℝ (the domain)
such that f (x) = y? This is possible if there is an x such that 5x3 + 1 = y.

To find out about x, we can solve this last equation for it, obtaining x =
ffiffiffiffiffiffiffi
y −1
5

3
q

: This algebraic expression

is well defined for all y ∈ ℝ. It is easy to check that indeed f
ffiffiffiffiffiffiffi
y −1
5

3
q� �

= y : Let’s do it.

f

ffiffiffiffiffiffiffiffiffiffiffi
y −1
5

3

r !
=5

ffiffiffiffiffiffiffiffiffiffiffi
y −1
5

3

r !3
+1=5

y −1
5

� �
+1= ðy −1Þ+1= y

Thus, f is an onto function. ■

When a real-valued function f is one-to-one and onto, its graph meets every horizontal line only once.
When we draw the horizontal line with equation y = y0 and look at the x-coordinate, x0, of its point of
intersection with the graph of the function, we have found the value of x such that f (x0) = y0. This shows
that the function is onto. The fact that there is only one such value shows that the function is one-to-one.

y

xx0

y = f (x)

y0

EXAMPLE 4.2.9
Consider the function f : A→B with A = {1, 2, 3, 4, 5, 6} and B = {0, 1, 2, 3, 4, 5} defined for each x ∈ A
as f (x) = (number of elements of A larger than x). Prove that f is one-to-one and onto.

Proof: When dealing with a function between finite sets (especially if it is defined using a statement
instead of a formula), it might be useful to construct a table of inputs and outputs to see exactly how the

(Continued )
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(Continued )
function operates. To find f (1), we need to determine how many elements of A are larger than 1. Since all
other elements of A are larger than 1, we have f (1) = 5. On the other hand, since no element of A is larger
than 6, f (6) = 0. By finding the other images, we obtain the following table:

x f ðxÞ
1 5
2 4
3 3
4 2
5 1
6 0

By examination of the table, we can verify that f is one-to-one (there are no two elements of A that
generate the same output). The function is also onto since every element of B appears as the image of an
element of A. So, Range f = B. ■

Functions that are one-to-one and onto (like the ones in the last two examples) are called bijections and
they establish a strong correspondence between two sets. For example, a function of this kind can exist
between two sets if and only if they have the same number of elements. Indeed, assume that f : A→ B is a
bijection. Given the fact that f is one-to-one, distinct elements of A are associated with different elements
of B. This means that B must have enough elements to match all the elements of A. Since f is onto, all
elements of B are used in the match. Therefore, B cannot have more elements than A. Thus, A and B will
have the same number of elements. As we will see in the next section, bijections have additional and very
interesting properties.

EXAMPLE 4.2.10
Prove that there are as many multiples of 6 as multiples of 3.

Proof: This statement might seem counterintuitive because every multiple of 6 is a multiple of 3, but
not every multiple of 3 is a multiple of 6. So it would seem that there are more multiples of 3 than
of 6. And in any case, there are infinitely many multiples of 6 and infinitely many multiples of 3. So,
counting them is not a possibility. We will try to construct a bijective function between these two
collections of numbers. Let

A= fmultiples of 3g= fx ∈ℤ: x =3t with t ∈ℤg

and

B = fmultiples of 6g= fx ∈ℤ: x =6t with t ∈ℤg:

Consider f : A→ B defined as f (x) = 2x. This is a well-defined function from A to B because whenever
x ∈ A (i.e., x = 3t for some integer number t) f (x) = 2(3t) = 6t. Therefore, f (x) is an element of B. It is
easy to prove that f is one-to-one. Indeed, if x1 ≠ x2, it follows that 2x1 ≠ 2x2. Thus, f (x1) ≠ f (x2).
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To prove that f is onto, let’s consider a generic y ∈ B. Is there an x ∈ A such that f (x) = y? Given that
y ∈ B, y is a multiple of 6. Thus, y = 6q for some integer number q. Then

y =6q=2ð3qÞ= f ð3qÞ:

The number x = 3q is an element of A. So f is onto. Thus, the function f is a bijective function from A
to B. The two sets must have the same number of elements. ■

Exercises
1. Let f :ℝ→ℝ be the correspondence defined as f (x) = 3x + 17. Prove that f is a function and it is

bijective.
2. Let f :ℝ→ℝ be the function defined as f (x) = x2 + 3x + 17. Is f one-to-one? Onto?
3. Let f :ℝ→ℤ be the correspondence that associates to every real number its integer part, that is,

f (n.d1d2d3d4…) = n. Prove that f is indeed a function, and f is not one-to-one but it is onto.
4. Let A = {1, 2, 3, 4, 5, 6} and B = {0, 1, 2, 3, 4}. Let f : A → B be the correspondence defined for

each x ∈ A as f (x) = (number of a ∈ A such that a < x). Explain why f is not a function.
5. Let A = {1, 2, 3, 4, 5, 6} and B = {0, 1, 2, 3, 4, 5}. Let f : A → B be the correspondence defined for

each x ∈ A as f (x) = (number of a ∈ A such that a < x). Prove that f is a bijective function.
6. Prove that there are as many multiples of 5 as multiples of 20.

Composition of Functions
There are several operations that can be defined between functions, especially real-valued functions (e.g., addition,
subtraction, multiplication, and division; see the section “Some Facts and Properties of Functions” at the front of
the book), but there is one that, under suitable conditions, can be defined between functions on generic sets.

Let f : A → B and g: C → D be two functions such that Range f ⊆ C. The composition of f and g is
the function indicated by g ∘ f, with g ∘ f : A→ D, and defined as g ∘ f (x) = g ( f (x)).

According to the definition, the composition of two functions is the function obtained by using the
first function first, and then using the second function on the output of the first. The fact that the second
function must be able to work on the outputs of the first is the reason for requiring that the range of the
first function is a subset of the domain of the second.

A

x

f B

C

g

g ° f

f(x)

g(f(x))
Range f

D
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EXAMPLE 4.2.11
Let f : [1, +∞)→ℝ be defined as f ðxÞ=

ffiffiffiffiffiffiffiffiffiffiffi
x −1

p
and g: ℝ→ℝ be defined as g (x) = −x2 + 1. Find g ∘ f and

f ∘ g, if possible.

Solution: Let’s use the formulas that define the two functions to build the two compositions.

g ∘ f ðxÞ= gðf ðxÞÞ= gð
ffiffiffiffiffiffiffiffiffiffiffi
x −1

p
Þ= −ð

ffiffiffiffiffiffiffiffiffiffiffi
x −1

p
Þ2 +1= −ðx −1Þ+1= − x +2

f ∘ gðxÞ= f ðgðxÞÞ= f ðð− x2 +1ÞÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð− x2 +1Þ−1

q
=

ffiffiffiffiffiffiffiffiffiffi
− x2

p

We cannot just perform operations symbolically without checking whether they are well defined, that is,
make sense. The domain of g ∘ f is the same as the domain of f, namely [1, +∞). The calculation of g ∘ f
requires the ability to calculate

ffiffiffiffiffiffiffiffiffiffiffi
x −1

p
, which is possible because x ≥ 1. Thus the function g ∘ f : (1, +∞)→ℝ

is well defined, and g ∘ f (x) = −x + 2.
The domain of f ∘ g is the same as the domain of g. But this causes mathematical mayhem for the

formula that defines f ∘ g! Since we are using only real numbers, the expression
ffiffiffiffiffiffiffiffiffi
−x2

p
exists only for x = 0.

Therefore, the function f ∘ g is not well defined. This happens because the range of g is not a subset of the
domain of f. Indeed Range g = (−∞, 1]. (Check this claim.)

The calculations in Example 4.2.11 also prove that composition of functions is not a commutative
operation, indeed f ∘ g ≠ g ∘ f.

EXAMPLE 4.2.12
Let f and g be two real-valued functions defined for all real numbers and such that f ∘ g is well defined for
all real numbers. If both functions are one-to-one, then f ∘ g is a one-to-one function.

Discussion: We will separate the hypothesis and the conclusion.

A: We are considering two functions that have the following properties:
1. They are defined for all real numbers.
2. They are one-to-one.
3. The function f ∘ g is well defined for all real numbers.
(The fact that the functions are called f and g is irrelevant. We can use any two symbols. But having a
quick way to refer to the functions does simplify matters.)

B: The function f ∘ g is one-to-one.
Recall that a function h is said to be one-to-one if for every two real numbers x1 and x2 such that x1 ≠ x2,
it follows that h(x1) ≠ h(x2). Therefore, the conclusion can be rewritten more explicitly as

B: If x1 and x2 are two real numbers such that x1 ≠ x2, then

f ∘ gðx1Þ≠ f ∘ gðx2Þ:

Proof: Let x1 and x2 be two real numbers such that x1 ≠ x2.
As g is a one-to-one function, it follows that

gðx1Þ≠ gðx2Þ:
Set y1 = g (x1) and y2 = g (x2). As f is a one-to-one function and y1 ≠ y2, it follows that

f ðy1Þ≠ f ðy2Þ,
that is, f (g (x1)) ≠ f (g (x2)).
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Thus, by the definition of f ∘ g, we can conclude that if x1 and x2 are two real numbers such that
x1 ≠ x2, then

f ∘ gðx1Þ≠ f ∘ gðx2Þ:
Therefore, f ∘ g is a one-to-one function. ■

EXAMPLE 4.2.13
Let f and g be two real-valued functions defined for all real numbers and such that f ∘ g is well defined for
all real numbers. If both functions are odd, then f ∘ g is an odd function.

Discussion: We will separate the hypothesis and the conclusion.

A: We are considering two functions that have the following properties:
1. They are defined for all real numbers.
2. They are odd (opposite values of the input generate opposite values of the output, e.g., g (−x) = −g (x)).
3. The function f ∘ g is well defined for all real numbers.

B: The function f ∘ g is odd (f ∘ g (−x) = −f ∘ g (x)).

Proof: By hypothesis, the function g is odd. Therefore, g (−x) = −g (x). By hypothesis, the function f is odd.
So f (−y) = −f (y). Thus,

f ∘ gð− xÞ= f ðgð− xÞÞ= f ð− gðxÞÞ= −f ðgðxÞÞ= −f ∘ gðxÞ:

Therefore the function f ∘ g is odd. ■

Composition of functions creates an additional relation between functions. The functions f : A → B and
g: B → A are inverse of each other if

gðf ðaÞÞ= a for all a∈A

f ðgðbÞÞ= b for all b∈B:

When functions are inverse of each other and they are used together, the output of their two possible
compositions is equal to the initial input.

EXAMPLE 4.2.14
Let f :ℝ→ℝ and g :ℝ→ℝ be defined as f (x) = 2x3− 6 and gðy Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 y +33

q
: Prove that f and g are inverse

functions of each other.

Proof: According to the definition, we need to check if g (f (x)) = x and f (g (y)) = y. So, this proof will just
consist of two calculations.

gðf ðxÞÞ= gð2x3 −6Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ð2x3 −6Þ+33

r
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3 −3+33

p
=

ffiffiffiffiffi
x33

p
= x

(Continued )
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(Continued )

f ðgðy ÞÞ= f
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2
y +33

r �
=2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2
y +33

r �3
−6=2

�
1
2
y +3

�
−6= y +6−6= y

Thus, the two functions are indeed inverse of each other. ■

EXAMPLE 4.2.15
Consider the function f : A→ B with A = {1, 2, 3, 4, 5, 6} and B = {0, 1, 2, 3, 4, 5} defined for each x ∈ A
as f (x) = (number of elements of A larger than x). This function is one-to-one and onto (see Example 4.2.9).
Prove that this function has an inverse.

Proof: This is an existence theorem (see the section on this topic: Existence Theorems). We need to prove
the existence of a function g: B→ A such that

gðf ðxÞÞ= x for all x ∈A

f ðgðyÞÞ= y for all y ∈B:

The most practical way to do so is to construct the function as explicitly as possible, using the given
function f and its properties. In this case we have two ways to construct g:

1. We can use the table of values of f to construct the table of values of g (this approach works best for
functions defined on finite sets). Just read the table of values of f in reverse order, starting from the
elements of the set B.

x f ðxÞ y gðyÞ
1 5

2 4

3 3

4 2

5 1

6 0

5 1

4 2

3 3

2 4

1 5

0 6

By using these tables, it is easy to check that g is indeed the inverse function of f.
For example, we can check that f (g (1)) = f (5) = 1 and g (f (1)) = g (5) = 1. (Keep checking for all other
elements.)

2. We can try to describe the rule that defines g:

gðyÞ= ðthe element of A that has exactly y elements larger than itselfÞ:

So, for example, g (5) = (the element of A that has exactly 5 elements larger than itself). The only
element of A that satisfies this condition is 1. Thus, g (5) = 1. Also g (4) = (the element of A that has
exactly 4 elements larger than itself). Thus, g (4) = 2. So, we can construct the table of values for g, and
check that g is the inverse function of f. ■

In Example 4.2.14 we have formulas for f and g, and in Example 4.2.15 we have tables of values for
the two functions. In both cases we can notice that the functions used are bijections (one-to-one and
onto). We might conjecture that there is a relation between the properties of a function and the possible
existence of its inverse.
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EXAMPLE 4.2.16
Let f : A→ B be a function. If f is a bijection (one-to-one and onto), then f has an inverse function.

Proof: As observed in Example 4.2.15, this is an existence theorem (see the section on this topic). We
need to prove the existence of a function g: B → A such that

gðf ðaÞÞ= a for all a ∈A

f ðgðbÞÞ=b for all b ∈B:

The most practical way to do so is to construct the function as explicitly as possible, using the given
function f and its properties. Since we do not have a formula or table for f, it is very unlikely that we can
find one for g.

We need to find a rule that associates to every b ∈ B one and only one element of A. The function f is one-to-
one and onto. Because it is onto, for every b ∈ B there exists at least one a ∈ A with the property that f(a) = b.
Because f is one-to-one, there is only one such a ∈ A. Therefore, we could define g according to the rule:

gðbÞ= a where a is the only element such that f ðaÞ=b:

(In other words, g (b) is the only element of A that has b as its image when using f.)
All that is left to do now is to prove that this function is indeed the inverse of f. Let a0 be an element of A.

Is g (f (a0)) = a0? Let f (a0) = b0. Then

gðf ða0ÞÞ= gðb0Þ:
By construction of g, one needs to find the element of A that has b0 as its image. That element is a0.

Therefore,

gðf ða0ÞÞ= gðb0Þ= a0:

Let b′ be an element of B. Is f (g (b′)) = b′? By construction of g, one needs to find the element of A
whose image is b′. Let that element be a′. Then f (a′) = b′ and g (b′) = a′ by definition of g. These two facts
imply

f ðgðb′ÞÞ= f ða′Þ=b′:

So, the function g is the inverse of f. ■

The previous example examines only part of the relation between the properties of a function and the
existence of the inverse function. In reality the converse is also true. The existence of an inverse function
forces the original function to be one-to-one and onto (see Exercise 11).

Exercises
Prove or disprove the following statements.

7. Let f and g be two real-valued functions defined for all real numbers and such that f ∘ g is well
defined. If f and g are onto, so is f ∘ g.

8. Let f and g be two real-valued functions defined for all real numbers and such that f ∘ g is well
defined. If g is an even function, so is f ∘ g.

9. Let f and g be two real-valued functions defined for all real numbers and such that f ∘ g is well
defined. If f is an even function, so is f ∘ g.
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10. Let f : ℝ → (1, +∞) and g: (1, +∞) → ℝ be defined as f (x) = x2 + 1 and gðyÞ=
ffiffiffiffiffiffiffiffiffiffiffi
y −1

p
: Then f and g

are inverse functions of each other.
11. Let f : A→ B be a function. If f has an inverse function, then f is a bijection. (This is the converse of

the statement in Example 4.2.16.)

A Little More about Functions and Sets
The definition of function relies on sets like the domain, the codomain, and the range. So it is not surprising
to conjecture that there might be a lot of important relations between functions, sets, and their operations.
We will examine some of them.

Again, let f be a function between the sets A and B, f : A → B. The range of f is the subset of B
defined as

Range f = fy∈B j y= f ðxÞ for some x∈Ag:

Since the element f (x) is the image of the element x and the range f is the collection of all the images
of the elements of A, we can consider the range to be the image of the set A and write

Range f = f ðAÞ:

More generally, if X is a subset of A, we can define the following subset of B:

f ðXÞ= fb∈B j b= f ðxÞ for some x∈Xg:

This set is the image of X given by the function f.

A B

f

X f (x)

EXAMPLE 4.2.17
Let f :ℝ→ℝ be defined as f (x) = x3 + 1. Prove that f ([0, 2]) = [1, 9], that is, the image of the interval
[0, 2] is the interval [1, 9].

Proof: Let x ∈ [0, 2]. So 0≤ x≤ 2. This implies that 0≤ x3≤ 8, and thus 1≤ x3 + 1≤ 9. These inequalities
show that when x ∈ [0, 2], f (x) ∈ [1, 9]. Therefore f ([0, 2]) ⊆ [1, 9]. To prove that these two sets are
equal, we need to show that [1, 9] ⊆ f ([0, 2]).

Let y ∈ [1, 9]. Is y ∈ f [0, 2]? This is equivalent to asking whether there is at least one number in [0, 2]
whose image is y, i.e., such that f (x) = y. If we write this using the formula for the function, we have x3 + 1 = y
or x =

ffiffiffiffiffiffiffiffiffiffiffi
y −13

p
: Since 1≤ y≤ 9, it follows that 0≤ y− 1≤ 8. Therefore, 0≤

ffiffiffiffiffiffiffiffiffiffiffi
y −13

p
≤

ffiffiffi
83

p
=2: So x ∈ [0, 2].
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We can support this result by looking at the graph of f. Is x ∈ [0, 2] if and only if y ∈ [1, 9]?

18

16

14

12

10

8

6

4

2

0
0−1 1 2 3

■

EXAMPLE 4.2.18
Let f :ℕ→ℤ be defined as f (n) = (−1)n2n. Find f ({1, 2, 3, 4,…,9, 10}) and f (ℕ).

Solution: The set {1, 2, 3, 4,…,9, 10} is quite small, so it is easy to find the images of all its elements.
Thus

f ðf1, 2, 3, 4,…, 9, 10gÞ= f−2, 4,−6, 8,−10, 12,−14, 16,−18, 20g:
Since 2n is always even, the range of f will include only even numbers. Because of the factor (−1)n,

the range will include negative and positive numbers. If n is an even number, that is, n = 2k with k a
positive integer, then f (n) = (−1)2k2(2k) = 4k. So the images of even numbers are positive
multiples of 4.

If n is an odd number, i.e., n = 2t + 1 with t an integer and t ≥ 0, then

f ðnÞ= ð−1Þ2/+12ð2t +1Þ= − ð4t +2Þ= −2−4t :

So the images of odd numbers are negative even numbers of the form −2− 4t with t a nonnegative
integer.

If we want to write all of this in more mathematical terms, we can write

f ðℕÞ= fy ∈ℤ j either y =4k with k ∈ℕ or y = −2−4t with t a nonnegative integerg:

Up to this point, we have looked at how elements in the domain are changed by a function. But
there is more that can be done. If we look at a subset of the codomain, can we predict which ele-
ments of the domain have their images in that subset? Let’s start by introducing a new mathematical
word.
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Let f : A→ B be a function and let Y be a subset of B(i.e. Y ⊆ B). The preimage of Y is the subset of A
indicated by f −1(Y) whose elements’ images are elements of Y, that is,

f −1ðYÞ= fx∈A j f ðxÞ∈Yg:

A
B

y
f−1(y)

f

EXAMPLE 4.2.19
Let f :ℝ→ℝ be defined as f (x) = 4x2 + 1. Find f −1([1, 5]).

Solution: We are trying to find all the values of x that have the property that f (x) ∈ [1, 5]. This is
equivalent to stating that 1≤ f (x)≤ 5. Using the formula for f yields

1≤4x2 +1≤5

or

0≤4x2 ≤4

or

0≤ x2 ≤1:

Because the domain of f includes also negative numbers, solving this inequality gives −1≤ x≤ 1.
The graph of the function can support this finding: x ∈ [−1, 1] if and only if f (x) ∈ [1, 5].
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16
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0
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As usual, the problem with the graph is that it is not always acceptable as a proof, because we can see
only the graph that corresponds to a portion of the domain. For example, there could be another interval
on the part of the x-axis not included in the graph whose image is in the interval being considered (see
next example). On the other hand, graphs provide a nice sketch of the situation.

EXAMPLE 4.2.20
Let f :ℝ→ℝ be defined as f (x) = x2− 1. Find f −1([3, 5]).

Solution: We need to find all the values of x that have the property that f (x) ∈ [3, 5]. Thus, we need to
solve the inequality

3≤ x2 −1≤5:

This implies

4≤ x2 ≤6:

The solution set is 2≤ x ≤
ffiffiffi
6

p
or −

ffiffiffi
6

p
≤ x ≤ −2, that is,

h
−
ffiffiffi
6

p
,−2

i
∪
h
2,

ffiffiffi
6

p i
: If we use the following

graph, we can only see the correspondence between the interval [3, 5] on the y-axis and the intervalh
2,

ffiffiffi
6

p i
on the x-axis.

2

4

6

8

10

0
0 1 2 3 4−1−2

−2

A graph that includes a larger portion of the x-axis would be more useful, but using only the graph we
would never be sure that we included all the relevant values of x. Moreover, it is hard to pinpoint precisely
the value of

ffiffiffi
6

p
on the x-axis.

Let’s now look at some relationships between sets and functions.

Theorem: Let f : A → B be a function, X1 and X2 be subsets of A, and Y1 and Y2 be subsets of B.

1. If X1 ⊆ X2, then f (X1) ⊆ f (X2).
2. If Y1 ⊆ Y2, then f −1(Y1) ⊆ f −1(Y2).
3. f (X1 ∩ X2) ⊆ f (X1) ∩ f (X2).
4. f −1(Y1 ∩ Y2) = f −1(Y1) ∩ f −1(Y2).
5. f (X1 ∪ X2) = f (X1) ∪ f (X2).
6. f −1(Y1 ∪ Y2) = f −1(Y1) ∪ f −1(Y2).
7. f −1ðY ′1Þ= ð f −1ðY1ÞÞ′:
8. X1 ⊆ f −1( f (X1)).
9. f ( f −1(Y1)) ⊆ Y1.
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Proofs:

1. Left as an exercise at the end of this section.
2. Let x ∈ f −1(Y1). Is x ∈ f −1(Y2)? Since x ∈ f −1(Y1), by definition of preimage of a set, f (x) ∈ Y1. By

hypothesis, Y1 ⊆ Y2. Thus, f (x) ∈ Y2. Again, by definition of preimage, x ∈ f −1(Y2).
3. Let y ∈ f (X1 ∩ X2). Then there exists an element x ∈ X1 ∩ X2 such that f (x) = y. Since x ∈ X1 ∩ X2, by

definition of intersection, x ∈ X1 and x ∈ X2. Then f (x) ∈ f (X1) and f (x) ∈ f (X2). So, f (x) ∈ f (X1) ∩ f (X2).
See the exercises at the end of the section to investigate why the equality does not hold true.

4. We will prove that f −1(Y1 ∩ Y2) = f −1(Y1) ∩ f −1(Y2) using two separate parts.
First part: f −1(Y1 ∩ Y2) ⊆ f −1(Y1) ∩ f −1(Y2). Let x ∈ f −1(Y1 ∩ Y2). By definition of preimage of a set
this implies that f (x) ∈ Y1 ∩ Y2. Therefore, by definition of intersection, f (x) ∈ Y1 and f (x) ∈ Y2. By
definition of preimage, this means that x ∈ f −1(Y1) and x ∈ f −1(Y2). Thus, x ∈ f −1(Y1) ∩ f −1(Y2). This
proves that f −1(Y1 ∩ Y2) ⊆ f −1(Y1) ∩ f −1(Y2).
Second part: f −1(Y1 ∩ Y2) ⊇ f −1(Y1) ∩ f −1(Y2). Let x ∈ f −1(Y1) ∩ f −1(Y2). By definition of intersection,
x ∈ f −1(Y1) and x ∈ f −1(Y2). By definition of preimage, f (x) ∈ Y1 and f (x) ∈ Y2. Therefore, by definition
of intersection f (x) ∈ Y1 ∩ Y2. By definition of preimage, this implies that x ∈ f −1(Y1 ∩ Y2). Thus
f −1(Y1 ∩ Y2) ⊇ f −1(Y1) ∩ f −1(Y2). The two inclusions prove that the sets are indeed equal.

5. Left as an exercise at the end of this section.
6. Left as an exercise at the end of this section.
7. We will prove the equality f −1ðY′1Þ= ð f −1ðY1ÞÞ′ using a chain of equivalent statements. By definition of

preimage of a set, the statement x∈ f −1ðY ′1Þ is equivalent to f ðxÞ∈Y ′
1: By definition of complement of a

set, this is equivalent to f(x) ∉ Y1. By definition of preimage of a set, this last statement is true if and only
if x ∉ f −1(Y1). By definition of complement of a set, this is equivalent to stating that x ∈ ( f −1(Y1))′. Since
x∈ f −1ðY′1Þ is equivalent to x ∈ ( f −1(Y1))′, the two sets are indeed equal.

8. Let x ∈ X1. Then f (x) ∈ f (X1). By definition of preimage of a set, this implies that x is in the preimage
of f (X1). So x ∈ f −1( f (X1)). See the exercises at the end of the section to investigate why the equality
does not hold true.

9. Left as an exercise at the end of this section. ■

Exercises
12. Let f :ℝ→ℝ be defined as f (x) = 2x3 + 1. Prove that f ([−2, −1]) = [−15, −1].
13. Let f :ℕ→ℕ be defined as f (n) = 2n + (−1)n. Is f (ℕ) = {all odd natural numbers}?
14. Let f :ℝ→ℝ be defined as f (x) = x3− 1. Find f −1([3, 5]).
15. Prove part 1 of the last theorem.
16. Part 3 of the last theorem states that f (X1 ∩ X2) ⊆ f (X1) ∩ f (X2). Give an example that shows that f

(X1 ∩ X2) ≠ f (X1) ∩ f (X2).
17. Prove part 5 of the last theorem.
18. Prove part 6 of the last theorem.
19. Part 8 of the last theorem states that X1 ⊆ f −1(f (X1)). Give an example that shows that X1 ≠ f −1(f (X1)).
20. Prove part 9 of the last theorem.

RELATIONS
As mentioned earlier in this book, in general mathematical theories are built not only to study mathemati-
cal objects, but most importantly to examine relations and patterns that exist between mathematical
objects. As an example, functions can help us build relations between sets and between elements, and in
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the process they generate new subsets of the original ones, like the image and the preimage of other sets.
It is also interesting to study possible relations between the elements of a given set. There are several
ways for doing so. Let’s start with a few examples, just as an introduction.

EXAMPLE 4.3.1
Consider the set ℕ, and on it define the following relation: “The number n is in relation with the number
m if and only if m = n + 1.” According to this relation, 3 is in relation with 4, 4 is not in relation with 3, 4
is in relation with 5, and 5 is not in relation with 3. No number is in relation with itself.

EXAMPLE 4.3.2
Consider the set ℤ, and on it define the following relation: “The nonzero number n is in relation with the
number m if and only if n divides m.” This relation can be rewritten as “the nonzero number n is in
relation with the number m if and only if m = nt for some integer number t.” In this case 2 is in relation
with all the even numbers. Every number is in relation with 0, but 0 is not in relation with any number.
The numbers 1 and −1 are in relation with every integer number. Every nonzero number is also in relation
with itself.

EXAMPLE 4.3.3
Consider the set U of all possible subsets of ℕ. So, the elements of U are sets. On the set U consider the
following relation: “The set A is in relation with the set B if and only if A is a subset of B.” Since every set
is a subset of itself, every set is in relation with itself. Moreover ∅ is in relation with all the sets, but no
set, other than ∅, is in relation with ∅. All sets are in relation with ℕ, but only ℕ is in relation with itself.

EXAMPLE 4.3.4
Consider the set

A = fall polynomial functionsg
= ff :ℝ→ℝ, where f is a function defined by a polynomical equationg:

On the set A define the following relation: “The function f is in relation with the function g if and only
if the graphs of f and g have at least two points in common.”

We can start by observing that trivially every function is in relation with itself. Let’s start by considering
constant functions or functions represented by first degree polynomials. Their graphs are lines. If two lines
have two or more points in common, they will coincide. So, if we consider the function f (x) = ax + b, it
cannot be in relation with other first degree functions, but it can be in relation with infinitely many higher
degree functions.

The situation is different for higher degree polynomials. For example, a function represented by a
second degree polynomial, that is, f (x) = ax2 + bx + c, has a parabola as a graph, and it can be in relation
with other parabolas, lines, and many other functions.
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EXAMPLE 4.3.5
Consider the function f :ℝ→ℝ defined as f (x) = x2. On ℝ define the relation “a is in relation with b if
and only if f (a) = f (b).” Every number is in relation with itself, as it has the same image as itself.
Moreover, since the squares of a number and its opposite are equal, every number is in relation with its
opposite. So, every number is in relation with itself and its opposite. This information implies that 0 is
in relation only with itself.

EXAMPLE 4.3.6
Consider the function f :ℝ→ℝ defined as f (x) = 2x + 1. On ℝ define the relation “a is in relation with b if
and only if f (a) = f (b).” Trivially every number is in relation with itself, as it has the same image as itself.
Let’s try to find out in which other cases two numbers would be in relation. When is f (a) = f (b)? This
means

2a +1=2b +1,

which in turn implies a = b. So every number is in relation only with itself.

As one can observe from the previous examples, relations automatically build pairs of elements
with the first element in relation with the second. Therefore, relations can naturally be considered in
the environment of Cartesian products. For example, the relation on ℕ defined as “the number n is in
relation with the number m if and only if m = n + 1” could be described by considering the subset of
ℕ × ℕ:

R= fð1, 2Þ, ð2, 3Þ, ð3, 4Þ, ð4, 5Þ, ð5, 6Þ,…, ðn, n+ 1Þ,…g:

This brings us to the following definition of a relation: A relation R on a set A is any subset of A × A.
Let a and b be elements of A. The element a is in relation R with the element b if and only if the pair (a, b)
is an element of the subset R. This is usually written as aRb if and only if (a, b) ∈ R.

So, a relation on a set can be described using either sentences or sets. If the set A is finite, it is also
possible to use a directed graph (digraph). This is a mathematical object that has the elements of A as
its vertices, and to represent the fact that the element a is in relation R with the element b there will be
an arrow starting from a and pointing to b. If an element is in relation with itself, there will be a circular
arrow around that element.

EXAMPLE 4.3.7
Let A = {1, 2, 3, 4}. On this set consider the relation

aRb if and only if a − b is an even number:

Write R as a subset of A × A and construct a digraph to represent R.

Solution: We need to find all the pairs of elements that satisfy the relation introduced on A:

1R1 2R2 3R3 4R4
1R3 2R4 3R1 4R2:
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Thus R = {(1, 1), (1, 3), (2, 2), (2, 4), (3, 3), (3, 1), (4, 4), (4, 2)}. Since there are eight pairs in R,
there will be eight arrows in the digraph.

2

4

1

3

When a set is very large, digraphs and roster notation are not very useful. In this case a theoretical
description of the relation is handier.

Exercises
1. Consider the function f :ℝ→ℝ defined as f (x) = 3x2 + 1. On ℝ define the relation “a is in relation with

b if and only if f (a) = f (b).” Find which numbers are in relation.
2. Consider the set A = {−3, −2, −1, 0, 1, 2, 3}. On A define the relation R as “a is in relation with b

if and only if |a| = |b|.” Find which elements of A are in relation and construct the digraph to repre-
sent this relation.

3. Consider the set A = {2, 3, 4, 5, 6, 8, 9}, and on it define the following relation: “The number n is in
relation with the number m if and only if n divides m.” Find which elements of A are in relation and
construct the digraph to represent this relation.

4. Let A = {1, 2, 3, 4}. On this set consider the relation “aRb if and only if a − b is an odd number.”
Write R as a subset of A × A and construct a digraph to represent R.

5. On the set ℕ define the relation “a is in relation with b if and only if b = ap for some prime number
p.” Is a number in relation with itself? Which numbers are in relation with 1? Which numbers are in
relation with 2? Which numbers are in relation with 4?

Most Common Properties of Relations
Some relations have properties that make them more interesting. Here is a list of some of the ones that
are used most often when one first learns about relations.

Let A be a set and R a relation on A.

1. The relation R is reflexive if every element of A is in relation with itself, that is,

xRx for all x∈A

ðor ðx, xÞ∈R for all x∈AÞ:
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2. The relation R is symmetric if, given that the element x is in relation with the element y, then it will
follow that the element y is in relation with the element x, that is,

If xRy, then yRx

ðor If ðx, yÞ∈R, then ðy, xÞ∈RÞ:
3. The relation R is transitive if, given that an element x is in relation with an element y, and the same

element y is in turn in relation with an element z, then the element x is in relation with the element z,
that is,

If xRy and yRz, then xRz

ðor Ifðx, yÞ∈R and ðy, zÞ∈R, then ðx, zÞ∈RÞ:
4. The relation R is antisymmetric if, given that an element x is in relation with an element y, and the

same element y is also in relation with x, then x and y are equal, that is,

If xRy and yRx, then x= y

ðor Ifðx, yÞ∈R and ðy, zÞ∈R, then x= yÞ:

A relation R that is reflexive, symmetric, and transitive is called an equivalence relation. A relation R
that is reflexive, antisymmetric, and transitive is called an order relation.

Note that properties 2, 3, and 4 do not state that the elements used have to be different. Thus, we
should not make that assumption when checking the properties of a relation. In general, even if the set A
has only a few elements, it is hard to check some of the properties of a relation R by direct examination
of all the pairs that belong to it. If at all possible, it is better to prove the properties using the definition
of R. Let’s consider some examples to clarify these statements.

EXAMPLE 4.3.8
Let A = {1, 2, 3, 4}. On this set consider the relation

aRb if and only if a −b is an even number:

What properties does R have?

Solution/Proof: First way.
Since the set A is rather small, we will check the properties by inspecting the set

R = fð1, 1Þ, ð1, 3Þ, ð2, 2Þ, ð2, 4Þ, ð3, 3Þ, ð3, 1Þ, ð4, 4Þ, ð4, 2Þg:
The pairs (1, 1), (2, 2), (3, 3), (4, 4) are elements of R. Thus R is a reflexive relation.
Now let’s work on the symmetric property. It might be easier to make a small table.

original
pair ð1, 1Þ ð1, 3Þ ð2, 2Þ ð2, 4Þ ð3, 3Þ ð3, 1Þ ð4, 4Þ ð4, 2Þ
symmetric
pair ð1, 1Þ ð3, 1Þ ð2, 2Þ ð4, 2Þ ð3, 3Þ ð1, 3Þ ð4, 4Þ ð2, 4Þ

We can see that every pair has a symmetric pair that is still an element of R. Thus, R is a symmetric
relation. To check that the relation is transitive is a little more labor intensive. Remember that we need to

106 CHAPTER 4 Some Mathematical Topics on Which to Practice Proof Techniques



check that “If xRy and yRz, then xRz.” We have four choices for the element denoted by x, since all four
elements in A appear as first coordinates of a pair. Let’s work in detail on x = 1. Since 1 is in relation only
with 1 and 3, y = 1 and y = 3 are the only two choices. When y = 1, there are two choices for z, z = 1 and
z = 3. When y = 3, there are two choices for z, z = 1 and z = 3.

So, let’s now consider all possible cases:

a. x = 1, y = 1, and z = 1. It is true xRz that since (1,1) ∈ R.
b. x = 1, y = 1, and z = 3. It is true xRz that since (1,3) ∈ R.
c. x = 1, y = 3, and z = 1. It is true xRz that since (1,1) ∈ R.
d. x = 1, y = 3, and z = 3. It is true xRz that since (1,3) ∈ R.

The other cases can be handled in the same way. The relation is transitive. This relation is not
antisymmetric. Indeed, here is a counterexample: 1R3 and 3R1, but 1 ≠ 3.

Second way.
We will use the definition of R (aRb if and only if a – b is an even number), and short proofs to check

the properties of R. Let’s start by rewriting the definition of R as

aRb if and only if a −b =2t with t aninteger number:

The relation is reflexive. Indeed, for every x ∈ A, x− x = 0 = 2 × 0. Thus, xRx. The relation is symmetric.
Let’s see why. Assume that aRb. From this hypothesis, can we prove that bRa? Since aRb, a− b = 2t with
t an integer number. Then b− a = 2(−t). So b− a is an even number. This means that bRa.

Is R transitive? If xRy and yRz, can we conclude that xRz? By hypothesis, x− y = 2s and y− z = 2n with
s and n integer numbers. What conclusion can we reach about x− z? Using algebra we need to remove y,
to find a direct relation between x and z. From the equation y− z = 2n, we obtain y = z + 2n. Therefore,
x− y = 2s can be rewritten as

x − ðz +2nÞ=2s:

This implies that

x − z =2n+2s =2ðn+ sÞ:

The number n + s is an integer, so x – z is an even number. Thus, xRz. This proves that R is a transitive
relation. We can still use the counterexample above to show that R is not antisymmetric. So, R is an
equivalence relation on A. ■

EXAMPLE 4.3.9
Consider the set ℤ− {0}, and on it define the following relation: “The number n is in relation with the
number m if and only if n divides m.” This relation, call it S, can be rewritten as

“nSm if and only if m = nt for some integer number t, with n ≠ 0 and m ≠ 0.”

What properties does S have?

Proof/Solution: In this case, it is impossible to inspect all the pairs of elements that are in relation, since
there are infinitely many such pairs. Thus, we need to provide general proofs of the statements we make.

Let n ∈ ℤ− {0}. Is nSn? Since it is possible to write n = n × 1, we conclude that nSn for all n ∈ ℤ− {0}.
Thus, S is a reflexive relation.

Is S a symmetric relation? If nSm, does it follow that mSn? By hypothesis, m = nt for some integer
number t. Since both n and m are nonzero numbers, t is also a nonzero number. Thus, we can write

(Continued )
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m × 1

t =n: But unless t is equal to 1 or −1, 1/t is not an integer. This seems to suggest that the relation S is
not symmetric. Can we find a counterexample?

Consider the numbers 2 and 4: 2S4 but 4S=2: Is S a transitive relation? If nSm and mSz, can we
conclude that nSz? By hypothesis m = nt and z = ms with t and s integers. Thus, z = ms = (nt)s = n(ts).
This implies that nSz. Therefore, S is transitive.

Is S an antisymmetric relation? If nSm and mSn, can we conclude that n = m? By hypothesis, m = nt
for some integer number t, and n = mk for some integer number k. Since both n and m are nonzero
numbers, t and k are also a nonzero number. Combining the two pieces of information in the hypothesis
yields m = nt = (mk)t = m(kt). Thus, kt = 1, or k = 1/t. But all numbers used are integers, so either t = 1
(and k = 1) or t = −1 (and k = −1). These two conclusions imply that either n = m or n = −m. Therefore,
S is not antisymmetric. We can also find a counterexample: 3S(−3) and (−3)S3, but −3 ≠ 3. ■

If the relation in Example 4.3.9 had been defined on the set of the natural numbers, it would have
been antisymmetric, and thus an order relation.

EXAMPLE 4.3.10
Consider any function f :ℝ→ℝ. On ℝ define the following relation:

“aRb if and only if f ðaÞ= f ðbÞ:”

What properties does R have?

Proof/Solution: Is R reflexive? If a ∈ ℝ, is aRa? Clearly f (a) = f (a). Thus, aRa.
Is R symmetric? If aRb, is bRa? By hypothesis, aRb. So f (a) = f (b). This implies that f (b) = f (a).

Therefore, bRa. So R is symmetric.
Is R transitive? If aRb and bRc, is aRc? Since f (a) = f (b) and f (b) = f (c), we conclude that f (a) = f (c).

Therefore, aRc. So R is transitive.
Is R antisymmetric? The answer to this question in general is negative and it depends on the function f.

Consider f (x) = x2. By definition –1R1 and 1R(−1), but 1 ≠ −1. So, R is an equivalence relation. ■

Exercises
6. On the set ℤ define the relation R as “a is in relation with b if and only if |a| = |b|.” What properties

does R have? Is it an equivalence relation? Is it an order relation?
7. On the set ℝ define the relation S as “a is in relation with b if and only if a − b ≥ 0.” What proper-

ties does S have? Is it an equivalence relation? Is it an order relation?
8. On the set ℝ define the relation T as “a is in relation with b if and only if a − b > 0.” What proper-

ties does T have? Is it an equivalence relation? Is it an order relation?
9. On the set ℤ consider the relation “aRb if and only if a – b is an odd number.” What properties does

R have? Is it an equivalence relation? Is it an order relation?
10. On the set ℤ × ℤ = {(x, y) | x ∈ ℤ and y ∈ ℤ} define the relation “(a, b)R(m, n) if and only if a = m

and b = n + k for some integer k.” What properties does R have? Is it an equivalence relation? Is it
an order relation?
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More about Equivalence Relations
Equivalence relations have three strong properties, and they define strong ties between the elements of a
set. The elements that are in relation with each other can all be grouped in a special set, called an equiva-
lence class. Let’s examine the precise definition of these sets.

Let A be a set and R an equivalence relation defined on A. Let x ∈ A. If xRy, the elements x and y are
said to be equivalent. The equivalence class of x determined by R is the set

½x�= fa∈ A j aRxg:

EXAMPLE 4.3.11
Consider again the relation in Example 4.3.8, where A = {1, 2, 3, 4} and the relation is

aRb if and only if a −b is an even number:

Since R is an equivalence relation, find all its equivalence classes.

Solution: In Example 4.3.8, the relation R was also represented as

R = fð1, 1Þ, ð1, 3Þ, ð2, 2Þ, ð2, 4Þ, ð3, 3Þ, ð3, 1Þ, ð4, 4Þ, ð4, 2Þg:
Thus

½1�= fa ∈A j aR1g= f1, 3g

½2�= fa ∈A j aR2g= f2, 4g

½3�= fa ∈A j aR3g = f1, 3g

½4�= fa ∈A j aR4g= f2,4g:
So, [1] = [3] and [2] = [4].

EXAMPLE 4.3.12
Let f :ℝ→ℝ be defined as f(x) = (x−2)2 +1. On ℝ consider the following relation: “aSb if and only if f(a) = f(b).”
In Example 4.3.10 it was proved that S is an equivalence relation. Find its equivalence classes.

Solution: It is not possible to make a list of the equivalence class for each single element as done in the
previous example because the set used has infinitely many elements. Therefore, we need to look for
patterns. By definition

½a� = fb ∈ℝ j aSbg = fb ∈ℝ j f ðaÞ = f ðbÞg:
Let’s try to find a more explicit description that uses the formula of f. The equality

f ðaÞ = f ðbÞ
(Continued )
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can be rewritten as

ða −2Þ2 +1= ðb −2Þ2 +1

or

ða −2Þ2 = ðb −2Þ2:
This implies that

ða −2Þ2 − ðb −2Þ2 =0:

The left-hand side of the equation can be factored and the equation can be rewritten as

½ða −2Þ− ðb −2Þ�½ða −2Þ+ ðb −2Þ�=0

or

½a −b�½a +b −4�=0:

Therefore there are two possible cases:

b = a or b =4− a:

Thus for all a ∈ ℝ

½a�= fb ∈ℝ j aSbg= fb ∈ℝ j f ðaÞ= f ðbÞg= fa, 4− ag:
If we consider a few examples, we have

½−1�= f−1, 5g, ½0�= f0, 4g, ½1/2�= f1/2, 7/2g, ½π�= fπ, 4− πg:
Note that [2] = {2}, while all other equivalence classes have two elements. Geometrically, this happens

because the graph of f (x) = (x− 2)2 + 1 is a parabola, whose vertex has coordinates (2, 1). So x = 2 is the
only value of x that corresponds to y = 1. For all values x ≠ 2, there will be two values that generate the
same y-values, namely x and 4− x.

EXAMPLE 4.3.13
Let f :ℝ→ℝ be defined as f (x) = cos x. On ℝ consider the following relation: “aCb if and only if f (a) = f (b).”
In Example 4.3.10 it was proved that C is an equivalence relation. Find its equivalence classes.

Solution: This is another case in which it is not possible to make a list of the class for each single element
because the set used has infinitely many elements. Therefore, we need to look for patterns. By definition

½a� = fb ∈ℝ j aCbg = fb ∈ℝ j f ðaÞ = f ðbÞg:
Let’s try to find a more explicit description that uses the formula of f. The equation

cos a = cos b

has infinitely many solutions because the cosine function is periodic, and so there are infinitely many
angles whose cosines are equal. All these solutions will be in the equivalence class of a.
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Exercises
11. On the set ℝ consider the relation defined as “xRy if and only if x – y is an integer.” Prove first that R

is an equivalence relation. Then find the equivalence classes of 1, −1.32, and π.
12. On the set A = {2, 3, 4, 5, 6,…} consider the relation defined as “xRy if and only if GCD(x, y) > 1.”

Is this an equivalence relation (explain how you reach your conclusion)? If it is, find [2], [3], and [8]
otherwise find some elements that are in relation with 2, some in relation with 3, and some in rela-
tion with 8.

13. On the set A = {2, 3, 4, 5, 6,…} consider the relation defined as “xSy if and only if x and y have the
same prime factors.” Is this an equivalence relation (explain how you reach your conclusion)? If it is,
find [2] and [6]; otherwise, find some elements that are in relation with 2 and some in relation
with 6.

14. On ℤ define the following relation: “aRb if and only if a – b is a multiple of 5.” Prove first that R is
an equivalence relation. Then find the equivalence classes of 0, 1, 2, 3, 4, 5, −1, −2.

15. Consider the set P of all possible subsets of the set A = {1, 2, 3, 4} (there are 16 subsets). On P con-
sider the relation “XRY if and only if X and Y have the same number of elements.” Prove that R is an
equivalence relation. Then find all the distinct equivalence classes.

16. Find the mistake in the “proof” of the following statement. Let A be a nonempty set and R be a rela-
tion on A. If R is symmetric and transitive, then R is reflexive. (If this statement held true, every
symmetric and transitive relation would automatically be an equivalence relation.)
“Proof:” Let x ∈ A. The relation is symmetric. Therefore, xRy implies yRx. By the transitive property,
xRy and yRx implies xRx. The fact that every x ∈ A is in relation with itself proves that the relation R
is reflexive.

A Special Relation and More Facts about Equivalence Classes
There is a very special equivalence relation that can even create new rules of arithmetic (when appropri-
ately used). The relation in Exercise 4.14 above is an example of it. We are going to look at it in a more
general setting.

EXAMPLE 4.3.14
Let m be a fixed integer larger than 1. On ℤ define the following relation:

“aRb if and only if a −b is a multiple ofm:”

Prove that R is an equivalence relation.

Proof/Solution: The definition of R can be rewritten as

“aRb if and only if a− b =mt for some integer number t :”

Is R reflexive? If a ∈ ℤ, is aRa? Since a – a = 0, and 0 is a multiple of m, we can conclude that aRa.
Is R symmetric? If aRb, is bRa? By hypothesis, aRb. So a − b = mt for some integer number t. This

implies that b − a = −mt = m(−t). Since −t is also an integer, we have that b – a is a multiple of m.
Therefore, bRa. So R is symmetric.

Is R transitive? If aRb and bRc, is aRc? By hypothesis a− b = mt and b − c = ms for some integer
numbers t and s. We would like to find a direct relation between a and c. Therefore, we can solve one

(Continued )
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of the equations for b, and replace b in the other equation. From the second equation we have b = c +ms.
Thus, the first equation can be rewritten as

a − ðc+msÞ=mt

or

a − c=ms +mt =mðt + sÞ:

The number t + s is an integer (it is a difference of two integers). This means that a− c is a multiple of m.
Therefore, aRc, which means that R is transitive.

Is R antisymmetric? The answer is negative because aRb and bRa does not imply that a = b. As a
counterexample, use a = 0 and b = m. So, R is an equivalence relation. ■

The equivalence relation in Example 4.3.14 is a very useful one and it is used very often. It has its
own name, it is called congruence (mod m), and it has its own symbols, ≡m and ≡ (mod m). So, to
say that “a is congruent b (mod m)” and to write that a ≡m b means that a − b = mt for some integer
number t.

In our everyday life we use congruence (mod 60) to measure time on a clock. For example 7:10 is
congruent (mod 60) with 8:10, 6:10, 12:10, and so on. The hours in our days are congruent (mod 24),
since noon on a Tuesday is the same time of the day as noon on a Friday. Days use a (mod 7) relation in
the week (a Monday is similar to any other Monday!), or a (mod 365) relation most of the time when
seen as days in the course of a year. When we measure angles on the unit circle we use (mod 360°) to
find the coordinates of the terminal point of the angle.

One might wonder why in Example 4.3.14 there was the requirement “Let m be a fixed integer larger
than 1.” What is the reason for this restriction?

Let m = 0. Then the relation becomes “aRb if and only if a − b = 0t for some integer number t.” This
means “aRb if and only if a = b.” So, this case would just disguise the “equal” relation, and every number
is in relation only with itself. Thus, [a] = {a}.

Now consider m = 1. In this case “aRb if and only if a − b = 1t for some integer number t.” So,
“aRb if and only if a − b is an integer number.” This statement is automatically true because a and b
are integers. In this case every number is equivalent to every other number, that is, for every a ∈ ℤ,
[a] = ℤ.

What happens if m is a negative number? In this case, m = −|m|, with |m| > 0. Thus, the statement
“a − b = mt for some integer number t” can be rewritten as “a − b = |m|(−t) for some integer number t.”
The number t spans all positive and negative numbers, so this is the same as requiring “a − b = |m|s for
some integer number s.” In other word, congruence (mod m) is the same as congruence (mod |m|). Thus,
it is sufficient to work with positive numbers larger than 1.

Let m = 2. The relation “aRb if and only if a − b = 2t for some integer number t” means that a and b
have to have the same parity (i.e. they are either both odd or both even). Therefore, this relation groups
the integers in even and odd:

½0�= fa∈ℤ j a= 2t for some t∈ℤg= f…,−4,−2, 0, 2, 4,… g= ½2�= ½−2�=…

and

½1�= fa∈ℤ j a= 2t+ 1 for some t∈ℤg= f…,−3,−1, 1, 3, 5…g= ½−3�= ½−1�=…
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So ≡2 produces only two distinct equivalence classes.
Let’s consider the relation ≡3, that is,

“aRb if and only if a− b= 3t for some integer number t:”

Then, by definition

½a�= fb∈ℤ j b� 3ag= fb∈ℤ j b− a= 3t for some t∈ℤg= fb∈ℤ j b= a+ 3t for some t∈ℤg:
Thus we can easily find a few equivalence classes:

½0�= fb∈ℤ j b= 3t for some t∈ℤg= f…,−9,−6,−3, 0, 3, 6, 9,…g

½1�= fb∈ℤ j b= 3t+ 1 for some t∈ℤg= f…,−8,−5,−2, 1, 4, 7, 10,…g

½2�= fb∈ℤ j b= 3t+ 2 for some t∈ℤg= f…,−7,−4,−1, 2, 5, 8, 11,…g

½3�= fb∈ℤ j b= 3t+ 3 for some t∈ℤg= f…,−9,−6,−3, 0, 3, 6, 9,…g= ½0�

½−1�= fb∈ℤ j b= 3t− 1 for some t∈ℤg= f…,−7,−4,−1, 2, 5, 8, 11,…g= ½2�:

So, it seems that the relation ≡3 divides the set ℤ into three distinct equivalence classes:

½0�, ½1�, and ½2�:

We could conjecture that ≡5 divides the set set ℤ into five distinct equivalence classes:

½0�, ½1�, ½2�, ½3�, and ½4�:
Also, if one keeps up the search for patterns, one can observe several “properties” of these classes:

1. Every element a belongs to [a].
2. Either two classes coincide (for example [−1] and [2] when working (mod 3)) or they are disjoint

(have no common elements).
3. The union of all the classes contains all the elements of the original set.

These observations generate some questions. Does this happen by chance? Does it happen only for the
congruence relation? The answer is “no” in both cases. Let’s study and prove the following theorem.

Theorem 1: Let A be a nonempty set and let R be an equivalence relation on A. Let [a] indicate the
equivalence class of the element a determined by R; i.e., [a] = {x ∈ A | xRa}. Then

1. [a] ≠ ∅ for all a ∈ A.
2. If [a] and [b] are two equivalence classes, then either [a] ∩ [b] = ∅ or [a] = [b].
3. ∪

a∈A
½a�=A:

Proof: We need to prove that all three parts of the conclusion hold true. We will prove each one separately,
using the fact that the relation R is reflexive, symmetric, and transitive. Note the parallel in this situation:
R has three properties, the conclusion is three parts.
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1. We need to prove that each equivalence class is a nonempty set. To prove that a set is nonempty it
is sufficient to show that it has at least one element. The relation R is reflexive, therefore every
element of A is at least in relation with itself (aRa for all a ∈ A). This means that a ∈ [a] for all
a ∈ A. Therefore, [a] ≠ ∅ for all a ∈ A.

2. We will prove this statement by proving its logically equivalent statement: if [a] and [b] are two
equivalence classes and [a] ∩ [b] ≠ ∅, then [a] = [b]. (See the section on composite statements in
Chapter 3 for the method used to prove a statement of the form “If A, then B or C.”)
We are assuming that [a] ∩ [b] ≠ ∅. Therefore, there exists at least one element c such that c ∈ [a] ∩ [b].
By definition of intersection, this implies that c ∈ [a] and c ∈ [b]. By definition of equivalence class,
this implies that cRa and cRb. The relation R is symmetric. Thus, cRa implies aRc. The relation R is
also transitive. So, aRc and cRb imply that aRb. This is an interesting fact, and hopefully it will help
us prove that [a] = [b].
In order to prove that these two sets are equal we need to prove that they have exactly the same
elements, that is, x ∈ [a] if and only if x ∈ [b]. The statement x ∈ [a] implies xRa. Since aRb, by the
transitive property of R, xRb. So x ∈ [b]. So [a] ⊆ [b]. The statement x ∈ [b] implies xRb. Since bRa
(R is symmetric), by the transitive property of R, xRa. So x ∈ [a]. So [b] ⊆ [a]. Therefore, [a] = [b].
The statement “either [a] ∩ [b] = ∅ or [a] = [b]” can be reworded as “two distinct equivalence classes
are disjoint.”

3. To prove the equality ∪
a∈A

½a�=A we will prove two inclusions. Let’s recall that ∪
a∈A

½a� is the union of an

indexed family of sets. This is the union of all the equivalence classes determined by the elements of A.
First part: ∪

a∈A
½a�⊆A

Let x∈ ∪
a∈A

½a�: By definition of union, the element x belongs to at least one of the sets used to build

the union; i.e., x ∈ [a] for some a ∈ A. By definition of [a], this implies that x ∈ A.
Second part: ∪

a∈A
½a�⊇A

We need to prove that every element of A is in at least one equivalence class, and therefore it will be in the

union of all equivalence classes. If y ∈ A, then yRy (R is reflexive). Therefore, y ∈ [y]. This implies that y

is in the union of [y] with every set. Thus, y∈ ∪
a∈A

½a�: The two inclusions allow us to conclude

that ∪
a∈A

½a�=A: ■

EXAMPLE 4.3.15
In previous examples we considered the set A = {1, 2, 3, 4} and the equivalence relation defined as

“aRb if and only if a − b is an even number”:

This relation determines the following equivalence classes:

½1�= fa ∈A j aR1g= f1, 3g ½2�= fa ∈A j aR2g= f2, 4g
½3�= fa ∈A j aR3g= f1, 3g ½4�= fa ∈A j aR4g= f2, 4g:

Show that these equivalence classes satisfy the conclusions of the previous theorem.

Proof:

1. By inspection of the four classes we can confirm that they all have at least one element and therefore
none of them is an empty set.
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2. If we concentrate on [1], we can observe that [1] ∩ [2] = ∅ and [1] ∩ [4] = ∅. On the other hand,
[1] ∩ [3] ≠ ∅. But in this case [1] = [3]. We can use the same procedure for all other classes to
confirm that all the classes that are not disjoint are indeed identical.

3. Let’s check that ⋃
a∈A

½a�=A:
⋃
a ∈A

½a�= ½1�∪ ½2�∪ ½3�∪ ½4�= f1, 2, 3, 4g=A

■

Families of sets that have the properties seen for equivalence classes have a special name that reflects
the fact that they divide the original set in disjoint “slices”; they are called partitions.

Let A be a nonempty set. A partition of the set A is a family of subsets of A, call it ℘, with the
following properties:

1. None of the sets of ℘ is empty (i.e., ∅ ∉ ℘).
2. If S and T are two subsets of A that belong to ℘, either S ∩ T = ∅ or S = T.
3. ⋃

S∈℘
S=A.

There is a very strong connection between partitions and relations. We have just proved that every
equivalence relation generates a partition, namely the family of its equivalence classes. The converse is
also true. Given a partition, it is possible to define an equivalence relation whose equivalence classes are
exactly the sets in the partition.

EXAMPLE 4.3.16
Consider the set A = {1, 2, 3, 4, 5, 6} and its partition

℘= fB = f1, 2, 3g,C = f4, 5g,D = f6gg:
Consider the relation defined as

“aRb if and only if there exists a set S in the partition ℘ such that a ∈ S and b ∈ S.”

Write all the pairs of elements that are in relation, and find all the distinct equivalence classes.

Solution: We are assuming that R is an equivalence relation. For a proof of this claim, see Theorem 2,
which follows this example. The element 1 is in relation with itself (it is in the same set as itself), 2, and
3 since they are all in the same set B. On the other hand, 1 is not in relation with 4, 5, and 6 since there
is no set that has 1 and 4 (or 1 and 5, or 1 and 6) among its elements.

Using the same reasoning, we can conclude that the element 2 is in relation with itself, 1, and 3. Also
the element 3 is in relation with itself, 1, and 2. The element 4 is in relation with itself and 5, and 5 is in
relation with itself and 4. The element 6 is in relation only with itself. Thus,

R = fð1, 1Þ, ð1, 2Þ, ð1, 3Þ, ð2, 1Þ, ð2, 2Þ, ð2, 3Þ, ð3, 1Þ, ð3, 2Þ, ð3, 3Þ, ð4, 4Þ, ð4, 5Þ, ð5, 4Þ, ð5, 5Þ, ð6, 6Þg:
½1�= fx ∈A j xR1g= f1,2, 3g
½2�= fx ∈A j xR2g= f1, 2, 3g
½3�= fx ∈A j xR3g= f1, 2, 3g
½4�= fx ∈A j xR4g= f4, 5g
½5�= fx ∈A j xR5g= f4, 5g
½6�= fx ∈A j xR6g= f6g
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Theorem 2: Let A be a nonempty set and let ℘ be a partition of A. Consider the following relation on A:

“aRb if and only if there exists a set S in the partition ℘ such that a ∈ S and b ∈ S.”

Then

1. The relation R is an equivalence relation.
2. The equivalence classes determined by R coincide with all the sets of the partition ℘.

Proof: See Exercise 23 for the proof of part 1. This part is only a check of the fact that R is reflexive,
symmetric, and transitive. The three properties of R depend on the three properties of the partition ℘.

Part 2. Consider [a]. By definition

½a�= fx∈A j aRxg= fx∈A j there exists a set Sa in℘ such that x and a are in Sag
= fx∈A j x∈ Sag= Sa:

So, every equivalence class is an element of ℘. On the other hand, if a set is an element of ℘, it is
the equivalence class of any of its elements. So, every element of ℘ is an equivalence class. ■

Looking at Theorem 1 and Theorem 2, we can see that there is a very strong correspondence between
equivalence relations and partitions on a set. Every relation generates a partition made by its equivalence
classes, and every partition determines a relation that uses the sets of the partition as its equivalence
classes. This is not a one-to-one correspondence if we consider the fact that there might be several
equivalence relations generating the same equivalence classes. Consider the next example.

EXAMPLE 4.3.17
On the set ℤ consider the following two equivalence relations:

1. a ≡5 b, that is, aRb if and only if a − b = 5n for some integer n.
2. aSb if and only if a and b have the same remainder when divided by 5.

Prove that 1) a ≡5 b if and only if aSb; and 2) the two equivalence relations determine the same
classes.

Proof: Part 1. The proof of this statement has two parts (see the section on equivalent statements in
Chapter 3).

First part: If a ≡5 b, then aSb. To be more explicit: If a − b = 5n for some integer n, then a and b
have the same remainder when divided by 5. Suppose that a has been divided by 5, producing the
quotient q (integer number) and the remainder r with 0 ≤ r ≤ 4. This means that a = 5q + r. Let’s try to
calculate the remainder obtained when dividing b by 5.

We can solve the equation a− b = 5n for b, and rewrite it as b = a − 5n, with n an integer.
Replacing a with 5q + r yields

b = a −5n= ð5q+ r Þ−5n=5ðq−nÞ+ r :

Let’s now divide b by 5:

b
5
=

5ðq−nÞ+ r
5

= ðq−nÞ+ r
5
:

This means that the quotient of the division is the integer q − n, and the remainder is r. Thus, a and b
have the same remainder when divided by 5.
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Second part: Let’s now prove the converse: If aSb, then a ≡5 b. By hypothesis a and b have the same
remainder when divided by 5; call this common remainder r. Then a = 5t + r and b = 5s + r with t and s
integers, and 0≤ r≤ 4. To prove that a ≡5 b we need to check whether a− b is divisible by 5. Using the
information we have for a and b we obtain

a − b = ð5t + rÞ− ð5s + rÞ=5t −5s =5ðt − sÞ:
The number t − s is an integer because t and s are integers. Thus a ≡5 b.
Part 2. Let a ∈ ℤ. Let [a]5 be the equivalence class of a with respect to ≡5, and [a]s be the equivalence

class of a with respect to S. Are these two classes equal?
By definition [a]5 = {n ∈ ℤ|n ≡5 a} and [a]S = {n ∈ ℤ|nSa}. Let n ∈ [0]5, or equivalently, let a ≡5 n. By part 1

this is equivalent to stating that nSa. In turn, this is equivalent to saying that n ∈ [a]S. Since n ∈ [a]5 if and
only if n ∈ [a]S, the two equivalence classes are identical. ■

It is important to know when two relations produce the same equivalence classes, because it is then
possible to use either one of the two relations, depending on which one is handier in a given setting.

Exercises
17. On the set ℤ consider the relation ≡5. Prove that if a ≡5 b and c ≡5 d, then 1) a + c ≡5 b + d and 2)

ac ≡5 bd.
18. On the set ℤ consider the relation ≡8. Prove that if a ≡8 b and c ≡8 d, then 1) a + c ≡8 b + d and 2)

ac ≡8 bd.
19. On the set ℤ consider the relation ≡m, with m a fixed positive number. Prove that if a ≡m b and c ≡m d,

then 1) a + c ≡m b + d and 2) ac ≡m bd.
20. Let A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Consider the following family of subsets of A:

℘= fB = f0g,C = f1, 2, 3g,D = f4, 5g,E = f6g, F = f7, 8, 9gg:
a. Prove that ℘ is indeed a partition of A.
b. Consider the relation “aRb if and only if there exists a set S in the partition ℘ such that a ∈ S

and b ∈ S.” Write all the pairs of elements that are in relation according to R.
c. Assume that R is an equivalence relation (see Theorem 2). Find all the equivalence classes deter-

mined by R and show that they coincide with the sets listed in ℘.
21. Let A = {0, 1, 2, 3, 4}. Consider the following family of subsets of A:

℘= fB = f0g,C = f1, 2, 3g,D = f3, 4gg:
a. Explain why ℘ is not a partition of A.
b. Consider the relation “aRb if and only if there exists a set S in the partition ℘ such that a ∈ S

and b ∈ S.” Write all the pairs of elements that are in relation according to R.
c. Explain why R is not an equivalence relation.

22. Let A = {0, 1, 2, 3, 4}. Consider the following family of subsets of A:

℘= fB = f0g,C = f1, 2g,D = f4gg:
a. Explain why ℘ is not a partition of A.
b. Consider the relation “aRb if and only if there exists a set S in the partition ℘ such that a ∈ S

and b ∈ S.” Write all the pairs of elements that are in relation according to R.
c. Explain why R is not an equivalence relation.
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23. Prove part 1 of Theorem 2.
24. Let m be a fixed positive number. On the set ℤ consider the following two equivalence relations:

a. a ≡m b, that is, aRb if and only if a − b = mk for some integer k.
b. aSb if and only if a and b have the same remainder when divided by m.
Prove that a.) a ≡m b if and only if aSb; and b.) the two equivalence relations determine the same
classes.

25. On the set ℝ define the following two equivalence relations:
a. aRb if and only if a4 = b4.
b. aSb if and only if |a| = |b|.
Prove that aRb if and only if aSb. Then determine the equivalence classes.

THE BASICS OF GROUPS
As it is possible to see from the other mathematical topics in this book, there are many interesting ideas
that can be built on the deceivingly simple structure of a set. There are operations that can be built
between sets, correspondences and functions between sets, and relations between the elements of a given
set that can generate families of subsets—and then it is possible to define operations between elements of
the same set. Certainly this is not a surprising idea, since everybody is familiar with the four basic opera-
tions between numbers. But often this familiarity is a pragmatic and superficial one as not too many peo-
ple who use these operations in everyday life think about the sophistication of the mathematical structure
behind even common operations.

Let’s think about what happens with the operations we know between numbers. We get a pair of num-
bers, use any of the four basic operations, and (most of the time) obtain a single number as the result.
These operations are binary, because they act on pairs (bi stands for two) of numbers. Here is the more
general definition: Let A be a nonempty set. A binary operation on A is a function from A × A to A that
associates to every pair of elements of A an element of A. Let ∗ be the symbol for the operation. Then

∗:A×A→A

and usually ∗(a, b), the element of A associated to the pair (a, b), is represented by a ∗ b. The operation ∗
is closed on the set A (or the operation ∗ has the closure property). It is extremely important to be sure
that a, b, and ∗(a, b) are all elements of same set A.

EXAMPLE 4.4.1
On the set ℕ (natural numbers) we can define two binary operations: addition and multiplication.
Subtraction and division are not binary operations on ℕ because the results of these operations might not
be natural numbers (they are not closed on ℕ). For example, a = 4 and b = 5 are natural numbers, but
4− 5 and 4 ÷ 5 are not natural numbers.

EXAMPLE 4.4.2
On the set ℤ (integer numbers) we can define three binary operations: addition, multiplication, and
subtraction. Division is not a binary operation on ℤ. Consider a = −4 and b = 5, which are integer
numbers. The number (−4) ÷ 5 is not an integer.

118 CHAPTER 4 Some Mathematical Topics on Which to Practice Proof Techniques



EXAMPLE 4.4.3
On the set ℚ (rational numbers) we can define three binary operations: addition, multiplication, and
subtraction. Division is not a binary operation on ℚ. Consider a = 4 and b = 0, which are rational numbers.
The number 4 ÷ 0 is not a rational number.

EXAMPLE 4.4.4
Consider the set ℚ� =ℚ− f0g= fall rational nonzero numbersg. Multiplication and division are two binary
operations on the set ℚ� because the quotient of two nonzero rational numbers (fractions) is a nonzero
rational number. But addition and subtraction are not binary operations on ℚ� (see Exercise 1).

EXAMPLE 4.4.5
Consider the set U = {1, 2, 3,…..,9, 10}. Consider all possible subsets (parts) of U, ℘ðUÞ: Union and
intersection are binary operations on ℘ðUÞ: This is true because the union of two subsets of U is still a
subset of U, and the intersection of two subsets of U is still a subset of U. (Remember that U and ∅ are
subsets of U.)

EXAMPLE 4.4.6
Consider all 2 × 2 matrices with real coefficients:

M2 = A=
a11 a12
a21 a22

� �
with aij real numbers

� �
:

It is possible to define several binary operations on the set M2. The most used ones are:

1. Addition of matrices. Let A and B be two elements of M2, then

A +B =
a11 a12
a21 a22

� �
+

b11 b12

b21 b22

� �
=

a11 +b11 a12 + b12

a21 +b21 a22 + b22

� �
:

2. Multiplication of matrices. Let A and B be two elements of M2, then

AB =
a11 a12
a21 a22

� �
b11 b12

b21 b22

� �
=

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

� �
:

One might wonder why the multiplication of matrices is defined in such a “complicated” way. There is
a different way to do so (see Exercise 2), but the more complicated operation has more properties (consult
a linear algebra textbook). The two operations defined above are binary operations on M2 because they
combine elements of M2 to generate an element of M2.

EXAMPLE 4.4.7
Consider the set of all real-valued functions:

ℑ= ff :ℝ→ℝjf is a function defined for all real numbersg:
(Continued )
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(Continued )
On the set ℑ we can define the following addition. If f and g are two elements of ℑ, their sum is the

function f + g defined as

ðf + gÞðxÞ= f ðxÞ+ gðxÞ

for all real numbers x. This addition is a binary operation on ℑ because the function f + g is a real-valued
function. It is defined for all real numbers x because f and g are defined for all real numbers x.

EXAMPLE 4.4.8
Sometimes an operation on a set can be described through a table (just like the multiplication table usually
memorized in elementary school). When using the table1, the element on the left will identify the row to use,
the element on the right the column to use (be careful when reading a book, because different books can use
different ways to place elements in a table).

Let A = {a, b, c, d}. On A define the operation ∗ as illustrated by the following table:

� a b c d
aj a d a b
bj d a b c
cj b a c c
dj c a d b

The table offers a compact way to state that

a � a = a, a � b =d, b � a =d, a � d = b, d � a = c, b � c=b, c � b = a, etc:

This operation is a binary operation on A, since pairs of elements of A are combined to generate an
element of A.

EXAMPLE 4.4.9
Consider the set U = {−1, 1}. We can consider the usual multiplication and addition on this set. Here are
the tables of these two operations:

× −1 1
−1j 1 1
1j −1 1

+ −1 1
−1j −2 0
1j 0 2

Multiplication is a binary operation on U, indeed in the table there are only the two elements of U as
results of the multiplication. Addition is not a binary operation on U since it uses elements that do not
belong to U, for example, 2, 0, and −2.

1An operation table is also called a Cayley table, honoring the nineteenth-century British mathematician Arthur Cayley
(1821–1895) whose work generated some of the great ideas in group theory and advanced geometry. Also see the Cayley
theorem at the end of the presentation on group theory.
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Exercises
1. Explain why addition and subtraction are not binary operations on

ℚ� =ℚ− f0g= fall rational nonzero numbersg:
2. On the set M2 = A=

a11 a12
a21 a22

� �
with aij real numbers

� �
, let A and B be two elements of M2, then

define the operation

A � B =
a11 a12
a21 a22

� �
� b11 b12

b21 b22

� �
=

a11b11 a12b12

a21b21 a22b22

� �
:

Is this a binary operation on M2? Explain.
3. On the set ℑ= ff :ℝ→ℝjf is a function defined for all real numbersg define the product operation. If

f and g are two elements of ℑ, their product is the function fg defined as

fgðxÞ= f ðxÞgðxÞ:
Is this a binary operation on ℑ? Explain.
Define the quotient function f

g as

f
g
ðxÞ= f ðxÞ

gðxÞ :

Is this a binary operation on ℑ? Explain.
4. Consider the set U = {0, 1}. We can use normal multiplication and addition on this set. Make the

operation tables for these two operations and use them to decide whether they define binary opera-
tions on U.

5. Consider the set U = {1, 2, 3,…..,9, 10}. Consider all possible subsets (parts) of U, ℘ðUÞ: Does the
difference operation between two sets define a binary operation on ℘ðUÞ? Recall that if A and B are
two subsets of U, the difference set is the set defined as A − B = {x ∈ U | x ∈ A and x ∉ B}.

Some Properties of Binary Operations
Because of their definitions some operations have more properties than others. For example, if we con-
sider all the subsets of a universal set U, we have operations like intersection and union whose results do
not depend on the order in which the sets are considered, that is, they are commutative operations and

A∪B=B∪A A∪B=B∪A

But for an operation like the difference of sets, the order in which the sets are used is crucial, indeed

A−B= fx∈Ujx∈A and x∉Bg and B−A= fx∈Ujx∈B and x∉Ag:

When we multiply or add numbers we do not need to be concerned about the order in which we use
the number and we are not concerned about grouping them to make calculations easier. The properties
that allow us to do so are extremely important and we should not take them for granted.

Let ∗ be a binary operation on the set A. This operation is commutative if for all a, b ∈ A the equality

a∗ b= b∗ a
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holds true. The operation ∗ is associative if for all a, b, c ∈ A the equality

a∗ ðb∗ cÞ= ða � bÞ∗ c
holds true.

Note that the definitions do not specify that the elements have to be different, thus, any check of
these properties for a given operation has to include all possible cases, including the case of repeated
elements.

EXAMPLE 4.4.10
Let A = {r, x, y, z}. Suppose that a binary operation + is defined on A by an operation table and suppose
that one wants to check that this operation is commutative and associative. What is the largest number of
equalities that one would have to check?

Solution/Proof: To check whether the commutative property holds true, we need to check the equality
□ +○ = ○ +□ where □ and ○ represent arbitrary elements of A. We have to choose the element in the
□ position and the element in the ○ for the left-hand side. There are no choices to be made for the
elements on the right-hand side of the equality since they are the same elements chosen for the left-
hand side in reverse order. Therefore, we have 4 choices for the element in the □ position and 4
choices for the element in the ○ position, for a total of 4 × 4 = 16 possible cases.

One could argue that to check the cases in which the two elements are equal is redundant since the
equalities in these cases are trivially true because they are identities, that is, r + r = r + r, x + x = x + x, etc.
If we take this into consideration, then we have 4 choices for the element in the □ position and 3 choices
for the element in the ○ position, for a total of 4 × 3 = 12 possible cases. Both answers are acceptable.

To check whether the associative property holds true, we need to check the equality
□+ ð○+△Þ= ð□+○Þ+△ where □, ○, and △ represent arbitrary elements of A. We have to choose
the elements in the □, ○, and △ positions for the left-hand side. There are no choices to be made for
the elements on the right-hand side of the equality since they are the same elements, only grouped in a
different order. Therefore, we have 4 choices for the element in the □ position, 4 choices for the element
in the ○ position, and 4 for the △ position for a total of 4 × 4 × 4 = 64 possible cases.

In this case, one could also try to use the minimalist approach and argue that to check the cases in which
the three elements are equal is redundant since the equalities in these cases are trivially true because they
are identities, that is, r + (r + r) = (r + r) + r, x + (x + x) = (x + x) + x, and so on. If we take this into
consideration, then we can omit 4 equalities, and we need to check 60 possible cases. But this way of
reasoning is incorrect, unless we already know that the operation is commutative. Indeed, assume that
r + r = x. Then the left-hand side becomes r + (r + r) = r + x, while the right-hand side can be rewritten
as (r + r) + r = x + r. If + is not a commutative operation, it is possible that r + x ≠ x + r. So, for the
associative property to be true, we need to check 64 possible cases (or 60 if we know that the
operation is commutative). ■

EXAMPLE 4.4.11
Let A = {a, b, c, d}. Suppose that a binary operation ∗ is defined on A by the following operation table (see
Example 4.4.8). Check whether ∗ is commutative and associative.

� a b c d
aj a d a b
bj d a b c
cj b a c c
dj c a d b
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Proof/solution: Given the results from Example 4.4.10, we might need to check up to 12 + 64 = 76
equalities to prove that the operation ∗ is commutative and associative. On the other hand, to show that
the operation does not have one (or both) property, we only need to find a counterexample, that is, a case
in which the property fails.

Let’s start with the commutative property. It might make sense to check equalities in a systematic way. For
example, we could start by checking what happens when we use a as the first element (so, we are reading the
results on the row that starts with the element a). Using the table for ∗ yields the following results:

a∗ b =d a∗ c= a a∗ d =b:

Now we can consider all the cases in which b is the first element, and we obtain

b ∗ a = d b ∗ c= b b ∗ d = c:

The first result we obtain is that a ∗ b = d = b ∗ a. Let c be the first element. Then

c∗ a =b c∗ b = a c∗d = c:

Thus, we can observe that a ∗ c = a and c ∗ a = b; i.e., a ∗ c ≠ c ∗ a. The operation is not commutative.
Let’s now check the associative property. Given the failure of the commutative property, we could try to

find a case in which the associative property also fails (this method might not always work) instead of
writing all possible equalities (this method always works). We know that a ∗ c ≠ c ∗ a. What if we check
operations with three elements that involve this information, that is, check equalities that involve a and c.
Let’s start by checking whether

a ∗ ða ∗ cÞ= ða ∗ aÞ ∗ c:
Using the table for ∗ we have

a ∗ ða ∗ cÞ= a ∗ a = a

and

ða ∗ aÞ ∗ c= a ∗ c= a:

So, the equality holds true in this case. Let’s check if a ∗ (c ∗ c) = (a ∗ c) ∗ c:

a∗ ð c∗ cÞ= a ∗ c= a

and

ða ∗ cÞ∗ c= a ∗ c= a:

This equality also holds true. How about the truth of c ∗ (a ∗ c) = (c ∗ a) ∗ c? Let’s see:

c ∗ ða ∗ cÞ= c∗ a =b

and

ðc∗ aÞ ∗ c=b ∗ c=b:

Another true equality. Trial and error is not a very glamorous process, but sometimes it is the only
possible one. A few more attempts involving other elements take us to consider whether

c∗ ðb ∗ bÞ= ðc∗ bÞ∗ b:
Working on the left-hand side yields c ∗ (b ∗ b) = c ∗ a = b. The right-hand side can be simplified to (c ∗ b) ∗

b = a ∗ b = d. Thus, c ∗ (b ∗ b) ≠ (c ∗ b) ∗ b, and we can finally conclude that the operation is not associative. ■
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As a general observation, when a set A is finite, and a binary operation (call it +) on that set is
expressed by a table, as in the previous example, it is easy to decide whether the operation is commuta-
tive. The operation is commutative if and only if the table is symmetric with respect to the diagonal that
crosses it from the top left corner to the bottom right corner (in matrix theory this is known as the main
diagonal of a matrix).

This holds true because □+○=○+□ where □ and ○ represent arbitrary elements of A. The element
of the row corresponding to □ and the column corresponding to ○ is in mirror position with respect to the
main diagonal to the element corresponding to the row for ○ and the column for □. So, when an operation
is defined using a table, we can use a visual check for the commutative property. Let A = {a, b, c, d}. The
elements in boxes are those on the main diagonal.

Table for a Noncommutative Binary Operation on A

� a b c d

aj a d a b

bj d a b c

cj b a c c

dj c a d b

The element in the first row, third column, is not equal to the element in the third row, first column
(underlined elements).

Table for a Commutative Binary Operation on A

+ a b c d

aj c a d b

bj a b c d

cj d c b a

dj b d a c

If we were to fold this table in half along its main diagonal, we would see that the elements symmetri-
cally placed with respect to the diagonal are identical. This makes the + operation commutative. If the set
we are using is very large or infinite, it is not convenient to use an operation table. In this case, the prop-
erties of the operation need to be proved in a general and more abstract way.

EXAMPLE 4.4.12
Consider the set of all real-valued functions:

ℑ= ff :ℝ→ℝ j f is a function defined for all real numbersg:
On the set ℑ we can define the following addition. If f and g are two elements of ℑ, their sum is the

function f + g defined as

ðf + gÞðxÞ= f ðxÞ+ gðxÞ
for all real numbers x. Prove that this operation is commutative and associative.

Proof: The set ℑ has infinitely many elements, so it is impossible to construct an operation table. The
proofs will have to be constructed in a theoretical way.
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Is the operation commutative? This is equivalent to asking whether for all functions f and g that are
elements of ℑ, the two functions f + g and g + f are equal. Two functions are equal if given the same input
they produce the same output. Thus, one needs to prove that for all real numbers x

ðf + gÞðxÞ= ðg + f ÞðxÞ:
To prove that this equality holds true for all real numbers x, we need to use the definition of sum of

functions. Therefore,

ðf + gÞðxÞ= f ðxÞ+ gðxÞ
and

ðg + f ÞðxÞ= gðxÞ+ f ðxÞ:
The functions are real valued, so f (x) and g (x) are real numbers for all real numbers x. Since addition

of numbers is commutative, f (x) + g (x) = g (x) + f (x). Therefore,

ðf + gÞðxÞ= f ðxÞ+ gðxÞ= gðxÞ+ f ðxÞ= ðg + f ÞðxÞ:
So we can conclude that the two functions f + g and g + f are equal and therefore addition of functions

is a commutative operation.
We will now prove that addition of functions is an associative operation. This means that the conclusion

we want to prove is that f + (g + h) = (f + g) + h for all f , g , h∈ℑ. Again, since we are dealing with two
functions, namely, f + (g + h) and (f + g) + h, we need to prove that for all real numbers x

½f + ðg +hÞ�ðxÞ= ½ðf + gÞ+ h�ðxÞ:
By definition of addition of functions

½f + ðg + hÞ�ðxÞ= f ðxÞ+ ðg +hÞðxÞ= f ðxÞ+ ½gðxÞ+hðxÞ�
and

½ðf + gÞ+h�ðxÞ= ðf + gÞðxÞ+hðxÞ= ½f ðxÞ+ gðxÞ�+hðxÞ:

The functions are real valued, so f (x), g (x), and h(x) are real numbers for all real numbers x. Since addition
of numbers is associative, the way in which the numbers are grouped is not relevant. So for all real numbers x

f ðxÞ+ ½gðxÞ+hðxÞ�= ½f ðxÞ+ gðxÞ�+hðxÞ:

This means that for all real numbers x

½f + ðg +hÞ�ðxÞ= ½ðf + gÞ+ h�ðxÞ:

So f + (g + h) = (f + g) + h for all f , g , h∈ℑ, and addition of functions is an associative operation. ■

EXAMPLE 4.4.13
Consider all 2 × 2 matrices with real coefficients:

M2 = A=
a11 a12
a21 a22

� �
with 0ij real numbers

� �
:

(Continued )
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Let A and B be any two elements of M2, define their sum as

A +B =
a11 a12
a21 a22

� �
+

b11 b12

b21 b22

� �
=

a11 +b11 a12 +b12

a21 +b21 a22 +b22

� �
:

Prove that this operation is associative.

Proof: Let A, B, and C be any elements of M2. Is (A +B) + C = A + (B + C)?

Let A=
a11 a22
a21 a12

� �
, B =

b11 b12

b21 b22

� �
, and C =

c11 c12
c21 c22

� �
: Then

ðA +BÞ+C =
a11 + b11 a12 +b12

a21 + b21 a22 +b22

� �
+

c11 c12
c21 c22

� �
=

ða11 + b11Þ+ c11 ða12 + b12Þ+ c12
ða21 + b21Þ+ c21 ða22 + b22Þ+ c22

� �
:

and

A + ðB +CÞ= a11 a12
a21 a22

� �
+

b11 + c11 b12 + c12
b21 + c21 b22 + c22

� �
=

a11 + ðb11 + c11Þ a12 + ðb12 + c12Þ
a21 + ðb21 + c21Þ a22 + ðb22 + c22Þ

� �
:

All the numbers used to build the matrices are real numbers, therefore, using the fact that addition of
numbers is an associative operation, we know that

ða11 + b11Þ+ c11 = a11 + ðb11 + c11Þ
ða12 + b12Þ+ c12 = a12 + ðb12 + c12Þ
ða21 + b21Þ+ c21 = a21 + ðb21 + c21Þ
ða22 +b22Þ+ c22 = a22 + ðb22 + c22Þ:

Therefore, all the entries of the two matrices (A +B) + C and A + (B + C) that are in the same positions
are identical. This makes the two matrices equal and it proves that addition of matrices is an associative
operation. ■

EXAMPLE 4.4.14
Consider the set ℝ of all real numbers with subtraction. Prove that subtraction on ℝ is neither a
commutative nor an associative operation.

Proof: To show that the two properties fail we need to find two counterexamples. Let a = π and b = 1.
Then a − b = π − 1 and b − a = 1− π. These two numbers are not equal (the first is larger than 2, the

second is smaller than −2). Therefore subtraction is not a commutative operation.
Let’s now find a counterexample for the associative property. Let a = π, b = 0, and c = 1. Does the

equality a − (b − c) = (a − b) − c hold true? Let’s input our choices:

a − ðb − cÞ= π − ð0−1Þ= π − ð−1Þ= π +1

ða − bÞ− c= ðπ −0Þ−1= π −1:

Thus, a − (b − c) ≠ (a − b) − c. ■
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EXAMPLE 4.4.15
Consider the set of all real-valued functions:

ℑ= ff :ℝ→ℝjf is a function defined for all real numbersg:

On the set ℑ consider composition of functions. If f and g are two elements of ℑ, their composition is
the function f ∘ g defined as ðf ∘ gÞðxÞ= f ðgðxÞÞ for all real numbers x. Prove that this operation is not
commutative but it is associative.

Proof: To prove that the commutative property fails we need to find two functions f and g such that
f ∘ g ≠ g ∘ f : When looking for counterexamples, we should try to look for simple ones at first. What about
f (x) = x2 and g (x) = 3x ? Using these formulas we obtain

ðf ∘ gÞðxÞ= f ðgðxÞÞ= f ð3xÞ= ð3xÞ2 =9x2

ðg ∘ f ÞðxÞ= gðf ðxÞÞ= gðx2Þ=3x2:

Thus, f ∘ g ≠ g ∘ f , which proves that the operation is noncommutative. To check if the associative property
holds true we need to prove that given the functions f, g, and h elements of ℑ, the equality f ∘ ðg ∘ hÞ= ðf ∘ gÞ ∘h
holds true.

This is a relation between two functions, f ∘ ðg ∘ hÞ and ðf ∘ gÞ ∘ h. To prove that they are equal we need
to show that they have the same output for every real number x. Therefore, we need to prove that
½f ∘ ðg ∘hÞ�ðxÞ= ½ðf ∘ gÞ ∘ h�ðxÞ: Let’s rewrite both sides of the equality using the definition of composition:

½f ∘ ðg ∘hÞ�ðxÞ= f ððg ∘ hÞðxÞÞ= f ðgðhðxÞÞ

½ðf ∘ gÞ ∘ h�ðxÞ= ðf ∘ gÞðhðxÞÞ= f ðgðhðxÞÞ:

Since in both cases we obtain f (g (h(x))), in spite of the different intermediate steps, the outputs of the
functions are equal. Therefore, composition is an associative operation. ■

Exercises
6. Let A be a set that has 5 elements. Suppose that a binary operation + is defined on A by an operation

table and suppose that one wants to check whether + is commutative and associative. What is the
largest number of equalities that one would have to check? Explain.

7. Consider the set A = {a, b, c} and on it consider the binary operation defined by the following table
and prove that it is commutative and associative:

. a b c
aj a b c
bj b c a
cj c a b

8. On the set ℑ= ff :ℝ→ℝjf is a function defined for all real numbersg define the product operation. If f
and g are two elements of ℑ, their product is the function fg defined as fg(x) = f (x)g (x). Prove that this
operation is commutative and associative.

9. Prove that the addition of matrices is a commutative operation on M2 (see Example 4.4.13).
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10. Let A and B be two elements of M2, then their product can be defined as

AB =
a11 a12
a21 a22

� �
b11 b12

b21 b22

� �
=

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

� �
:

Is this operation commutative? Explain.
11. Consider the set ℝ� of all nonzero real numbers with division. Prove that division is neither a com-

mutative nor an associative operation on ℝ�.

Special Elements
In addition to the properties already seen, sometimes operations single out elements that have special properties.
We are all familiar with the role of 1 when using multiplication and the role of 0 when using addition. When 1
is multiplied by any number, the product is equal to the number itself. When 0 is added to any number, the sum
is equal to the number itself. But not all operations have elements that act in these special ways.

Let A be a nonempty set and ∗ be a binary operation on A. Let e be an element of A with the following
properties:

e∗ a= a and a∗ e= a

for all a ∈ A. Then, e is called an identity for the operation ∗.
Let A be a nonempty set and ∗ be a binary operation on A, with identity e. Let a be an element of A.

If b is an element of A with the properties

b∗ a= e and a∗ b= e,

then b is called the inverse of a with respect to the operation ∗. Very often the inverse of a is indicated
by the symbol a−1.

We need to have two requirements for the identity and for the inverse element because the operation used
might be noncommutative, and therefore the fact that e ∗ a = a does not automatically imply that a ∗ e = a.
The same holds true for the inverse of an element. Unless we know that ∗ is a commutative operation, the
equality b ∗ a = e offers no information on a ∗ b.

Note that we need to know of the existence of the identity element before being able to define the inverse
of an element. Indeed, if we do not know what element is the identity, we cannot set up the equations “b ∗ a =
identity element” and “a ∗ b = identity element.” While the existence of an identity element is necessary for
determining the existence of the inverse of a given element, it is not sufficient. There are cases in which the
identity element might exist, but there are elements in the set that do not have an inverse element (see some of
the examples that follow). Furthermore, the identity element has to satisfy the two given equations for all the
elements of the set A, while the inverse element depends on the element of A being considered.

EXAMPLE 4.4.16
Consider the set ℝ of all real numbers and subtraction as a binary operation on it. Prove that subtraction
does not have an identity element.

Proof: Let’s assume (by contradiction) that there exists an element e in ℝ such that

a − e = a and e − a = a

for all real numbers a. Then we can add both equalities to get

ða − eÞ+ ðe − aÞ =2a:
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After simplifying the left-hand side we have 0 = 2a. This result does not hold true for all real numbers a.
Therefore, there is no identity for subtraction.

Note that 0 would satisfy one of the requirements for being an identity because a− 0 = a. However, this
is not enough for 0 to be an identity since 0− a = −a ≠ a. Elements with this property are called one-sided
identities (they work as an identity only when used on one side of the element a). ■

EXAMPLE 4.4.17
Consider the set of all real-valued functions

ℑ= ff :ℝ→ℝ j f is a function defined for all real numbersg:
On the set ℑ consider composition of functions. If f and g are two elements of ℑ, their composition is

the function f ∘ g defined as ðf ∘ gÞðxÞ= f ðgðxÞÞ for all real numbers x. Prove that the function e(x) = x is
the identity element for this operation. Then prove that not every function has an inverse function.

Proof: The definition of e(x) states that the output of this function is equal to the input, which means that
the function leaves all inputs unchanged. To prove that e is the identity function for composition we need
to prove that for all functions f in ℑ

e ∘ f = f and f ∘ e = f :

Again, we need to see how these functions act on the real numbers in order to prove that they are
equal. By definition of composition, ðe ∘ f ÞðxÞ= eðf ðxÞÞ: The function e does not change its input.
Therefore, e(f (x)) = f (x). This means that for all real numbers x

ðe ∘ f ÞðxÞ= eðf ðxÞÞ= f ðxÞ,
and therefore, e ∘ f = f .

Similarly, ðf ∘ eÞðxÞ= f ðeðxÞÞ= f ðxÞ for all real numbers x. Thus, f ∘ e = f . The function e(x) = x is called
the identity function. We need to prove that there exists a function f for which there exists no function
g in ℑ such that

f ∘ g = e and g ∘ f = e:

Consider the function f (x) = x2. Then the function g has to satisfy the requirements

f ðgðxÞÞ= eðxÞ= x and gðf ðxÞÞ= eðxÞ= x

for all real numbers x. Therefore, (g (x))2 = x for all real numbers x. This equation cannot possibly hold for
negative values of x, independently of the choice of the function g. Thus, the function f (x) = x2 has no
inverse function with respect to composition. (For more material on composition of functions and inverse
functions, see the section on functions. Note that f (x) = x2 is neither one-to-one nor onto.) ■

EXAMPLE 4.4.18
Consider the set A = {a, b, c} and on it consider the binary operation defined by the following table:

+ a b c
aj a b c
bj b c a
cj c a b

(Continued )
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Show that this operation has an identity element, and that every element has an inverse.

Proof: Using the information from the operation table yields

a + a = a a+ b = b b + a = b

a+ c= c c+ a = c:

Therefore, a is the identity element for this operation. Thus, to find the inverse of an element in the ○
position we need to find the element in the □ position such that □ + ○ = ○ + □ = a. Again, using the
table allows us to see that

1. a + a = a + a = a
So a is its own inverse. We can write this as a−1 = a.

2. b + c = c + b = a
So the inverse of b is c. We can write this as b−1 = c.

3. b + c = c + b = a
So the inverse of c is b. We can write this as c−1 = b.

This information can be organized in a table:

element inverse
a a
b c
c b

■

EXAMPLE 4.4.19
Consider the set A = {a, b, c} and on it consider the binary operation defined by the following table:

+ a b c
aj a b c
bj b b c
cj c a b

Show that this operation has an identity element, but not every element has an inverse.

Proof: Using the information from the operation table, we have

a + a = a a+ b = b b + a = b

a+ c= c c+ a = c:

Therefore, a is the identity element for this operation.
Thus, to find the inverse of an element in the ○ position we need to find the element in the □ position

such that □ + ○ = ○ + □ = a. The element a is its own inverse since a + a = a. The element b has no
inverse because there is no element such that

b + ðelementÞ = a:

The fact that c + b = a is not enough to make c the inverse of b, because b + c ≠ a. A similar argument
shows that c has no inverse element either. ■

130 CHAPTER 4 Some Mathematical Topics on Which to Practice Proof Techniques



Exercises
12. Consider the set ℝ� of all real nonzero numbers and division as a binary operation on it. Prove that

division does not have an identity element.
13. Consider the set of all real-valued functions

ℑ= f :ℝ→ℝ j f is a function defined for all real numbersg:

On the set ℑ consider multiplication of functions. If f and g are two elements of ℑ, their product
is the function fg defined as (fg)(x) = f (x)g (x) for all real numbers x. Prove that the function e(x) = 1
is the identity element for this operation. Then prove that not every function has an inverse
function

14. Consider the set A = {a, b, c} and on it consider the binary operation defined by the following
table:

+ a b c
aj c a b
bj a b c
cj b c b

Show that this operation has an identity element, and that every element has an inverse.
15. Consider the set A = {a, b, c, d} and on it consider the binary operation defined by the following

table:

+ a b c d
aj c d b a
bj d c a b
cj b a d c
d j a b c d

Show that this operation has an identity element, and that every element has an inverse.

When the Properties Fit Together…
An operation can have some (or all) of the properties we have seen, which combine to generate some
interesting and important algebraic structures. We utilize some of these structures every day when we use
real numbers and their operations, without any concern for their mathematical complexity.

Let G be a nonempty set and ∗ be a binary operation on G. The pair (G, ∗) is called a group if three
properties hold true.

1. The operation ∗ is associative, that is, a ∗ (b ∗ c) = (a ∗ b) ∗ c for all a, b, and c elements of G.
2. There is an element of G, call it e, that is an identity element for ∗. So for all a ∈ G

e � a= a � e= a:

3. For every a ∈ G there exists an element of G, call it a−1, such that

a � a−1 = a−1 � a = e:
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If the operation ∗ is also commutative, the group (G, ∗) is said to be commutative or abelian.2

If a pair satisfies only the first two properties, it is called a monoid.
Just some observations: 1) the operation ∗ is required to be a binary operation on G, so it must have

the closure property (some textbooks list this as another explicit requirement); 2) the operation ∗ is not
required to be commutative for the pair (G, ∗) to be a group; and 3) the set G must have at least one ele-
ment, namely the identity element, for the pair (G, ∗) to be a group (this is the reason for excluding the
empty set in the definition of a group). As mentioned when discussing the associative property, if the
operation ∗ is defined by a table, checking that the operation is associative can be quite labor intensive,
depending on the size of the set G.

EXAMPLE 4.4.20
Consider the set G = {−1, 1} and the usual multiplication on this set. Here is the table for this
operation:

× −1 1
−1j 1 −1
1j −1 1

Prove that the pair (G, ×) is a group.

Proof: The operation is a binary operation on G (no extraneous elements appear in the table) as it
uses only elements of G. We can use the fact that the operation is associative because multiplication
is known to be associative. On the other hand, if we want a self-contained proof, we can check
eight equalities of the form ○× ð□×△Þ= ð○×□Þ×△ where each one of the geometric symbols can
be replaced by one of the two elements of G. The element 1 is the identity since 1 × 1 = 1 and
(−1) × 1 = 1 × (−1) = −1. Every element has an inverse: 1−1 = 1 and (−1)−1 = −1. As an extra feature,
we can see that the operation is commutative (symmetric operation table). So, (G, ×) is an abelian
group. ■

EXAMPLE 4.4.21
Consider the set of the natural numbers ℕ with the usual addition, +. Is (ℕ, +) a group?

Solution/Proof: The operation has indeed the closure property and it is associative. However, there is no
identity element for it in the set ℕ (keep in mind that 0 is not a natural number). Even if we accepted 0
as a natural number (as some mathematicians do), none of the elements of ℕ would have an inverse that
is still an element of ℕ. ■

2This name has been given to remember Niels Henrik Abel (1802–1829) from Norway. Abel is considered one of the great
mathematicians (in spite of his short career), and one of the results of his work in group theory is the proof of the fact that
polynomial equations of degree five (or higher) cannot be solved using basic algebraic operations and radical expressions. As an
example, to solve a polynomial equation of degree two we can use the well-known quadratic equation. There are similar, though
less well-known, formulas that involve radicals and the four basic operations to solve polynomial equations of degree three and
four. For a long time it was conjectured that this would be the case for equations of degree five also. Often it is quite hard to
prove the nonexistence of something (mathematical or otherwise).
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EXAMPLE 4.4.22
Consider the set of the positive rational numbers ℚ+ with the usual multiplication, ×. Is ðℚ+ , × Þ a group?

Solution/Proof: The operation has indeed the closure property. The product of two positive rational
numbers is a positive rational number. Let’s prove this claim: let p and q be two elements of ℚ+ . Then
p = n/m and q = a/b with m, n, a, and b positive integers (to be more precise, if n is negative, then m has
to be negative; thus, we can use their absolute values and simplify the negative signs). Therefore,

pq= n
m

× a
b
= na

mb
:

The numbers na and mb are positive integers. So pq is a positive rational number. The operation is
known to be associative. The number 1 is the identity for ×, and 1 is a positive rational number. Let’s
check if every element of ℚ+ has an inverse that is an element of ℚ+ . Let p = n/m be an element of
ℚ+ , with m and n positive integers. Its inverse with respect to × is the number p−1 = m/n. This is also
an element of ℚ+ because it is a positive rational number. ■

EXAMPLE 4.4.23
Consider the set A = {a, b, c} and on it consider the binary operation defined by the following table:

+ a b c
aj a b c
bj b c a
cj c a b

Prove that (A, +) is a group.

Proof: In Example 4.4.18 we checked that this is really a binary operation on A, that the element a is the
identity element, and that every element of A has an inverse that is an element of A.

element inverse
a a
b c
c b

The only requirement left to check is that + is an associative operation. We need to check equalities of the
form ○+ ð□+△Þ= ð○+□Þ+△ where each one of the geometric symbols can be replaced by one of the
three elements of A. So, if we choose a to be the element in the ○ position, using the table for + we have

a+ ða + aÞ= a = ða + aÞ+ a a + ða + bÞ=b = ða + aÞ+b

a + ða + cÞ= c= ða + aÞ+ c a + ðb + aÞ= b = ða +bÞ+ a

a + ðb +bÞ= c= ða +bÞ+b a + ðb + cÞ= a = ða +bÞ+ c

a + ðc+ aÞ= c= ða + cÞ+ a a + ðc+ bÞ= a= ða + cÞ+ b

a + ðc+ cÞ= b = ða + cÞ+ c:

(Continued )
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Similar checks need to be performed with b and c replacing a in the ○ position for a total of 27

equalities. Thus, (A, +) is a group. The operation is also commutative (symmetric operation table), so
(A, +) is an abelian group. ■

EXAMPLE 4.4.24
Consider the set of all real-valued functions

ℑ= ff :ℝ→ℝjf is a function defined for all real numbersg:
On the set ℑ define the following addition. If f and g are two elements of ℑ, their sum is the function

f + g defined as

ðf + gÞðxÞ= f ðxÞ+ gðxÞ
for all real numbers x. Prove that (ℑ, +) is a group.

Proof: See Example 4.4.12 for the proofs of the facts that + is an associative and commutative binary
operation on ℑ. The identity element is the function e(x) such that (f + e)(x) = (e + f)(x) = f (x) for all real
numbers x. So, by definition of addition of functions this means that

ðf + eÞðxÞ= f ðxÞ+ eðxÞ= f ðxÞ:

Therefore, e(x) = 0 for all real numbers x. Clearly this function is an element of ℑ.
Now, given a function f in ℑ we need to find an element of ℑ, call if f −1, such that

ðf + f −1ÞðxÞ= ðf −1 + f ÞðxÞ= eðxÞ=0:

This equality can be rewritten as

f ðxÞ+ f −1ðxÞ= f −1ðxÞ+ f ðxÞ=0:

Therefore, f −1(x) = −f (x). This function is defined for all real numbers x, and therefore it is an element
of ℑ. All these properties allow us to conclude that (ℑ, +) is an abelian group. ■

Groups have a lot of properties that follow directly from the definition. We will prove some of them
and see how we benefit from them even when we use arithmetic in our lives.

Theorem: Let (G, ∗) be a group. The following properties hold true:

1. The identity element is unique.
2. Given an element a of G, its inverse, a−1 is unique.
3. Let a and b be elements of G. The inverse of the element a ∗ b is the element b−1 ∗ a−1. This

statement can be written as (a ∗ b)−1 = b−1 ∗ a−1. Let a, b, and c be elements of G. If a ∗ b = a ∗ c,
then b = c. (This is known as the Left Cancellation Law.)

4. Let a, b, and c be elements of G. If b ∗ a = c ∗ a, then b = c. (This is known as the Right Cancellation Law.)
5. Let a and c be elements of G. The solution for the equation x ∗ a = c exists in G and it is unique.
6. Let a and c be elements of G. The solution for the equation a ∗ x = c exists in G and it is unique.
7. The inverse of the identity element is the identity element itself, that is, e−1 = e.
8. The inverse of the inverse of an element is the original element, that is, (a−1)−1 = a.
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Proof:

1. The identity element exists because (G, ∗) is a group. Therefore we only need to establish that this
element is unique. By contradiction, assume that the group (G, ∗) has (at least) two identity elements,
e1 and e2. What is the relation between them?
The fact that e1 is an identity element means that for all a ∈ G

ð1Þ e1∗ a= a ð2Þ a∗ e1 = a:

The fact that e2 is an identity element means that for all a ∈ G

ð3Þ e2∗ a= a ð4Þ a∗ e2 = a:

Since equalities 1 and 2 hold true for all a ∈ G, they are true when a = e2. So

ð1′Þ e1∗ e2 = e2 ð2′Þ e2∗ e1 = e2:

Equalities 3 and 4 hold true for all a ∈ G, so they are true when a = e1. Therefore,

ð3′Þ e2∗ e1 = e1 ð4′Þ e1∗ e2 = e1:

If we compare 2′ and 3′ we can conclude that

e2 = e2∗ e1 = e1:

So e1 = e2, which proves that the identity element is unique.
2. Let a be an element of G. By the definition of group, its inverse element exists in G. By

contradiction, assume that a has (at least) two inverse elements, namely a−1
1 and a−1

2 . Then, by
definition of inverse element,

ð1Þ a−11 ∗ a= e ð2Þ a∗ a−11 = e,

ð3Þ a−12 ∗ a= e ð4Þ a∗ a−12 = e:

Using these four pieces of information, we need to build some equality that proves that the two ele-
ments a−1

1 and a−1
2 are indeed equal, that is, the same. One might need to work with several possible

combinations before finding a useful one. If we use 1 and 3 we can construct the statement

a−11 ∗ a= e= a−12 ∗ a:

Therefore,

a−11 ∗ a= a−12 ∗ a:

Let’s keep in mind that we want to find a relation between a−11 and a−12 . So, we would like to
“remove” the element a. One way to achieve this goal is to use its inverse element. The element a
has two inverse elements, so we can choose either one of them, let’s say a−12 . Since we don’t know
whether ∗ is a commutative operation, we need to be careful to place the element a−12 next to the
element a. Thus, from a−11 ∗ a= a−12 ∗ a we have

ða−11 ∗ aÞ∗ a−12 = ða−12 ∗ aÞ∗ a−12 :
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The operation ∗ is associative. So we can group the elements in a different order to obtain

a−11 ∗ ða∗ a−12 Þ= a−12 ∗ ða∗ a−12 Þ:
We can use equality 4 to rewrite this last equality as

a−11 ∗ e= a−12 ∗ e:

Therefore, a−11 = a−12 . This proves that a has only one inverse element.

3. Let a and b be elements of G. The operation we are using is a binary operation on G, so a ∗ b is an
element of G. Therefore, a ∗ b has a unique inverse (see part b above). Call it x. The inverse of the
element a ∗ b is the element such that

ða∗ bÞ∗ x= x∗ ða∗ bÞ= e:

Let’s use one of these equations to find the element x, and the other equation to check that the ele-
ment we found does indeed work. Start from

ða∗ bÞ∗ x= e:

We want to “solve” for x. So we need to “remove” the elements a and b. As observed in the proof of
part b, we can use the inverses of elements to “remove” them. We don’t know if the operation ∗ is
commutative, so we need to be careful with the placement of elements. So, if we use the associative
property first, we can rewrite the equation (a ∗ b) ∗ x = e as

a∗ ðb∗ xÞ= e:

Then let’s use the inverse of a, namely a−1 to obtain

a−1 ∗ ½a∗ ðb∗ xÞ�= a−1∗ e:

Using the associative property of ∗ and the properties of the identity, we have

ða−1∗ aÞ∗ ðb∗ xÞ= a−1:

By definition of the inverse of an element, the equality can be rewritten as

e∗ ðb∗ xÞ= a−1:

So, by the properties of the identity element,

b∗ x= a−1:

We can now repeat the process above to finish solving for x. Let b−1 be the inverse of the element b.
Again, we need to be careful and place b−1 near b, so that the result of the operation between them is
the identity element. Thus we have the equality

b−1∗ ðb∗ xÞ= b−1∗ a−1,

which by the associative property can be written as

ðb−1∗ bÞ∗ x= b−1∗ a−1

or

x= b−1∗ a−1:

We used the equation (a ∗ b) ∗ x = e to find the element x. We will now use the equation x ∗ (a ∗ b) = e
to make sure that the element x = b−1 ∗ a−1 has indeed all the properties to be the inverse of a ∗ b.
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Check:

x ∗ ða∗ bÞ = ðb−1∗ a−1Þ∗ ða∗ bÞ
= b−1∗ ða−1∗ aÞ∗ b
= b−1∗ ðeÞ∗ b
= b−1∗ b= e:

Thus, (a ∗ b)−1 = b−1 ∗ a−1. (Note: If the operation ∗ is commutative, the order in which the elements
are used is irrelevant. Thus, (a ∗ b)−1 = b−1 ∗ a−1 = a−1 ∗ b−1.)

4. Let a, b, and c be elements of G such that a ∗ b = a ∗ c. The element a has a unique inverse, the
element a−1, which is still an element of G. Then, if we use the inverse element in combination with
the previous equation and the associative property, we obtain

a−1∗ ða∗ bÞ= a−1∗ ða∗ cÞ
or

ða−1∗ aÞ∗ b= ða−1∗ aÞ∗ c:
Since (a−1 ∗ a) = e, we can conclude that e ∗ b = e ∗ c and thus b = c.

5. See Exercise 21 at the end of the section.
6. To prove that the solution for the equation x ∗ a = c exists in G and it is unique, we will find it. We

want to solve for x, which implies that we want to “remove” the element a. We know that the inverse
of a exists and it is unique in G. Call it a−1. Then the equation becomes

ðx � aÞ∗ a−1 = c∗ a−1

or
x∗ ða∗ a−1Þ= c∗ a−1:

Thus, x = c ∗ a−1 is a solution of the given equation.
To prove that the solution is unique, assume by contradiction that the equation has at least two solutions,
x1 and x2. Then x1 ∗ a = c and x2 ∗ a = c. This implies that x1 ∗ a = x2 ∗ a. By the Right Cancellation Law
it follows that x1 = x2. Thus, the solution is unique.

7. See Exercise 22 at the end of the section.
8. See Exercise 23 at the end of the section.
9. Let’s start by observing that a−1 is an element of G, and therefore it has an inverse. By definition of

inverse, the inverse of the element a−1 is the element x such that a−1 ∗ x = x ∗ a−1 = e. We know that
a−1 is the inverse of a. Therefore, a−1 ∗ a = a ∗ a−1 = e. The equations a−1 ∗ x = e and x ∗ a−1 = e have a
unique solution, and a is a solution. So a = x. This means that a is the inverse of a−1. ■

The practical interpretation of statements f and g of the theorem can help us spot operation tables that
do not correspond to groups. For example, consider the set A = {a, b, c} and on it consider the binary
operation defined by the following table:

+ a b c
aj a b c
bj b b c
cj c a b

We can see that the column that corresponds to b has a repeated element in it. This means that a ∗ b = b and
b ∗ b = b. However, the equation x ∗ b = b must have only one solution, and in this case we have two solutions,
a and b. So, an operation table that has a repeated element in a row or column is not the operation table of a
group. It is not true that an operation table without repetitions is always the operation table of a group.
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We don’t think very often about the fact that the pairs ðℝ, + Þ and ðℝ�, × Þ (where ℝ� is the set of
nonzero real numbers) are commutative groups, but we find it to be very useful indeed. For example, the
group structure guarantees the existence of the identity elements and the inverses. It gives us the cancella-
tion laws (which we call simplifying…), and the ability to solve equations.

For example, it would be impossible to solve the equation 2x = 3 if 2 did not have an inverse. If 2 had
more than one inverse, the first degree equation would have more than one solution. The Fundamental
Theorem of Algebra would not hold true anymore. From an even more practical point of view, if addition
was not an associative and commutative operation, the balance of a bank account would depend on the
order in which the transaction were considered.

Exercises
16. Consider the set of the natural numbers ℕ with the usual multiplication, ×. Is (ℕ,×) a group? Explain.
17. Consider the set of the nonzero rational numbers ℚ� with the usual multiplication, ×. Is ðℚ�, × Þ a

group? Explain.
18. Consider the set of all the polynomials with integer coefficients, call it ℘.

℘= fp:ℝ → ℝ j pðxÞ= anxn + an−1xn−1 +…+ a1x + a0 with aj ∈ ℤ for some n≥0g

On the set ℘ consider the usual addition of functions, that is, if p and q are elements of ℘, their
sum is defined as (p + q)(x) = p(x) + q(x). Prove that ð℘, + Þ is a group.

19. On the set of all the polynomials with integer coefficients, ℘, described in Exercise 18, consider the
usual composition of functions, that is, if p and q are elements of ℘, their composition is defined as
ðp ∘ qÞðxÞ=pðqðxÞÞ: The pair ð℘, ∘ Þ is not a group. Which property is not satisfied? Is this pair a
monoid? Explain.

20. Let (G, ∗) be a group. Let a1, a2,…, an be elements of G. Then the inverse of the element a1 � a2 �… �
an−1 � an is the element a −1

n � a −1
n−1 �… � a −1

2 � a−1
1 for all n ≥ 2. This can also be written as

ða1 � a2 �… � an−1 � anÞ−1 = a −1
n � a −1

n−1 �… � a−1
2 � a −1

1 (use mathematical induction).
21. Prove the Right Cancellation Law (part 5 of the theorem in this section).
22. Prove part 7 of the theorem.
23. Prove part 8 of the theorem.
24. Consider the set A = {a, b, c} and on it consider the binary operation defined by the following table:

+ a b c
aj a c b
bj b a c
cj c b a

Is the pair (A, +) a group? Explain.

Sizes and Structures
Group theory is a big part of modern mathematics that has far-reaching consequences. This theory is so
extensive and full of interesting details and facts that it is the subject of many books and undergraduate
and graduate courses. The material presented here provides a brief (and hopefully enjoyable) foray into
this subject. Thus, the interested reader can delve into the existing literature, using all the logic tools
presented in this book.
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One problem that appears immediately is the need to put some order in the large variety of groups.
When are groups really different, and when do they just look different? How important is the commuta-
tive property? Does the size of the set really matter? How does it influence the number of operation(s)
that we can define? All these questions have brought mathematicians to consider the practicality of build-
ing “model” groups to use as terms of comparison and prototypes.

Groups of size one are a good place to start, but they are not very interesting. Indeed, a group must
have the identity element. If the set used has only one element, that element must be the identity. Thus, if
the set is G = {e}, the operation table can only look like

� e

ej e

Thus, (G, ∗) is an abelian group. All groups of size one will have this structure.
Groups of size two are almost as easy to classify. If the set G has two elements, one of them will

have to be the identity, call it e. The identity in a group is unique. So, the other element, call it a, cannot
be the identity. Since e is the identity, e ∗ e = e, and e ∗ a = a ∗ e = a. The operation table cannot have
repetitions in its rows and columns. This forces the operation table to have the following structure:

� e a
ej e a
aj a e

This is the structure of all groups of size two. So, all groups of size two are also abelian. It is easy to
check that e−1 = e (as it has to be true), and also a−1 = a.

Let’s check what happens with three elements. One of the elements is the identity. Call it e. Let the
other two elements be a and b. Then, e ∗ e = e, e ∗ a = a ∗ e = a, and e ∗ b = b ∗ e = b. Placing this infor-
mation in the operation table yields the following:

� e a b
ej e a b
aj a
bj b

For the pair (G, ∗) to be a group it is necessary to avoid repetitions on the rows and columns. If one
tries to use a ∗ a = e, then the only way to avoid repetitions on the second row would be to use a ∗ b = b.
But this generates a repetition on the third column, with two entries equal to b. Therefore, there is no choice
but to set a ∗ a = b. This implies that a ∗ b = e. So, the table is completed in the following way:

� e a b
ej e a b
aj a b e
bj b

The need to keep avoiding repetitions dictates that b ∗ a = e and b ∗ b = a. Thus the operation table
will look like

� e a b
ej e a b
aj a b e
bj b e a
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Note that e−1 = e, a−1 = b, and b−1 = a. So, every element has an inverse element in G. The process
did not leave us any choices, except for the order in which the elements are listed (placement of the
identity as the first element). So all groups of size three have the same structure, and they are all
abelian.

How about groups of size four? Let G = {e, a, b, c}, where e represents the identity element. We can
start completing the operation table as

� e a b c
ej e a b c
aj a
bj b
cj c

At this point there are many more choices on how to assign elements to the empty entries, but not
all of them will be viable. For example, we could try either a ∗ a = e, or a ∗ a = b, or a ∗ a = c. Let’s
try a ∗ a = e:

� e a b c
ej e a b c
aj a e
bj b
cj c

The need to avoid repetitions forces the other two choices on the second row and the second
column:

� e a b c
ej e a b c
aj a e c b
bj b c
cj c b

Now we have two choices for c ∗ c: either c ∗ c = e or c ∗ c = a. Let’s use c ∗ c = e. Then the other
entries are completed as follows to avoid repetitions:

� e a b c
ej e a b c
aj a e c b
bj b c e a
cj c b a e

Table 1

The main characteristic of the operation represented by Table 1 is that every element is its own
inverse (the identity is the only element on the main diagonal). The pair (G, ∗) = G1 is an abelian
group.
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Let’s see what would have happened if we had chosen c ∗ c = a. Let’s use a different symbol for this
operation, as we complete the table to avoid repetitions:

× e a b c
ej e a b c
aj a e c b
bj b c a e
cj c b e a

Table 2

The operation represented by Table 2 is really different from the one represented by Table 1. Indeed, in
this case the identity and one other element (a in this case) are their own inverses, while b−1 = c and c−1 = b,
that is, the other two elements are inverses of each others. The pair (G, ×) = G2 is an abelian group.

To examine the other choices we have, let a ∗ a = b. Again we are going to use a different symbol for
this third operation:

+ e a b c
ej e a b c
aj a b
bj b
cj c

Then, the rest of the second row and the second column must be completed as follows (again to avoid
repetitions):

+ e a b c
ej e a b c
aj a b c e
bj b c
cj c e

It is not possible to choose b ∗ b = a, because we would have a repetition in the fourth column. Then
b ∗ b = e, and the table will be completed as follows:

+ e a b c
ej e a b c
aj a b c e
bj b c e a
cj c e a b

Table 3

In this case the identity and one other element (in this case b) are their own inverses. The other two
elements are inverses of each other. So, except for a rearranging of the elements, this group (G, +) has
the same structure as G2, it not a new group.
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Examining all other possible choices will show that there are only two possible structures for groups of
size four (if we ignore the names and placement of the elements), either G1 or G2. In one case each element
is its own inverse, in the other case the identity and one other element are their own inverse elements, and
the other two elements are inverse elements of each other. Both groups are abelian. It is easy to guess that
proceeding in this way becomes more complicated as the number of elements increases, and it is essentially
impossible when a group has infinite size.

There are two families of sets commonly used as prototypes for other groups, one family has abelian
groups (the modular groups ℤn for n ≥ 2), the other has nonabelian groups (the permutations and
symmetric groups Sn for n ≥ 2). We will look briefly at their definitions, especially because they offer
good examples of nontrivial group structures and they use and combine mathematical material already
presented in this book.

Groups (mod m) and Arithmetic (mod m)
The groups we are going to introduce bring together two ideas that at first might look somewhat unre-
lated: groups and equivalence relations. Let’s recall that on the set of the integers ℤ we can consider the
congruence (mod m) for m ≥ 2. This is the equivalence relation defined as

“a� mb if and only if a− b is a multiple of m:”

The fact that this is an equivalence relation determines equivalence classes on the set ℤ. As seen in the
section on equivalence relations, there will be exactly m distinct equivalence classes, namely [0], [1], [2],…,
[m − 1]. These equivalence classes can be used as the elements of a new set, called ℤm, that is,

ℤm = f½0�, ½1�, ½2�,…, ½m− 1�g:
Thus, ℤ2 = f½0�, ½1�g, ℤ3 = f½0�, ½1�, ½2�g, ℤ4 = f½0�, ½1�, ½2�, ½3�g, ℤ5 = f½0�, ½1�, ½2�, ½3�, ½4�g, and so on.

Even if these sets have elements that are indeed sets, we can define algebraic operations on them as follows.
Let [a] and [b] be elements of ℤm. Then

½a� + m½b�= ½a + b�
and

½a� ×m½b�= ½a × b�:
(When the value of m is fixed and clear from the context, we are not required to write it next to the operation
sign. Sometimes even the brackets are dropped, and to remember that numbers really represent equivalence
classes, special fonts or other symbols can be used. We will keep using brackets.) Let’s see how these opera-
tions work to become familiar with them, before discussing some of the theoretical issues generated by their
definitions.

EXAMPLE 4.4.25
Construct the addition and multiplication tables for the set ℤ2 = f½0�, ½1�g:
Solution: We will begin with the calculation of the entries for the addition table:

½0�+2½0�= ½0+0�= ½0� ½0�+2½1�= ½0+1�= ½1�
½1�+2½0�= ½1+0�= ½1� ½1�+2½1�= ½1+1�= ½2�= ½0�:
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In the last addition we obtained [1] +2 [1] = [1 + 1] = [2]. This might erroneously suggest that the
operation is not closed on ℤ2. However, 2 ≡2 0, and thus [0] = [2]. Therefore, the operation table for
addition on ℤ2 will be:

+ 2 ½0� ½1�
½0�j ½0� ½1�
½1�j ½1� ½0�

(This is exactly the structure already seen for groups of size two.)
Let’s now find the entries for the multiplication table:

½0�×2½0�= ½0×0�= ½0� ½0�×2½1�= ½0×1�= ½0�
½1�×2½0�= ½1×0�= ½0� ½1�×2½1�= ½1×1�= ½1�:

Thus, the table looks as follows:

×2 ½0� ½1�
½0�j ½0� ½0�
½1�j ½0� ½1�

This is not the operation table of a group, as there are repetitions.

EXAMPLE 4.4.26
Construct the addition and multiplication tables for the set ℤ4 = f½0�, ½1�, ½2�, ½3�g:
Solution: We will begin with the calculation of the entries for the addition table:

½0�+4½0�= ½0+0�= ½0� ½0�+4½1�= ½0+1�= ½1� ½0�+4½2�= ½0+2�= ½2�
½0�+4½3�= ½0+3�= ½3� ½1�+4½0�= ½1+0�= ½1� ½2�+4½0�= ½2+0�= ½2�
½3�+4½0�= ½3+0�= ½3� ½1�+4½1�= ½1+1�= ½2� ½1�+4½2�= ½1+2�= ½3�
½1�+4½3�= ½1+3�= ½4�= ½0� ½3�+4½1�= ½3+1�= ½4�= ½0� ½2�+4½1�= ½2+1�= ½3�
½2�+4½2�= ½2+2�= ½4�= ½0� ½3�+4½2�= ½3+2�= ½5�= ½1�
½2�+4½3�= ½2+3�= ½5�= ½1� ½3�+4½3�= ½3+3�= ½6�= ½2�:

Thus, the addition table (mod 4) is as follows:

+4 ½0� ½1� ½2� ½3�
½0�j ½0� ½1� ½2� ½3�
½1�j ½1� ½2� ½3� ½0�
½2�j ½2� ½3� ½0� ½1�
½3�j ½3� ½0� ½1� ½2�

Note that the identity and another element, [2], are their own inverses, while the other two elements
are inverse of each. So this is the same kind of operation seen earlier in Table 2. We can proceed in a
similar way to construct the multiplication table:

(Continued )
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(Continued )

½0�×4½0�= ½0×0�= ½0�
½0�×4½3�= ½0×3�= ½0�
½3�×4½0�= ½3×0�= ½0�
½1�×4½3�= ½1×3�= ½3�
½2�×4½2�= ½2×2�= ½4�= ½0�
½2�×4½3�= ½2×3�= ½6�= ½2�

½0�×4½1�= ½0×1�= ½0�
½1�×4½0�= ½1×0�= ½0�
½1�×4½1�= ½1×1�= ½1�
½3�×4½1�= ½3×1�= ½3�
½3�×4½2�= ½3×2�= ½6�= ½2�
½3�×4½3�= ½3×3�= ½9�= ½1� :

½0�×4½2�= ½0×2�= ½0�
½2�×4½0�= ½2×0�= ½0�
½1�×4½2�= ½1×2�= ½2�
½2�×4½1�= ½2×1�= ½2�

Here is the information in a table format:

×4 ½0� ½1� ½2� ½3�
½0�j ½0� ½0� ½0� ½0�
½1�j ½0� ½1� ½2� ½3�
½2�j ½0� ½2� ½0� ½2�
½3�j ½0� ½3� ½2� ½1�

Let’s go back to the definition of the two operations (mod m), that is,

½a�+m½b�= ½a+ b� and ½a�×m½b�= ½a× b�:

One first concern is that the results of the operations seem to depend on the number we chose as represen-
tatives of the equivalence class, since the operation between the classes is defined using the elements in the
brackets, which are just representatives for all the other elements in the classes. So, we need to check that
when [a] = [b] and [c] = [d], then [a] +m [c] = [b] +m [d] and [a] ×m [c] = [b] ×m [d]. This proves that only the
class in itself is important, no matter if it is represented by one element or the other, a or b, c or d.

EXAMPLE 4.4.27
Consider the set ℤm. If [a] = [b] and [c] = [d], then [a] +m [c] = [b] +m [d] and [a] ×m [c] = [b] ×m [d].

Proof: The hypothesis, [a] = [b] and [c] = [d], can be rewritten as a ≡m b and c ≡m d. Then, as stated in
Exercise 19 of the section on relations (whose solution can be found in the solution section of the book),
under these hypothesis we can conclude that a + c ≡m b + d and ac ≡m bd. We can rewrite these
statements as

1Þ ½a + c�= ½b +d � and 2Þ ½ac�= ½bd�:

If we use these results we have

½a� +m ½c�= ½a + c�= ½b + d�= ½b�+m ½d �
and

½a� ×m ½c�= ½a × c�= ½b ×d �= ½b�×m½d �:

■

144 CHAPTER 4 Some Mathematical Topics on Which to Practice Proof Techniques



The results of Example 4.4.27 allow us to say that the operations are indeed well defined (i.e., they do
not depend on the formality of the notation used). So +m and ×m are well-defined binary operations on
ℤm. They also have several properties, stated in the following theorem.

Theorem: Let +m and ×m be the binary operations on ℤm (with m ≥ 2) defined as

½a� +m½b�= ½a + b�
and

½a� ×m½b�= ½a × b�:

1. Both operations are associative.
2. Both operations are commutative.
3. The class [0] is the identity element for +m.
4. The class [1] is the identity element for ×m.
5. The inverse of the class [a] with respect to +m is the class [m − a].

Proof:

1. To prove that the operations are associative, we need to prove that for all [a], [b], and [c] in ℤm the
equalities

½a�+mð½b�+m½c�Þ= ð½a�+m½b�Þ+m½c�
and

½a�×mð½b�×m½c�Þ= ð½a�×m½b�Þ×m½c�
hold true. We do not know the value of m, so in spite of the fact that ℤm is a finite set, we cannot
check directly all possible choices for the three equivalence classes. Therefore, we need to offer a
general, theoretic proof, using the definitions for the two operations.
Let’s consider addition at first. By definition,

½a�+mð½b�+m½c�Þ= ½a�+m½b+ c�= ½a+ ðb+ cÞ�
and

ð½a�+m½b�Þ+m½c�= ½a+ b�+m½c�= ½ða+ bÞ+ c�:
Let’s remember that a, b, and c are integer numbers, and addition of integers is an associative opera-
tion. Therefore, a + (b + c) = (a + b) + c. In turn this implies that

½a + ðb+ cÞ�= ½ða+ bÞ+ c�:
So we can conclude that

½a�+mð½b�+m½c�Þ= ½a+ ðb+ cÞ�= ½ða+ bÞ+ c�= ð½a�+m½b�Þ+m½c�:

This concludes the proof of the fact that +m is an associative operation. In a similar way we can prove
that ×m is an associative operation. Indeed, by definition

½a�×mð½b�×m½c�Þ= ½a�×m½b+ c�= ½a× ðb× cÞ�
and

ð½a�×m½b�Þ×m½c�= ½a× b�×m½c�= ½ða× bÞ× c�:
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Multiplication of integers is an associative operation. So a × (b × c) = (a × b) × c, and [a × (b × c)] =
[(a × b) × c. Thus [a] ×m ([b] ×m [c]) = ([a] ×m [b]) ×m [c].

2. See Exercise 27 at the end of the section.
3. All that is required for this proof is to check that [0] satisfies the requirements to be the identity

element for +m. Let [a] be an element of ℤm. Then

½a� +m½0�= ½a + 0�= ½a�

and

½0�+m½a� = ½0+ a� = ½a�:

Thus [0] is the identity element for this operation.
4. See Exercise 28 at the end of the section.
5. Let [a] be an element of ℤm. Then

½a� +m½m− a� = ½a + ðm− aÞ�= ½m�= ½0�

and

½m− a� +m½a� = ½ðm− aÞ + a� = ½m�= ½0�:

Therefore, [a] and [−a] are inverse elements with respect to addition (mod m). ■

Some of the results from the previous theorem generate the following important result.

Corollary: The pair ðℤm, +mÞ is an abelian group of size m for all m ≥ 2.

Proof: The operation +m is a well-defined binary operation on ℤm. It is associative and commutative. Its
identity element is [0], and every element [a] of ℤm has an inverse element, [m− a] still in ℤm. ■

On the other hand, when using ×m we have a more limited result.

Corollary: The pair ðℤm, ×mÞ is an abelian monoid of size m for all m ≥ 2

Proof: The operation ×m is a well-defined binary operation on ℤm. It is associative and commutative and
its identity element is [1]. ■

The mathematical investigation conducted up to this point has made no mention of inverse elements,
and therefore of groups, when working with ×m. While the pair ðℤm, +mÞ is an abelian group independent
of the value of m, the pair ðℤm, ×mÞ will never be a group. Let’s see why.

Consider the operation table for the pair ðℤ4, ×4Þ from Example 4.4.26:

×4 ½0� ½1� ½2� ½3�
½0�j ½0� ½0� ½0� ½0�
½1�j ½0� ½1� ½2� ½3�
½2�j ½0� ½2� ½0� ½2�
½3�j ½0� ½3� ½2� ½1�

This operation table is not the table for a group. There are repeated elements on the first and second
rows and the first and second column (and we know that this does not happen for groups).
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The identity element is [1], but the elements [0] and [2] do not have inverse elements. The element [0]
will never have an inverse with respect to ×m because [0] ×m [b] = [0 × b] = [0] for all integers m and b.
Since [0] has such an idiosyncratic behavior with respect to multiplication, it might make sense to remove
it and consider the set ℤ+

m =ℤm − f½0�g when working with ×m. Let’s then investigate the question “Is the
pair ðℤ+

m , ×mÞ a group?”
When m = 2, ℤ+

2 =ℤ2 − f½0�g= f½1�g: Thus, we are working with the pair ðf½1�g, ×2Þ: Given the fact
that [1] ×2 [1] = [1 × 1] = [1] the binary operation is well defined, and we are dealing with a group of
size one.

What about m = 3? In this case ℤ+
3 =ℤ3 − f½0�g= f½1�, ½2�g: Let’s construct the table for ×:

×3 ½1� ½2�
½1�j ½1� ½2�
½2�j ½2� ½2�

This table helps us conclude that the pair ðℤ+
3 , ×3Þ is a group of size two. The operation is known to

be associative, [1] is the identity, and every element has an inverse: [1]−1 = [1] and [2]−1 = [2].
Then why not check the pair ðℤ+

4 , ×4Þ? Again, we’ll build the operation table:

×4 ½1� ½2� ½3�
½1�j ½1� ½2� ½3�
½2�j ½2� ½0� ½2�
½2�j ½3� ½2� ½1�

Well, in this case the operation does not have the closure property. The class [0] is not an element of
ℤ+

4 , but it appears in the operation table. Also, the element [2] does not have an inverse. Thus, ðℤ+
4 , ×4Þ

is not a group.
Let’s get more ambitious and check the operation tables for ðℤ+

5 , ×5Þ and ðℤ+
6 , ×6Þ:

×5 ½1� ½2� ½3� ½4� ×6 ½1� ½2� ½3� ½4� ½5�
½1�j ½1� ½2� ½3� ½4�
½2�j ½2� ½4� ½1� ½3�
½3�j ½3� ½1� ½4� ½2�
½4�j ½4� ½3� ½2� ½1�

½1�j ½1� ½2� ½3� ½4� ½5�
½2�j ½2� ½4� ½0� ½2� ½4�
½3�j ½3� ½0� ½3� ½0� ½3�
½4�j ½4� ½2� ½0� ½4� ½2�
½5�j ½5� ½4� ½3� ½2� ½1�

As we can see by studying the tables, ðℤ+
5 , ×5Þ is a group of size four. Two elements, namely [1] and

[4], are their own inverses, while the other two elements, [2] and [3] are inverses of each other. This is
the same structure we have seen earlier in Table 2 of the previous section. On the other hand, the pair
ðℤ+

6 , ×6Þ is not a group. The operation ×6 is not a closed operation on ℤ+
6 , and the elements [2] and [3]

have no inverse element. So, what could we conjecture about ðℤ+
m , ×mÞ for a generic m, without working

on too many operation tables?
It seems that when m is even and larger that 2, the pair ðℤ+

m , ×mÞ is not a group. But ðℤ+
3 , ×3Þ and

ðℤ+
5 , ×5Þ are groups. We need to be careful at this point. Does this happen because 3 and 5 are odd num-

bers or because they are prime numbers? The best way to investigate what makes a difference is to use an
odd number that is not a prime number. Let’s use a small one to make the calculation easier. The perfect
candidate is m = 9. Is ðℤ+

9 , ×9Þ a group?
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This set has eight elements:

ℤ+
9 = f½1�, ½2�, ½3�, ½4�, ½5�, ½6�, ½7�, ½8�g:

If we want to avoid calculating all 64 entries for the operation table, we can try to think where pro-
blems could arise. Multiplying by the identity is never a cause of trouble, so we can skip multiplication
by [1]. Let’s what happens when we multiply by [2]:

½2�×9½2�= ½4� ½2�×9½3�= ½6� ½2�×9½4�= ½8� ½2�×9½5�= ½1�
½2�×9½6�= ½3� ½2�×9½7�= ½5� ½2�×9½8�= ½7�:

Everything seems to work just fine. What about using [3]?

½2�×9½3�= ½6� ½3�×9½3�= ½0� ½3�×9½6�= ½0�
We might as well stop here. The operation ×9 is not closed on ℤ+

9 . Every time that we obtain nine or
one of its multiples as a product, we will obtain the class ½0�, which is not an element of ℤ+

9 . So, it
seems that it is crucial not to obtain m (or its multiples) as a product for multiplication (mod m) to be
closed on ℤ+

m . Thus, being prime seems to be the key, and it is indeed.

Theorem: The pair ðℤ+
m , ×mÞ is a group if and only if m is a prime number.

Proof: Part 1. If the pair ðℤ+
m , ×mÞ is a group, then m is a prime number. Let’s use the contrapositive of

this statement, and prove that if m is not a prime number, then the pair ðℤ+
m , ×mÞ is not a group. If m is

not a prime number, given the fact that m > 1, it will have to be a composite number. Thus, m = ab with
2≤ a≤m −1 and 2≤ b≤m −1. Therefore, [a] and [b] are elements of ℤ+

m , and

½a� ×m½b�= ½ab� = ½m�= ½0�:
The class [0] is not an element of ℤ+

m , which means that this operation is not closed on ℤ+
m . Thus,

the pair ðℤ+
m , ×mÞ is not a group. Since the contrapositive of the original statement is true, the original

statement is also true.
Part 2. If m is a prime number, then the pair ðℤ+

m , ×mÞ is a group. See Exercise 30. ■

Exercises
25. Construct the addition and multiplication tables for the set ℤ5 = f½0�, ½1�, ½2�, ½3�, ½4�g:
26. Construct the addition and multiplication tables for the set ℤ6 = f½0�, ½1�, ½2�, ½3�, ½4�, ½5�g:
27. Prove that +m and ×m are commutative operations on ℤm (part 2 of the theorem in this section).
28. Prove that the class [1] is the identity element for ×m (part 4 of the theorem).
29. Construct the operation table for ðℤ+

7 , ×7Þ and use it to prove that this pair is a group.
30. Prove the statement “If m is a prime number, then the pair ðℤ+

m , ×mÞ is a group.”

Permutations and Symmetric Groups
Permutation groups will bring together two different mathematical ideas: groups and bijective functions
defined on finite sets and their properties. Let’s start by recalling that a bijective function is one-to-one
and onto. Therefore, the images of two different elements in the domain will be two different elements in
the codomain, and all the elements of the codomain will be in the range of the function.
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To simplify the notation, when considering a set of size n, we will just use the set of the first n
natural numbers, and we will call it Nn; i.e., Nn = {1, 2, 3,…, n}. Let f be a permutation on Nn. This
means that f : Nn→ Nn is a bijective function. The values f (1), f (2),…, f (n) are also numbers of Nn and
they are all distinct. So, a permutation is a rearrangement of the elements of Nn. We can quickly represent f
using a table of values:3.

f =
1 2 � � � n
f ð1Þ f ð2Þ � � � f ðnÞ

� �
:

So, if we want to describe some permutations on five numbers, we can use the notations

f =
1 2 3 4 5
2 3 5 4 1

� �
g=

1 2 3 4 5
2 3 4 1 5

� �
h=

1 2 3 4 5
1 3 2 4 5

� �
:

Let’s indicate with Pn the collection of all permutation on n numbers. While this set is finite, it has
quite a few elements, since there are n! permutations on n elements. We obtain this number by consider-
ing the fact that there are n possible choices for the element to assign to 1, call it f (1); n − 1 choices for
the element to assign to 2 (because we cannot use again the element already used as f (1)), call it f (2);
n − 2 choices for the element to assign to 3 (because we cannot use again the elements already used as
f (1) and f (2)); and so on, until we realize that we have only one choice for f (n), namely the only element
not used for the previous choices. Therefore, we have a total of n × (n − 1) × (n − 2) ×…× 2 × 1 = n!
choices.

Since we are working with functions, it makes sense to use composition as the operation between
them. We have proved in a more general setting that composition of functions is an associative operation,
that it is noncommutative, and that its identity element is the identity function. In this setting we can call
the identity function ι, and represent it as

t =
1 2 � � � n
1 2 � � � n

� �
:

The notation we are using for permutations streamlines the calculation of their composition. As an

example, let’s use f =
1 2 3 4 5
2 3 5 4 1

� �
and g=

1 2 3 4 5
2 3 4 1 5

� �
, and calculate f ∘ g.

This means that we want to find ð f ∘ gÞð1Þ, ð f ∘ gÞð2Þ, and so on. By definition, we use the function g
first to obtain ð f ∘ gÞð1Þ= f ðgð1ÞÞ= f ð2Þ= 3, ð f ∘ gÞð2Þ= f ðgð2ÞÞ= f ð3Þ= 5: So, we use the function on the
right side of the composition sign first. We can write this information in the diagram format as follows:

f ∘ g=
1 2 3 4 5
2 3 4 1 5
3 5 4 2 1

0
@

1
A =

1 2 3 4 5
3 5 4 2 1

� �
:

We used g first, and then f on the output of g. If we want to calculate g ∘ f , we will use the function f
first, and then g on its output:

g ∘ f =
1 2 3 4 5
2 3 5 4 1
3 4 5 1 2

0
@

1
A=

1 2 3 4 5
3 4 5 1 2

� �
:

3This notation is due to the French mathematician Augustin Louis Cauchy (1789–1857) who used it in one of his papers in
1812. Cauchy always tried to introduce and use the most carefully crafted notation to express his mathematical ideas.
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This example offers one more reminder of the fact that in general, f ∘ g≠ g ∘ f .
Composition of functions is a well-defined closed binary operation on Pn because the composition

of two bijective functions is a bijective function (see “Composition of Functions,” Example 4.4.12 and
Exercise 7).

Therefore, we already know that the pair ðPn, ∘Þ is a monoid. The only issue left to address is whether
every permutation in Pn has an inverse function that is still an element of Pn. The section “Composition
of Functions” includes the proof of the fact that a bijective function does have an inverse function (see
Example 4.4.16.). The proof also provides an algorithm for the construction of the inverse function,
which basically is obtained by reading the original function “backwards,” exchanging the role of the ele-
ments in the domain and the range. This task becomes easier with the diagram notation. Given a permuta-
tion, first exchange the two rows, and then place in increasing order the elements of the first row (which
are the elements of the domain).

As an example, given f =
1 2 3 4 5
2 3 5 4 1

� �
, we can find its inverse, f −1, in the following way:

f −1 =
2 3 5 4 1
1 2 3 4 5

� �
=

1 2 3 4 5
5 1 2 4 3

� �
:

Let’s check if f ∘ f −1 = ι and f −1 ∘ f = ι (this operation is noncommutative, making it essential to check
both equalities):

f ∘ f −1 =
1 2 3 4 5
5 1 2 4 3
1 2 3 4 5

0
@

1
A=

1 2 3 4 5
1 2 3 4 5

� �
= ι

f −1 ∘ f =
1 2 3 4 5
2 3 5 4 1
1 2 3 4 5

0
@

1
A=

1 2 3 4 5
1 2 3 4 5

� �
= ι:

All the properties of bijective functions from the set Nn = {1, 2, 3,…, n} into itself (permutations on n
elements) produce this result.

Theorem: The pair ðPn, ∘ Þ= Sn is a noncommutative group for all natural numbers n and is called the
symmetric group on n elements.

To practice some of the ideas just seen we are going to compute the operation table for ðP3, ∘ Þ= S3.
This group has six elements. Let’s name them:

t =
1 2 3
1 2 3

� �
f =

1 2 3
1 3 2

� �
g=

1 2 3
2 1 3

� �

h=
1 2 3
2 3 1

� �
s=

1 2 3
3 2 1

� �
y=

1 2 3
3 1 2

� �
:

Thus, P3 = {ι, f, g, h, s, y}. Now let’s perform some of the calculations needed to produce the opera-
tion table. The missing ones are left to complete as an exercise.

f ∘ f =
1 2 3
1 3 2
1 2 3

0
@

1
A= ι g ∘ g=

1 2 3
2 1 3
1 2 3

0
@

1
A= ι h ∘ h=

1 2 3
2 3 1
3 1 2

0
@

1
A= y
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The result of the composition f ∘ g will be placed in the row that corresponds to f and the column that
corresponds to g:

f ∘ g=
1 2 3
2 1 3
3 1 2

0
@

1
A= y:

The other entries on the same row are

f ∘ h=
1 2 3
2 3 1
3 2 1

0
@

1
A= s f ∘ s=

1 2 3
3 2 1
2 3 1

0
@

1
A= h f ∘ y=

1 2 3
3 1 2
2 1 3

0
@

1
A= g:

Let’s now calculate the entries in the row that corresponds to g:

g ∘ f =
1 2 3
1 3 2
2 3 1

0
@

1
A= h g ∘ h=

1 2 3
2 3 1
1 3 2

0
@

1
A= f

g ∘ s=
1 2 3
3 2 1
3 1 2

0
@

1
A= y g ∘ y=

1 2 3
3 1 1
3 2 1

0
@

1
A= s

After performing all other calculations, we will have the following table:

∘ ι f g h s y
ιj ι f g h s y
f j f ι y s h g
gj g h ι f y s
hj h g s y f ι
sj s y h g ι f
yj y s f ι g h

Table for S3

Note that four permutations are their own inverses (ι, f, g, and s), while h and y are inverses of each other.

Exercises
31. Let f = 1 2 3 4 5 6

6 5 4 3 2 1

� �
and g =

1 2 3 4 5 6
4 5 6 1 2 3

� �
be two elements of S6. Find f ∘ g

and g ∘ f .

32. Given the element of S6 defined as f = 1 2 3 4 5 6
6 5 4 3 2 1

� �
, find its inverse function f −1, and

prove that f ∘ f −1 = ι and f −1 ∘ f = ι.
33. Explicitly calculate the operation table for ðP2, ∘ Þ=S2.
34. Calculate the entries for the rows corresponding to the permutations h, s, and y for the composition

table of ðP3, ∘ Þ=S3.
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Isomorphism and Subgroups
One of the goals mentioned earlier was to investigate when groups of the same size have the same structure
and when they do not. Let’s revisit it. It was easy to conclude that all groups of size one have the same
structure, because the only element present must be the identity element.

All groups of size two have the same structure, and they are abelian. Let’s explicitly compare

ðP2, ∘Þ= S2, ðℤ2, + 2Þ, and ðℤ�
3, ×3Þ: The set P2 has two elements, t=

1 2
1 2

� �
and f =

1 2
2 1

� �
. The

set ℤ2 has two elements, [0]2 and [1]2 (the index 2 refers to the fact that these are congruence classes
(mod 2)). The set ℤ�

3 = f½1�3, ½2�3g also has two elements (the index 3 refers to the fact that these are con-
gruence classes (mod 3)). Let’s consider their operation tables:

∘ ι f +2 ½0�2 ½1�2 ×3 ½1�3 ½2�3
ιj ι f
f j f ι

½0�2j ½0�2 ½1�2
½1�2j ½1�2 ½1�2

½1�3j ½1�3 ½2�3
½2�3j ½2�3 ½1�3

Table for S2 Table forℤ2 Table forℤ∗
3

We can see that these groups’ tables are identical, except for the different names of the elements. They
are said to be isomorphic (this word is made of two Greek words, iso, “the same” and morphos, “shape”).
From the point of view of abstract algebra, isomorphic groups have the same properties and they are
indistinguishable.

Two groups are isomorphic if there exists a special function, called a group isomorphism, between the
two. Let (A, ∗) and (B, •) be two groups. The function μ: A→ B is a group isomorphism if:

1. μ is a bijective function between the sets A and B.
2. μ is compatible with the operations in the two groups, that is, for all a, b ∈ A:

μ ða � bÞ= μðaÞ • μðbÞ:
(Note that a, b ∈ A, so the operation between them is the operation defined on A. On the other hand,
μ(a), μ(b) ∈ B, so the operation between them is the operation defined on B.)

So, a group isomorphism establishes an extremely strong connection between two groups. The function is
a bijection between the sets (so the sets must have the same size) and it has to connect the operations also.

EXAMPLE 4.4.28
Prove that the groups ðP2, ∘ Þ=S2 and ðℤ2, + 2Þ are isomorphic.

Proof: This is an existence statement in disguise, since we need to prove that there exists at least one
group isomorphism between the two groups. We will start by constructing a bijection between the sets,
and then checking that it is compatible with the two operations. There are two possible bijective functions
between P2 and ℤ2:

a. μ:P2 →ℤ2 defined as μ(ι) = [0] and μ(f) = [1].
b. v :P2 →ℤ2 defined as v(ι) = [1] and v(f) = [0].

We need to check their compatibility with the operations. To do so, we will check four possible cases,
the ones represented by the operation tables.

1. Is μðι ∘ ιÞ= μðιÞ+2μðιÞ? On the left-hand side we obtain μðι ∘ ιÞ= μðιÞ= ½0�: On the right-hand side we
obtain μ(ι) +2 μ(ι) = [0] +2 [0] = [0]. So the equality holds true.
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2. Is μðι ∘ f Þ= μðιÞ+2μðf Þ? On the left-hand side we obtain μðι ∘ f Þ= μðf Þ= ½1�: On the right-hand side we
obtain μ(ι) +2 μ(f) = [0] +2 [1] = [1]. So the equality holds true.

3. Is μðf ∘ ιÞ= μðf Þ+ 2μðιÞ? On the left-hand side we obtain μðf ∘ ιÞ= μðf Þ= ½1�: On the right-hand side we
obtain μ(f) +2 μ(ι) = [1] +2 [0] = [1]. So the equality holds true.

4. Is μðf ∘ f Þ= μðf Þ+ 2μðf Þ? On the left-hand side we obtain μðf ∘ f Þ= μðιÞ= ½0�: On the right-hand side
we obtain μ(f ) +2 μ(f ) = [1] +2 [1] = [0]. So the equality holds true.

All this information allows us to conclude that μ is a group isomorphism, and the two groups are indeed
isomorphic.

How about v? We need to run the same checks. Is vðι ∘ ιÞ= vðιÞ+ 2vðιÞ? On the left-hand side we obtain
vðι ∘ ιÞ= v ðιÞ= ½1�: On the right-hand side we obtain v (ι) +2 v (ι) = [1] +2 [1] = [0]. So the equality does not
hold true. There is no need of further checks, as we can conclude that this bijection is not a group
isomorphism. ■

Group isomorphisms have a lot of useful properties, some of them easier to prove than others. Here
are some of the basic ones.

Theorem: Let (A, ∗) and (B, •) be two groups, and the function μ: A→ B be a group isomorphism.

1. Let e be the identity of (A, ∗) and ε be the identity of (B, •). Then μ(e) = ε. (This is another way to
say that the image of one identity is the other identity.)

2. Let a be an element of A, and a−1 be its inverse. Then the inverse of μ(0) is μ(0−1). (This statement
can be written as (μ(a))−1 = μ(a−1), and reworded as the inverse of the image of a is the image of the
inverse of a.)

3. If (A, ∗) is an abelian group, then (B, •) is also abelian.
4. There exists a group isomorphism from B to A.

Proof: Part 1. Let’s plan how to proceed. We want to prove that μ(e), which is an element of B, is the
identity element ε. The identity element of a group is unique, so, if we can prove that μ(e) has the proper-
ties of the identity element, we will also have proved that μ(e) is the identity element ε.

To prove that μ(e) has the properties to be the identity element of B, we need to answer the question: Is

β • μðeÞ= μðeÞ • β= β for all β∈B?

We know that e is the identity for the operation ∗ defined on A. So, we have to use the operation and
elements of A. Since μ is a bijective function, for every β ∈ B there is a unique element a ∈ A such that
μ(a) = β. By definition of identity e ∗ a = a ∗ e = a. If we now use the fact that μ is compatible with the
operations, we have

μðe � aÞ = μða � eÞ= μðaÞ:
This means

μðeÞ • μðaÞ= μðaÞ • μðeÞ= β,

that is, μðeÞ • β= β • μðeÞ= β. Thus, μ(e) is the identity element of B, and it is therefore equal to the iden-
tity element of B, ε.

Part 2. To prove that the inverse of μ(a) is μ(a−1), since these are both elements of B, we need to
prove that μðaÞ • μða−1Þ= μða−1Þ • μðaÞ= ε. Using the properties of μ, the fact that a ∗ a−1 = a−1 ∗ a = e,
and the previous result μ(e) = ε, we obtain

μðaÞ • μða−1Þ= μða � a−1Þ= μðeÞ= ε
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and

μða−1Þ • μðaÞ= μða−1 � aÞ = μðeÞ= ε:

Given the fact that the inverse of an element is unique, we can conclude that the inverse of μ(a) is μ(a−1).
Part 3. To prove that (B, •) is abelian, we need to prove that α • β = β • α for all α, β ∈ B. The

hypothesis gives information on the operation defined on A, thus, we need to involve the elements of A.
The fact that μ is bijective guarantees that there are two unique elements in A that correspond to α and β,
call them a and b. Thus, μ(a) = α and μ(b) = β. Using the properties of μ and the commutative property
of ∗ yields the following result:

α • β= μðaÞ • μðbÞ= μða � bÞ= μðb � aÞ = μðbÞ • μðaÞ= β • α:

Thus, (B, •) is an abelian group.
Part 4. We are dealing with an existence statement. We will try to construct the object with the

required properties. The only information in the hypothesis is the existence of the isomorphism μ, which
relates A to B. So we will have to use its properties to construct the other isomorphism that relates B to A.

The function μ: A→ B is bijective, so it has an inverse function (see Example 4.4.16 in the section on
functions), call it τ. Could this be an isomorphism? What properties does it have?

By definition of inverse function τ: B→ A,

τðμðaÞÞ= a for all a∈A

and

μðτðβÞÞ= β for all β∈B:

The function τ is bijective because it has an inverse function (namely μ). All that is left to prove is
that it is compatible with the operations in the groups. That means that we need to prove that for all α,
β ∈ B

τðα • βÞ= τðαÞ � τðβÞ: ð⊗Þ
We need to use μ and its properties as much as possible, since τ is defined implicitly in terms of μ.

There is no μ in the equality we want to check. How can we involve it? Since μ is an isomorphism, there
are two unique elements in A that correspond to α and β, call them a and b. Thus, μ(a) = α and μ(b) = β.
Then we can rewrite the left-hand side of the equality ð⊗Þ as

τðα • βÞ= τðμðaÞ • μðbÞÞ:
Since μ is operation compatible, μðaÞ • μðbÞ= μða � bÞ: Then using the fact that μ and τ are inverse

functions, we can simplify the left-hand side as follows:

τðα • βÞ= τðμðaÞ • μðbÞÞ= τðμða � bÞÞ= a � b:
Let’s simplify the right-hand side of the equality ð⊗Þ: We will substitute α and β and use the fact that

μ and τ are inverse functions to obtain

τðαÞ � τðβÞ= τðμðaÞÞ � τðμðbÞÞ= a � b:
Therefore,

τðα • βÞ= a � b= τðαÞ � τðβÞ:
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Given the fact that τ is a bijective function and is operation compatible, we can conclude that it is an
isomorphism. ■

EXAMPLE 4.4.29
Prove that the groups S3 and ðℤ6, + 6Þ are not isomorphic.

Proof: Both groups have six elements, and they are similar in several ways, but there is a big difference:
one group is noncommutative and the other is commutative. Let’s compare their tables:

∘ ι f g h s y + 6 ½0� ½1� ½2� ½3� ½4� ½5�
ιj ι f g h s y
f j f ι y s h g
g j g h ι f y s
hj h g s y f ι
sj s y h g t f
y j y s f ι g h

½0�j ½0� ½1� ½2� ½3� ½4� ½5�
½1�j ½1� ½2� ½3� ½4� ½5� ½0�
½2�j ½2� ½3� ½4� ½5� ½0� ½1�
½3�j ½3� ½4� ½5� ½0� ½1� ½2�
½4�j ½4� ½5� ½0� ½1� ½2� ½3�
½5�j ½5� ½0� ½1� ½2� ½3� ½4�

There are many (720 = 6!) bijective functions between the sets P3 and ℤ6. Some of them are better
candidates (see Exercise 37) than others to be group isomorphisms, but still, if we suspect that the two
groups are not isomorphic, we don’t want to check all of them to show that they fail to meet the
compatibility with the operations. This is the kind of computational proof one could happily leave to a
computer! Since we are not planning to use one, let’s try to find a more efficient argument.

By contradiction, assume that there exists an isomorphism μ:ℤ6 →P3. Then by the third part of the
previous theorem, we need to conclude that S3 is also commutative. This is false. So the groups are not
isomorphic. ■

The concept of isomorphism is not limited to finite groups, as one can see in the next example.

EXAMPLE 4.4.30
Consider the set ℑ= An =

n 0
0 n

� �
jn∈Z

� �
and define on it the usual addition of matrices, call it ⊕

(to distinguish it from the addition between numbers). The pair ðℑ, ⊕ Þ is a group (see Exercise 39). Prove
that the groups ðℑ, ⊕ Þ and ðℤ, + Þ are isomorphic.

Proof: The easiest way to prove that two groups are isomorphic is to construct an isomorphism between
them, if possible. Then if we can find one, we can also use its inverse.

Let’s consider the function μ:ℤ→ℑ defined as μðnÞ= n 0
0 n

� �
. It is not difficult to prove that this

function is bijective. We’ll do so to practice.
To prove that μ is one-to-one we need to prove that if μ(n) = μ(m), then n = m. By definition μ(n) = μ(m)

implies
n 0
0 n

� �
=

m 0
0 m

� �
. Two matrices are equal only when the entries in the same positions are

equal. Thus, n = m. To prove that μ is onto, we need to prove that given a matrix in ℑ, call it As, we can

find an integer number whose image is As. Given the fact that As ∈ℑ, it will be of the form As =
s 0
0 s

� �
with s ∈ℤ. Therefore, As = μ(s).

(Continued )
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(Continued )
All that is left to prove is that μ is compatible with the operations in the two groups, that is, given m

and n in ℤ, is μðm + nÞ= μðmÞ⊕ μðnÞ? Use the definition of μ and the properties of addition of matrices to
check this equality:

μðm +nÞ= m + n 0
0 m +n

� �
=

m 0
0 m

� �
+

n 0
0 n

� �
= μðmÞ ⊕ μðnÞ:

Thus the two groups are isomorphic. ■

Exercises
35. Prove that the groups ðℤ2, + 2Þ, and ðℤ�

3, ×3Þ are isomorphic.
36. Let (A, ∗) and (B, •) be two isomorphic groups. Prove that (A, ∗) is abelian if and only if (B, •) is

abelian.
37. In Example 4.4.29 you can read the following statements: “There are many (720 = 6!) bijective

functions between the sets P3 and ℤ6. Some of them are better candidates than others to be group
isomorphisms.” Why are there 720 bijective functions? Which of them are not viable candidates to
be group isomorphisms (without even checking if they are compatible with the operations) and could
be discarded immediately?

38. Prove that the groups ðP2, ∘ Þ=S2 and ðℤ2, + 2Þ are isomorphic by constructing an isomorphism that
has domain ℤ2 and range P2.

39. Prove that the pair ðℑ, ⊕ Þ used in Example 4.4.30 is indeed a group.
40. Consider the following two operations on the set A = {e, a, b, c}:

� e a b c
ej e a b c
aj a e c b
bj b c e a
cj c b a e:

× e a b c
ej e a b c
aj a e c b
bj b c a e
cj c b e a

Table 1 Table 2

Are the groups (A, ∗) and (A, ×) isomorphic? Explain.

An Important Theorem
If this is your first meeting with the permutation groups, you might wonder why they are used. It is true that
they give interesting examples of noncommutative groups, but they quickly become very large. For exam-
ple (P3, ∘) = S3 has six elements. The permutation group on four elements, (P4, ∘) = S4, will have twenty-
four elements. Just producing the operation table will be a laborious task. There are some shortcuts for
working with permutations on larger sets (which we have not included), but there must be something that
makes them mathematically “worthwhile,” and not just a curiosity. Indeed permutation groups are the main
objects in a fundamental theorem in abstract algebra, Cayley’s theorem. To understand the statement and
the importance of this theorem we need to investigate one more concept, the idea of subgroups.
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Let G = (A, ∗) be a group. If S is a subset of A such that (S, ∗) is a group, then (S, ∗) is said to be a
subgroup of G = (A, ∗). This definition means that a subgroup is a group in its own right, and its set is
contained in the set of the larger group. Both groups must have the same operations.

EXAMPLE 4.4.31
Consider the group (M2,+) of all matrices with two rows and two columns with real entries and the usual
addition of matrices. Consider the pair (S,+) defined by the same operation and the set

S = A=
n 0
0 0

� �
with n∈ℤ

� �
:

Prove that this pair is a subgroup of (M2,+).

Proof: The set S is a subset of the set M2. Thus, we just need to prove that the pair (S,+) is a group. Then
it will be a subgroup of (M2,+). The operation is associative and it is closed on S. This means that if A,

C ∈ S, then A + C ∈ S. Let’s prove this claim. Since A, C ∈ S, A=
n 0
0 0

� �
and C =

m 0
0 0

� �
with n, m ∈ Z.

Then A+C =
n+m 0
0 0

� �
and n +m ∈ Z. This means that A + C ∈ S.

The identity element is the matrix 02 =
0 0
0 0

� �
, which is an element of S. Given a matrix

A=
n 0
0 0

� �
in S, its inverse is the matrix B =

−n 0
0 0

� �
, since A +B = 02. Because n ∈ ℤ, −n ∈ ℤ.

Therefore, B ∈ S.

So the pair (S,+) is a subgroup of (M2,+). ■

EXAMPLE 4.4.32
Consider the group (P3,∘) = S3. Prove that the pair (S,∘), with S = {ι, h, y} is a subgroup of S3.

Proof: The operation is known to be associative, since it is composition of functions. Also

ι=
1 2 3
1 2 3

� �
h= 1 2 3

2 3 1

� �
y = 1 2 3

3 1 2

� �
:

The operation table for the elements of S is

∘ ι h y
ιj ι h y
hj h y ι
y j y ι h

The table shows that the operation is closed on S, and the identity element belongs to S. Moreover
every element in S has an inverse in S. Thus, (S,∘) is a subgroup of S3. Note that (S,∘) is an abelian group
(also h and y are inverse of each other), while S3 is not an abelian group. ■

This last example already shows us something peculiar regarding the relationship between groups and
their subgroups. All subgroups of an abelian group are also abelian (the easy proof of this claim is left as
an exercise), but a nonabelian group can have abelian subgroups. In general, subgroups might have more
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properties than the whole group because they are made of only some of the elements of the larger group,
and it is easier for a smaller set of elements to satisfy a given property.

EXAMPLE 4.4.33
The group (ℤ3,+3) is isomorphic to the subgroup of S3 denoted by (S,∘) with S = {ι, h, y}.

Proof: The easiest way to prove this statement consists of building an isomorphism between the two
groups. We need a bijective function μ: ℤ3→ S that is operation compatible. Moreover, by the properties
of group isomorphisms regarding the identity elements, μ([0]) = ι. Thus, we have two choices for assigning
the other two elements. Let’s try μ([1]) = h and μ([2]) = y. To check that this function is operation
compatible we need to prove that

μð½a�+ 3½b�Þ= μð½a�Þ ∘ μð½b�Þ for all ½a�, ½b�∈ℤ3:

The equality is trivially true when either one of the two classes is [0]. Thus, we will consider the cases
that do not involve the identity. This leaves only four cases to check:

1. Is μð½1�+ 3½1�Þ= μð½1�Þ ∘ μð½1�Þ?
μð½1�+ 3½1�Þ= μð½2�Þ= y μð½1� ∘ μ½1�Þ=h ∘h= y

Thus, the equality holds true.
2. Is μð½1�+ 3½2�Þ= μð½1�Þ ∘ μð½2�Þ?

μð½1�+ 3½2�Þ= μð½0�Þ= ι μð½1� ∘ μð½2�= h ∘ y = ι

Thus, the equality holds true.
3. Is μð½2�+ 3½1�Þ= μð½2�Þ ∘ μð½1�Þ?

μð½2�+ 3½1�Þ= μð½0�Þ= ι μð½2� ∘ μð½1�Þ= y ∘h= ι

Thus, the equality holds true.
4. Is μð½2�+ 3½2�Þ= μð½2�Þ ∘ μð½2�Þ?

μð½2�+ 3½2�Þ= μð½1�Þ= h μð½2�Þ ∘ μð½2�Þ= y ∘ y =h

Thus, the equality holds true.
Thus, the function μ is a group isomorphism. ■

The result from this last example allows us to think of (ℤ3,+3), an abelian group, as a subgroup of S3,
a nonabelian group. This is an example of the statement of Cayley’s theorem, a very important result in
group theory. The theorem states that every group is isomorphic to a subgroup of the group of permuta-
tions on an appropriate set. Permutation groups can be very large, they have a lot of properties (not
included here), and they have a large number (and variety) of subgroups, some of which are abelian.

Cayley’s theorem: Every finite group is isomorphic to a group of permutations.

We will not include the proof of this theorem because it requires a deeper background in group theory, and
we will use the theorem as the crowning result of the brief survey of group theory presented in this book.

Exercises
41. Consider the group (P3,∘) = S3. Prove that the pair (H,∘), with H = {ι, f} is a subgroup of S3.
42. Consider the group (P3,∘) = S3. Prove that the pair (T,∘), with T = {ι, g} is a subgroup of S3.
43. Let G = (A, ∗) be an abelian group and let (S, ∗) be one of its subgroups. Prove that (S, ∗) is also

abelian.
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44. Prove that the group (ℤ2,×2) is isomorphic to the subgroup of S3 denoted by (H,∘), with H = {ι, f} (see
Exercise 41).

45. Suppose that the function in Example 4.4.33 had been defined as μ([0]) = ι, μ([1]) = y and μ([2]) = h.
Would this still be a group isomorphism? Explain.

46. Prove that the pair (T,×) with T = {1, −1, i, −i} is a subgroup of ðℂ�, × Þ where ℂ� is the set of nonzero
complex numbers. Prove that the pair (S,∘) is a subgroup of S4, where S = {ι, f, h, y} and

ι=
1 2 3 4
1 2 3 4

� �
, f = 1 2 3 4

2 1 3 4

� �
, h=

1 2 3 4
1 2 4 3

� �
, and y = 1 2 3 4

2 1 4 3

� �
: Is (T,×)

isomorphic to (S,∘)?

LIMITS
The concepts of limits of sequences and functions in their modern formulations are the results of the
mathematical and philosophical work of a large number of mathematicians. These concepts are relatively
new (only about a couple of centuries old), when compared with those known for millennia in other fields
(e.g., Euclidean geometry). Without a solid foundation in the theory of limits, the whole field of calculus
would have been built on shaky ground. This section provides an introduction to some of the fundamental
concepts regarding limits. Let’s start with the study of sequences.

A sequence of real numbers is a function f defined from a subset of the set of natural numbers ℕ into the
set of real numbers. The value of the function that corresponds to the number n is the real number usually
indicated as an (so f (n) = an). The number an is called a term of the sequence, and the number n is its index.
Very often, for practical purposes, a sequence is identified with the ordered collection of real numbers
fang∞n= 1 (i.e., the function is identified with its outputs). It is possible for a sequence to be defined only for
even natural numbers, multiples of 3, odd numbers, and so on. In this case the notation used for the indices
will reflect these choices. For example, the notation fa2n = 52ng∞n= 1 describes the sequence

fa2 = 52, a4 = 54, a6 = 56,…g:
A sequence can be seen as a set in which the order of the elements is important and so are repetitions.

Thus the sequence {−1, 1, 1, −1, 1, 1, −1,…} is different from the sequence {−1, 1, −1, 1, −1, 1,…}. As
there are no operations between the elements of a sequence, we usually scan a sequence to find possible
patterns. For example, consider the sequence whose generic term is defined as

an = ð−1Þn3n−1:
What can be said about the elements of this sequence? Writing out some of its elements generates the

following list:

f−1, 3,−9, 27,−81, 243,…g:
The terms have alternating signs and their values are getting larger and larger. A sequence whose

terms have alternating signs is called an alternating sequence. Some sequences have variable signs that
are not alternating. On the other hand, positive sequences are characterized by positive terms, while
negative sequences have all negative terms.

If every element of a sequence is larger than the previous element (i.e., an+1 > an for all n), the
sequence is said to be increasing. If every element of a sequence is smaller than the previous element
(i.e., an+1 < an for all n), the sequence is said to be decreasing. A sequence is nondecreasing if every
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element of the sequence is not smaller than the previous element (i.e., an+1 ≥ an for all n). A sequence is
nondecreasing if every element of the sequence is not larger than the previous element (i.e., an+1 ≤ an for
all n). These sequences are called monotone sequences (from the Greek word mono, “one”) since they
exhibit only one kind of pattern.

A sequence fang∞n=1 is bounded if there exists a positive number M such that −M ≤ an ≤M for all n
(i.e., |an| ≤M for all n). The number M is called a bound for the sequence, and it is not unique.
(See Exercise 3 for an example.)

EXAMPLE 4.5.1
Prove that the sequence an = n+1

n+2

	 
∞
n=1 is increasing and bounded.

Proof: There are several ways to prove that a sequence is increasing, that is, to prove that an+1> an for all n. ■

Direct Proof: Can we prove that the quantity an+1− an is positive for all n?
Let’s use the formula that defines the terms of the sequence, and then simplify the expression

obtained:

an+1 − an =
ðn+1Þ+1
ðn+1Þ+2

− n+1
n+2

= n+2
n+3

− n+1
n+2

=
ðn+2Þ2 − ðn+1Þðn+3Þ

ðn+3Þðn+2Þ = 1
ðn+3Þðn+2Þ :

The fraction 1
ðn+3Þðn+2Þ is always positive for n ≥ 1. Thus, an+1> an for all n. ■

Alternative Proof: Can we prove that the quantity an+1
an

is greater than 1 for all n?
Let’s use the formula that defines the terms of the sequence, and then simplify the expression

obtained:

an+1
an

=

ðn+1Þ+1
ðn+1Þ+2

n+1
n+2

= n+2
n+3

× n+2
n+1

= n2 +4n+4
n2 +4n+3

=1+ 1
n2 +4n+3

>1:

Since an+1
an

>1 for all n, an+1> an for all n. ■

Proof by Contradiction: Assume that there exists (at least) one number k ≥ 1 such that ak+1 ≯ ak. Then we
assume that ak+1≤ ak for (at least) one number k ≥ 1. Thus,

ðk +1Þ+1
ðk +1Þ+2

≤ k +1
k +2

:

This inequality is equivalent to the inequality (multiply both sides by the positive expression (k + 3)(k + 2))

ðk +2Þ2 ≤ ðk +1Þðk +3Þ:
This yields

k2 +4k +4≤ k2 +4k +3,

which is equivalent to the conclusion that 4≤ 3. Since this is a false statement, the assumption ak+1≤ ak
is also false. Thus, the sequence is increasing.
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Let’s now prove that the sequence is bounded. This is a positive sequence, and it is increasing. It
might be useful to calculate some of its terms:

a1 =
2
3
, a2 =

3
4
, a3 =

4
5
, a4 =

5
6
, a5 =

6
7
,…:

These terms are smaller than 1. Is it true that an< 1 all n? We can rewrite the formula for the generic
term, dividing n + 1 by n + 2 (the fraction defining an is an improper fraction):

an =1− 1
n+2

:

Since the quantity 1/(n + 2) is always positive, an< 1 for all n. Since an = |an|, this implies that |an|< 1.
Therefore, M = 1 is a bound for the sequence. ■

The mathematical work done in Example 4.5.1 to prove that the sequence an = n+ 1
n+ 2

	 
∞
n=1

is increasing
yields another result as well. The equality

an+1 − an =
1

ðn+ 3Þðn+ 2Þ
can be rewritten as

an+1 =
1

ðn+ 3Þðn+ 2Þ + an:

Thus, the value of an+1 depends on the value of an, and the sequence could also be described as

an+1 =
1

ðn+ 3Þðn+ 2Þ + an with a1 =
2
3

� �∞
n=1

:

This is a recursive formula for a sequence, and it establishes the pattern to generate a term using the
previous one. The value of the first term is the seed (or initial value) of the sequence.

Still using the work from Example 4.5.1, it is possible to find another recursive formula for the sequence as

an+1 = 1+ 1
n2 + 4n+ 3

� �
an with a1 =

2
3

� �∞
n=1

:

EXAMPLE 4.5.2
Consider the sequence an = ð−1Þn n+1

n+2

	 
∞
n=1: Prove that it is bounded, but it is not monotone.

Proof: Let’s start by listing some of the terms of this alternating sequence:

a1 = − 2
3
, a2 =

3
4
, a3 = − 4

5
, a4 =

5
6
, a5 = − 6

7
, a6 =

7
8
,…:

This sequence does not seem to be monotone. For example, a4 is larger than a5, but smaller than a6.
We can conjecture that the same will be true for every element with an even index. That element will be
positive, and therefore larger than the negative number that follows it (and all the other negative terms),
but it will be smaller than the next positive number. Let’s prove this last claim.

(Continued )
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(Continued )
If we are considering an element with an even index, it will be an element of the kind ak = ð−1Þk k +1

k +2
where k = 2t, with a natural number. Thus,

a2t = ð−1Þ2t 2t +1
2t +2

= 2t +1
2t +2

:

The next term in the sequence with an even index will be a2t + 2, and

a2t +2 = ð−1Þ2t +2 ð2t +2Þ+1
ð2t +2Þ+2

= 2t +3
2t +4

:

Let’s prove the claim that a2t is smaller than a2t + 2 by checking the difference a2t + 2− a2t:

a2t +2 − a2t =
2t +3
2t +4

− 2t +1
2t +2

= 2
ð2t +4Þð2t +2Þ :

This fraction is always positive. Thus, a2t is smaller than a2t + 2, but a2t is larger than a2t+1. So, the
sequence is not monotone. On the other hand, the sequence is bounded because

j an j = ð−1Þn n+1
n+2

��� ���= j ð−1Þn j n+1
n+2

��� ���= n+1
n+2

=1− 1
n+2

<1:

So M = 1 is a bound for the sequence, and so is any other number larger than 1 (see Exercise 3). ■

Exercises
1. Let fang∞n=1 be a decreasing sequence. Prove that an< a1 for all n ≥ 2.
2. Let fang∞n=1 be an increasing sequence. Prove that an> a1 for all n ≥ 2.
3. Let M be a bound for the sequence fang∞n=1. Prove that any number N with N ≥ M is also a bound for

the sequence.
4. Is the sequence an = n+2

n+1

	 
∞
n=1 increasing or decreasing? Is it bounded? Explain. Then find a recursive

formula for this sequence.
5. Is the sequence an = cos πn

2

	 
∞
n=1 increasing or decreasing? Is it bounded? Explain.

Getting Closer
One pattern that tickles mathematician’s curiosity is that of “clusters.” Do the terms of the sequence clus-
ter around some special number or do they stay far from each other? For example, the terms of the
sequence {−1, 3, −9, 27, −81, 243,…} are growing further and further apart from each other, as they get
larger in absolute value. The alternating signs make the distances even larger.

If we study the sequence a1 = 2
3 , a2 =

3
4 , a3 =

4
5 , a4 =

5
6 , a5 =

6
7 ,…, which we know to be increasing, we

can see that the values of the terms are between 2/3 and 1. The distance between the terms is given by
the formula

an+1 − an =
1

ðn+ 3Þðn+ 2Þ =
1

n2 + 5n+ 6
:
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As the number n increases, this fraction gets smaller and smaller (the larger the denominator, the smaller
the value of the fraction). So the distance between the terms is decreasing, and they seem to “cluster” together
as they get close to 1. We need the appropriate mathematical tools and language to quantify these ideas.

The real number L is said to be the limit of the sequence fang∞n=1, written as limn→∞ an = L, if for
every ε> 0 there exists a number Nε such that

distance between an and L= j an −L j < ε

for all n>Nε. In this case the sequence is said to converge to the number L.
This definition is stating in a formal way the idea that as the number n gets “large enough,” larger

than a number Nε that depends on ε, the corresponding term an gets “closer than ε” to the number L. So
the terms of the sequence “ultimately” get close to the number L, as close as we wish, since the statement
has to be true for all values of ε. The number Nε measures how quickly the “ultimately” occurs. The
terms of the sequence with index n ≤ Nε could be quite far from L, but the terms of the sequence with
index n>Nε are for sure close to L, closer than ε.

EXAMPLE 4.5.3
Consider the sequence an = 2n−1

n+1

	 
∞
n=1. Prove that limn→∞

2n−1
n+1 =2:

Proof: To get a feeling for the behavior of the terms of the given sequence, find some of them:

a1 = ð2−1Þ/ð1+1Þ=0:5 a2 = ð4−1Þ/ð2+1Þ=1 a3 =1:25

a7 =1:625 a8 =1:6 a20 =39/41≈1:8571428…
a29 =1:9 a49 =1:94 a200 =1:98507…:

So, it seems to be true that as n gets larger the values of the terms of the sequence get closer and
closer to 2. But as we know, examples are not proofs. The values listed above do not predict what
ultimately happens to the terms of the sequence.

Let ε> 0 be an arbitrary positive number. Is it possible to have j 2n−1
n+1 −2j< ε for n large enough? Is

an = 2n−1
n+1 getting ultimately so close to 2 that its distance from 2 is smaller than the given ε> 0? For what

value(s) of n will this happen? What information can we gather regarding the index n, given the condition

2n−1
n+1

−2
��� ���< ε?

To have a better understanding of the expression j 2n−1
n+1 −2j, let’s simplify it:

2n−1
n+1

−2
��� ���= ð2n−1Þ−2ðn+1Þ

n+1

����
����= −3

n+1

��� ���= j−3j
jn+1j =

3
n+1

:

Note that the number n + 1 is positive, so it is equal to its absolute value. Thus, one must prove that it
is possible to choose n large enough to have

3
n+1

< ε:

This is equivalent to requiring

n+1
3

> 1
ε
,

(Continued )
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(Continued )
or

n> 3
ε
−1:

Thus, let Nε = 3
ε −1:

For all n>Nℰ = 3
ε −1 one will have j 2n−1

n+1 −2j< ε, therefore proving that 2 is indeed the limit of the
sequence. ■

Let’s look at some examples of the relation between ε, Nε, and the terms of the sequence. If ε = 1,
then Nε = 3 −1 = 2. Ultimately, all the terms of the sequence with indices n >2 (thus from n = 3) will be
less than 1 unit from 2. We can provide some evidence to support this statement:

a1 = 0:5 implies ja1 − 2j = 1:5≮ 1

a2 = 1 implies ja2 − 2j = 1≮ 1

a3 = 1:25 implies ja3 − 2j = 0:75< 1

a7 = 1:625 implies ja7 − 2j = 0:375< 1

a49 = 1:94 implies ja49 − 2j = 0:06< 1:

If ε = 1/2, then Nε = 6 − 1 = 5. Ultimately all the terms of the sequence with indices n > 5 (thus, from
n = 6) will be less than 1/2 unit from 2. In this case we want to get closer to the number 2, so fewer
terms of the sequence will meet this requirement. Again we can quickly check that the information we
have supports our conclusion:

a5 = 1:5 implies ja5 − 2j = 0:5≮ 1/2

a6 = 1:5714…: implies ja6 − 2j < 1/2

a7 = 1:625 implies ja7 − 2j = 0:375< 1/2

a49 = 1:94 implies ja49 − 2j = 0:06< 1/2:

It is possible to double-check that the formula found for Nε as a function of ε (in Example 4.5.3) is cor-
rect. It should be mentioned that some mathematicians consider this checking process to be an important
part of the proof of the statement that 2 is the limit of the sequence, and they do not consider the proof to
be complete without it.

Let n be any number such that n>Nε = 3
ε − 1, and let ε > 0 be given. Is it true that j 2n− 1

n+ 1 − 2j< ε?
Let’s check. We can start by simplifying the expression in the absolute value:

2n− 1
n+ 1

− 2
��� ���= ð2n− 1Þ− 2ðn+ 1Þ

n+ 1

����
����= 3

n+ 1
:

If ε ≥ 3 (in which case Nε≤ 0) it is always true that j 2n− 1
n+ 1 − 2j= 3

n+ 1 ≤
3
2 < ε:

Let’s now consider 3 > ε > 0. As n> 3
ε − 1, it follows that n+ 1> 3

ε > 0: Therefore, 1
n+ 1 <

ε
3 : This

inequality is equivalent to the inequality 3
n+ 1 < ε: So, we can conclude that j 2n− 1

n+ 1 − 2j< ε whenever
n>Nε = 3

ε − 1:
While we think that it is always a good idea to check the results we obtain, we see this as an extra

step. According to the definition, to prove that the number L is the limit of the sequence fang∞n=1, we
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must prove that for every ε >0 there exists a number Nε such that |an − L| < ε for all n >Nε. Thus we are
dealing with an “existence statement” (see section on Existence Theorems in Chapter 3).

From the logic standpoint, once we have found Nε, we have indeed proved the existence of such a
number. Since to find Nε we start from the condition |an − L| < ε, we think that it is clear that all n > Nε

satisfy this condition (barring any calculation mistakes).
If we read the fine print in the definition of limit, we notice that ε must always be a positive number,

while there is no such requirement for the number Nε, moreover n is always a positive integer number
(we are using n ≥ 1), but there is no such requirement for Nε. Some authors prefer to specify that Nε

should be a nonnegative integer, but there is no need to do so. If Nε happens to be negative, the statement
n >Nε is always true. Thus the inequality |an− L|< ε will be true for all values of n. If Nε is not an inte-
ger, then n will just be any integer larger than Nε.

In Example 4.5.3, when ε = 4, N4 = −1/4. This means that the statement j 2n− 1
n+ 1 − 2j< 4 is always true.

It is easy to check that this is indeed the case by looking at the terms of the sequence. When ε = 4/5,
N4/5 = 2.75. This means that the statement j 2n− 1

n+ 1 − 2j< 4
5 is true for all integer numbers n larger than

2.75. So the inequality will be true for n ≥ 3. Also, it is worth noticing that given an ε > 0, the corre-
sponding Nε is not unique. (See Exercise 13.)

EXAMPLE 4.5.4
Let an = 3n

2n−1

	 
∞
n=1: Then the sequence converges to 3

2 :

Proof: Let ε> 0 be an arbitrary number. Will the expression j 3n
2n−1 − 3

2 j ultimately be smaller than ε? That
is, is it possible to have j 3n

2n−1 − 3
2 j< ε for n large enough (larger than Nε)? We will start by simplifying the

expression in the absolute value, which measures the distance between the nth term of the sequence
and 2/3:

3n
2n−1

− 3
2

��� ���= 2×3n−3ð2n−1Þ
2ð2n−1Þ

����
����= 3

2ð2n−1Þ
����

����= 3
2ð2n−1Þ :

Therefore, one needs to solve the inequality

3
2ð2n−1Þ < ε:

Doing so yields the result n> 1
2

3
2ε +1
 �

: Thus, let Nε = 1
2

3
2ε +1
 �

: As an exercise, check that the
formula just found for Nε is correct. ■

EXAMPLE 4.5.5
Prove that the limit of the sequence an =

ð−1Þn
2n

n o∞
n=1

is zero.

Proof: Let ε> 0 be an arbitrary number. We need to prove that the terms of the sequence will
ultimately get closer than ε to zero. So, we need to prove that there exists a number Nε such that for
all n>Nε, |an− 0|< ε.

Let’s study the formula for the distance between an and 0, that is, |an− 0|:

j an −0 j = ð−1Þn
2n −0

����
����= ð−1Þn

2n

����
����= 1

2n :

Thus, we need to require that 1
2n < ε: Solving for n gives the inequality n> lnð1/εÞ

ln 2 : So we can choose
Nε =

lnð1/εÞ
ln 2 :

(Continued )
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(Continued )
Let’s double-check that this choice will indeed yield |an− 0|< ε whenever n>Nε. We have already seen

that j an −0 j = j ð−1Þn
2n −0j= j ð−1Þn

2n j= 1
2n : If n> lnð1/εÞ

ln 2 , then nln 2> lnð1/εÞ (we multiplied both sides of the
inequality by the number ln 2, which is positive). By the properties of natural logarithms, we can rewrite
this inequality as ln 2n> ln(1/ε). Again by the properties of the natural logarithm function, this implies
that 2n > 1

ε : Since all the numbers involved are positive, this inequality is equivalent to 1
2n < ε: This allows

us to conclude that |an− 0|< ε whenever n>Nε. ■

When we want to prove that a number is the limit of a sequence we need to follow the procedure out-
lined in the examples above. Depending on the structure of the sequence, it might be difficult to make an
educated guess for the value of the limit, and it might be complicated to find the explicit relationship
between ε and Nε. As with most things, practice helps (and so does a good calculus book in this case).

EXAMPLE 4.5.6
Consider the sequence an = n2

2n2 +1

n o∞
n=1

. Find its limit and prove that your choice is correct.

Solution/Proof: To predict if the terms of the sequence are ultimately getting close to any number, it might
make sense to find some of them.

a1 =1/3≈0:333333…: a10 =100/201≈0:49751…:: a20≈0:499376…

a36≈0:499807…

So, it seems that the terms are approaching 1/2. We can also see if we could find another reason for
this conclusion. When n becomes very large, the number 2n2 is so large that adding 1 to it does not
change its value much, that is, 2n2 ≈ 2n2 + 1. Thus, when n is very large,

an =
n2

2n2 +1
≈ n2

2n2
= 1

2
:

So, we can conjecture that limn→∞
n2

2n2 +1 = 1
2 :

Let’s prove this conjecture. Let ε> 0 be an arbitrary number. We need to prove that the terms of the
sequence will ultimately get closer than ε to 1/2. So, we need to prove that there exists a number Nε such
that for all n > Nε, jan − 1

2 j< ε: Time to start the calculation:

an −
1
2

��� ���= n2

2n2 +1
− 1

2

����
����= −1

2ð2n2 +1Þ
����

����= 1
2ð2n2 +1Þ :

Thus we need n large enough to have

1
2ð2n2 +1Þ < ε:

Solving for n yields

2ð2n2 +1Þ> 1
ε

or

n2 > 1
4ε

− 1
2
:
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Since n is a positive number, we will just use n>
ffiffiffiffiffiffiffiffiffiffiffiffi
1
4ε −

1
2

q
: Thus, we can use Nε =

ffiffiffiffiffiffiffiffiffiffiffiffi
1
4ε −

1
2

q
: Note that this

square root is well defined only when ε≤ 1/2. When ε> 1/2, the condition jan − 1
2 j< ε is always satisfied

because the largest value of jan − 1
2 j is achieved by a1 = 1/3. So the largest value of jan − 1

2 j is 1/6. ■

Finding a limit is not always simple. There are several clues that can help. Here is a simple one regarding
the sign of the limit.

EXAMPLE 4.5.7
The limit of a positive sequence cannot be negative. The limit of a negative sequence cannot be positive.
(Note that the limit could be zero.)

Proof: Intuitively this conclusion seems to make sense, as a negative number would not be “very close” to
positive terms, and so it would not be a good candidate for the limit. By contradiction, let’s assume that
there exists a positive sequence fang∞n=1 that has a negative limit. So an> 0 for all n and limn→∞ an =L
with L< 0. By definition of limit, for every ε> 0 there exists an Nε such that |an− L|< ε for all n>Nε.

If we suspect that there might a problem with the limit, we need to prove that there exists at least one
ε> 0 for which this property fails. The number an− L = an + (−L) is positive because it is the sum of two
positive numbers (‒L is positive since L is negative). Thus, for all n

jan − Lj= an + ð−LÞ> ð− LÞ:
Choose ε= 1

2 ð−LÞ>0: Then |an− L|> ε for all n. This creates a contradiction. Thus L cannot be
negative. The proof of the second statement is left as an exercise (see Exercise 12). ■

In general, it is easier to prove the existence of a limit than its nonexistence. Indeed to prove that the
limn→∞ an does not exist it is necessary to prove that limn→∞ an ≠ L for all real numbers L. The statement
limn→∞ an ≠L means that there exists an ε > 0 such that for all numbers N there is an n > N such that
|an − L| ≥ ε. Thus, to prove that limn→∞ an does not exist, one needs to prove that the statement above is
true for all real numbers L.

EXAMPLE 4.5.8
Consider the sequence fan = ð−1Þng∞n=1. Prove that its limit does not exist.

Proof: To show that the conclusion is true we need to prove that there exists an ε> 0 such that for all
numbers N there is an n>N such that |an− L| ≥ ε, where L is any real number. As the values of the terms of
the sequence oscillate between –1 and 1, it might make sense to use a value of ε smaller than 1. Let’s make
the arbitrary choice ε = 1/2. Since the sequence includes both positive and negative numbers, we have to
consider two possible cases for L: L ≤ 0 and L> 0.

Case 1. L≤ 0.
We want to prove that there are always terms of the sequence that are somewhat “far” from L (even
when the indices are very large). As L is nonpositive, and some of the terms of the sequence are
positive, we could try to use them to reach the goal.
Let N be any number, and let t be an even number, with t >N. Then, at = (−1)t = 1. So, |at− L| = |1− L|.
What do we know about the sign of the number 1− L?
Given that L≤ 0, it follows that −L ≥ 0, and 1− L ≥ 1. Therefore,

jat −Lj= j1−Lj=1−L≥1> ε:

(Continued )
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Case 2. L> 0.
We want to prove that there are always terms of the sequence that are somewhat “far” from L (even
when the indices are very large). As L is positive, and some of the terms of the sequence are negative,
we could try to use them to reach the goal.
Let N be any number, and let s be an odd number, with s>N. Then as = (−1)s = −1. So,

jas − Lj = j−1−Lj = j− ð1+ LÞj =1+L>1> ε:

Thus, the sequence does not have a limit. ■

One important fact to remember when looking for the limit of a sequence is that when the limit exists,
it is unique. So, once we find a limit of a sequence, and prove that it is indeed the correct limit for that
sequence, we don’t need to look for a second possible limit. This is the reason behind the fact that we
always talk about “the limit” and not “a limit.” An intuitive explanation of this fact is the idea that the
terms of the sequence ultimately cluster around the limit, so they could not cluster around two different
values. Let’s see how to prove this idea.

EXAMPLE 4.5.9
The limit of a converging sequence is unique.

Proof: Since it is impossible to check the limits of all converging sequences, we will proceed by
contradiction. Let’s assume that there exists at least one convergent sequence, call it fang∞n=1, which has
at least two limits, call them L1 and L2. By definition of limit, for every ε1> 0 there exists a number Nε1

such that

j an −L1 j < ε1 for all n>Nε1 : (1)

(So, ultimately the sequence gets as close as possible to L1.) The same is true for L2. For every ε2> 0
there exists a number Nε2 such that

j an −L2 j < ε2 for all n>Nε2 : (2)

(So, ultimately the sequence gets as close as possible to L2.)
What is the relation between L1 and L2? What is the distance between these two numbers, namely |L1− L2|?

We could guess that this is a very small number, since L1 and L2 are close to the same terms of the sequence.
Could this distance be zero?

In the section on equality of numbers in Chapter 3, it has been proved that a number is equal to zero if
and only if its absolute value is smaller than every positive number ε (see Example 3.3.33 in that section).
Thus, our goal now is to prove that given any ε> 0, |L1 − L2|< ε.

We only know how these two numbers relate to the sequence fang∞n=1: Thus, we need to somehow use
the terms of the sequence. This is the reason for deciding to add and subtract the number an. Thus,

jL1 −L2j = jL1 − an + an −L2j = jðL1 − anÞ+ ðan −L2Þj:
We can now use the triangular inequality property of the absolute value to separate the two terms in

parenthesis. Thus, we have

jL1 −L2j = jðL1 − anÞ+ ðan −L2Þj ≤ jL1 − anj+ jan −L2j:
We know that the two terms involving an are very small (for n large enough). So the difference between

L1 and L2 must be very small. Let’s write this precisely. Since statements (1) and (2) above are true for all
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positive numbers ε1 and ε2, choose ε1 = ε2 = 1
4 ε: Then

j an − L1 j < 1
4
ε for all n>Nε1

j an −L2 j < 1
4
ε for all n>Nε2 :

So, if n is large enough, all the terms of the sequence will ultimately be at a distance smaller than 1
4 ε

from the two limits. Let n be larger than both Nε1 and Nε2. Usually this is written as let n >N = max{Nε1, Nε2}.
In this case, for all n>N

j an −L1 j < 1
4
ε and j an −L2 j < 1

4
ε:

Thus, for all positive numbers ε

j L1 −L2 j = j ðL1 − anÞ+ ðan − L2Þ j ≤ j L1 − an j + j an −L2 j < 1
4
ε+ 1

4
ε= 1

2
ε < ε:

This proves that |L1− L2| = 0. Since L1 = L2, the sequence has only one limit. ■

Exercises
6. If all the terms of the sequence fang∞n=1 are integer numbers, can the sequence have a limit?

Explain.
7. Prove that the limit of the sequence an = n+1

n+2

	 
∞
n=1 is 1.

8. Check that the formula found for Nε in Example 4.5.4 is correct, that is, prove that if
n> 1

2
3
2ε +1
 �

=Nε, then j 3n
2n−1 − 3

2 j< ε:
9. Prove that limn→∞

1
3n+1 =0: Include a check for the Nε just found.

10. Prove that limn→∞
1

n2 +1 =0: Include a check for the Nε just found.
11. Find the limit of the sequence an = 5n+1

3n−2

	 
∞
n=1. Prove that your guess is correct. Include a check for

the Nε just found.
12. Prove that the limit of a negative sequence cannot be positive. (See Example 4.5.7.)
13. In Example 4.5.3 we determined that when ε = 4/5, N4/5 = 2.75. Prove that if we use M4/5 = 16,

then j2n−1
n+1 −2j< 4

5 for all n >M4/5.
14. Consider the sequence an = n+1

n2

n o∞
n=1

whose limit is zero. Given ε > 0, prove that the statement
jn+1
n2 −0j< ε is true for all n such that. 1) n>Nε = 1

2ε ð1+
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1+4ε

p Þ; 2Þn>Mε = 1+ ε
ε : (This exercise is

meant to reiterate the fact that for a given ε one can have several choices for the number N.)

Functions and Limits
Let’s review the definition of function, tailoring it to the real numbers. Let A and B be sets. A function from
A to B is a correspondence that associates to each element of A, and one and only one element of B. When
A and B are subsets of the set of the real numbers, ℝ, the function is said to be real-valued.

The set ℝ has some very special properties, for example, the fact that we can measure the distance
between any two real numbers, and the fact that there are no gaps between real numbers (i.e., the real
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number line is connected). We are assuming and using these properties. A good real analysis book can
provide detailed proofs and descriptions of the properties of real numbers.

In general, given a function, we are interested in determining its domain and its range, input, and out-
put. In this section we are interested in asking more probing questions. For example, given the function
defined as f ðxÞ= x− 1

x2 − 1 , we know that Domain f = {x ∈ ℝ | x ≠1 and x ≠ 1}. This means that f (1) is not
defined, while f (x) exists for all other numbers very close to 1. So, even if we cannot calculate f (1), can
we determine what happens to the function f as x gets very close to 1? Can we find the “limit” of f (x) as
x gets very close to 1?

The formal definition of limit of a function at a real number c is usually stated as follows: The real
number L is said to be the limit of the function f (x) at the point c (written as limx→c f ðxÞ=L) if for every
ε > 0 there exists a δ > 0 such that if |x − c| < δ and x ≠ c, then |f (x) − L| < ε. The set of all x that satisfy
the inequality |x− c|< δ is the open interval (c− δ, c + δ), centered at c and of radius δ.

This statement is very modern in its precise structure. For a while mathematicians talked about vanish-
ing quantities and accepted and used more vague statements of the form “the value of f (x) gets as close as
we want to the number L for all values of x sufficiently close to the number c.” But what could be con-
sidered “close” for one person might not be “close enough” for another. On one hand the formal defini-
tion just presented removes the subjectivity of words such as “close” and “sufficiently close,” while on
the other hand, for beginners in calculus and real analysis it seems to remove the intuitive meaning as
well. But details are of paramount importance when trying to reach absolute precision. How can one
make the transition from intuitiveness to rigor without missing the important points? Let us try to do so
very carefully.

The statement “the value of f (x) gets as close as we want to L” can be reworded as “the difference
between the values of f (x) and L gets as small as we want,” that is, “|f (x)− L| gets as small as we want.”
This means that the value of |f (x) − L| has to be smaller than every positive number ε we can think of.
So, the value of ε cannot be handpicked.

Since the value of f (x) depends on x, we want to investigate if |f (x) − L| will be smaller than ε for
values of x suitably close to c. One question still remains: “How close to c should x be?” This is the
same as asking “How small (large) does |x − c| need to be?” Therefore, to prove that limx→c f ðxÞ= L, we
need to prove the existence of an estimate for |x − c| so that all the values of x that satisfy that estimate
will make |f (x)− L| smaller than the given ε. So, the proof of the fact that the number L is indeed the cor-
rect limit is an existence proof. (See the section on existence theorems in Chapter 3.) Note that the value
x = c is excluded because finding the limit means studying the behavior of the function around c.

EXAMPLE 4.5.10
Prove that limx→2ð3x −5Þ=1:

Proof: We need to prove that values of x “suitably close” to 2 will generate values of y = f(x) = 3x− 5 close to 1.
So, we need to figure out how large the distance between x and 2 can be in order to have |(3x− 5)− 1)< ε.
This means that we need to “solve” for |x− 2|. In more precise terms, according to the definition of limit, we
must prove that for every given positive number ε there exists a positive number δ such that if x satisfies the
requirement |x− 2|< δ, then |(3x− 5)− 1|< ε.

The existence of δ will be proved explicitly, by giving a formula for it that depends on ε, and
possibly on 2, the value that x is approaching. Let us start by performing some algebraic steps, and
then we will investigate the geometric meaning of the result. The requirement |(3x − 5) − 1| < ε can
be rewritten as

j3x −6j< ε
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or

3jx −2j < ε:

This inequality will hold true only when j x −2 j < ε
3 : Therefore, in this case we have δ = ε/3, and since

ε is positive, δ is positive as well. Thus, when j x −2 j < ε
3 it will follow that |(3x− 5)− 1|< ε. This proves

that limx→2ð3x −5Þ=1: ■

The construction of the proof presented in Example 4.5.10 is very precise, and it depends on the
choice of the correct number as the limit (in this case 1). The algebraic steps performed cannot be repli-
cated to show the existence of the number δ, if the limit is incorrectly chosen. We leave it to the reader
to see how the proof breaks down if one tries to modify it to show that limx→2ð3x− 5Þ is some number
other than 1.

Before proceeding further, let us look behind the algebraic approach and examine the geometric mean-
ing of our findings. We will do so by choosing some values for ε, and studying the detailed consequences
of our choices. This will provide examples (which are useful but can never replace a proof), and it will
also provide a visual approach to the concept of limit, which can be very helpful.

Consider ε = 4.5. The conclusion just obtained states that |(3x − 5) − 1| < 4.5 if we use values of x
that satisfy the inequality |x − 2| < 1.5, that is, values of x such that −1.5 < x −2 < 1.5 or more explicitly
0.5< x < 3.5. Consider the graph of the function f (x) = 3x− 5 corresponding to the interval (0.5, 3.5) (see
Figure 4.1).

It can be observed that all the corresponding values of f (x) fall between −3.5 and 5.5; that is, closer
than 4.5 units from the value L = 1, as shown in Figure 4.1.
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FIGURE 4.1

Graph of f (x) = 3x − 5 on the interval (0.5, 3.5).

Limits 171



If we now consider ε = 0.75, we see that in order to have |(3x− 5)− 1|< 0.75 we cannot use again all
the values of x in the interval (0.5, 3.5). In this case, since we want the values of f (x) to be closer than
0.75 to 1 (much closer than when we chose ε = 4.5), we might need to choose x much closer to 2.
Indeed, we will need |x − 2| < 0.75/3 = 0.25. It is easy to check on the graph that when the value of x is
in the interval (1.75, 2.25) the value of f (x) will be closer than 0.75 to 1.

The definition of limit considered in this section assumes that both the number c and the limit L are
finite, real numbers. Appropriate definitions can be stated to include ±∞ (i.e., to use the extended real
number system), and one-sided limits. This will not be done here, as it is beyond the goal of this presen-
tation. At this point, it might be useful to reread the definition of limit given earlier, and note some
important facts.

1. The number ε > 0 is assumed to be a given positive number, whose value cannot be specified, since the
statement must be true for all ε > 0. This number can be very large or very small, and it provides
the starting point for “finding” the number δ > 0. Note that we have to use positive numbers because
they measure distances, which cannot be negative.

2. The number δ> 0, whose existence needs to be proved, will depend on ε, and usually on the point c.
In general, for a given ε the choice of the number δ is not unique (see the exercises at the end of this
section).

3. The function f might be undefined at c, that is, f (c) might not exist. Therefore, we should not assume
that L = f (c). When looking for the limit we are investigating the behavior of the function around the
value c, not just at the value c.

4. The variable x can approach the value c on the real number line from its left (x< c) and from its right
(x> c); no direction is specified or can be chosen, at least in the setting presented here.

EXAMPLE 4.5.11
Prove that limx →−2ðx2 +3x +1Þ= −1:

Proof: The goal is to prove that for every given positive number ε there exists a positive number δ such that if x
satisfies the inequality |x− (−2)|< δ, then |(x2 + 3x+1)− (−1)|< ε. Thus, we need to determine how the
requirement |(x2 + 3x+1)− (−1)|< ε will relate to |x − (−2)| = |x + 2|. Let’s start by simplifying the
difference between y = x2 + 3x + 1 and −1:

j ðx2 +3x +1Þ− ð−1Þ j= j x2 +3x +2 j= j ðx +2Þðx +1Þ j= j x +2 j j x +1 j= j x − ð−2Þ j j x +1 j :

This product must be smaller than the given positive number ε. Clearly the size of a product depends
on the sizes of its factors. We want to get information about the factor |x − (−2)|, so we need to estimate
the size of the other factor. How large can |x + 1| be when x is close to –2 (either from its left or right)?
We can arbitrarily limit the calculation to values of x that are less than ½ unit from –2. So, we will use
x ∈ (−2 − 1/2, −2 + 1/2), that is, x ∈ (−5/2, −3/2) or j x − ð−2Þ j < 1

2 :

If we use a different interval, the details of the proof will be different, but the construction will be the
same (see Exercise 17 at the end of this section). Since − 5

2 < x < − 3
2 ,

−5
2
+1< x +1< −3

2
+1 or −3

2
< x +1< −1

2
:

Therefore,

j x +1 j < 3
2
:
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This implies that

j ðx2 +3x +1Þ− ð−1Þ j = j x +2 j j x +1 j = j x − ð−2Þ j j x +1 j < j x − ð−2Þ j 3
2
:

The condition

j ðx2 +3x +1Þ− ð−1Þ j < j x − ð−2Þ j 3
2
< ε

implies

j x − ð−2Þ j < 2
3
ε:

Since this inequality holds true under the condition that j x − ð−2Þ j < 1
2 , we need to choose the

intersection of the two intervals around −2, so that both conditions hold true. Let δ=min 1
2 ,

2
3 ε

	 

: Thus,

for every given positive number ε there exists a positive number δ such that if x satisfies the inequality
|x− (−2)|< δ, then |(x2 + 3x + 1)− (−1)|< ε. This proves that limx →−2ðx2 +3x +1Þ= −1: ■

It is possible to check whether the result obtained for δ is indeed correct, and it should be emphasized
again that some mathematicians consider this checking process to be an important part of the proof.

Check: If x satisfies the inequality |x− (−2)|< δ with s=min 1
2 ,

2
3 ε

	 

1
2 ,

2
3 ε

	 

, then

j ðx2 + 3x+ 1Þ− ð−1Þ j< ε:

Using algebra as done in the example yields

j ðx2 + 3x+ 1Þ− ð−1Þ j = j x+ 2 j j x+ 1 j = j x− ð−2Þ j j x+ 1 j :
To estimate the value of this product, we need to estimate its factors. By hypothesis,

j x− ð−2Þ j < δ< 1
2 : How large can the factor |x + 1| be? The assumption j x− ð−2Þ j < 1

2 implies
− 1

2 < x− ð− 2Þ< 1
2 : Thus, − 1

2 − 2< x< 1
2 − 2 or − 5

2 < x< − 3
2 : Thus, − 5

2 + 1< x+ 1< − 3
2 + 1 or

− 3
2 < x+ 1< − 1

2 : Therefore, j x+ 1 j < 3
2 :

If we combine all this information, we can conclude that, as we wished,

j ðx2 + 3x+ 1Þ− ð−1Þ j = j x− ð−2Þ j j x+ 1 j < δ 3
2
< 2

3
ε 3
2
= ε:

Let’s use the graph of y = x2 + 3x + 1 to have an illustration of the statement we obtained. Fix a value
of ε, for example ε = 1. Then, δ=min 1

2 ,
2
3

	 

= 1

2 : So, we are claiming that if x is less than ½ unit from
−2 (so x ∈ (−5/2, −3/2)), the value of y = x2 + 3x + 1 will be less than 1 unit from −1 (so y ∈ (−2, 0)).
The following graph of y = x2 + 3x + 1 seems to support our claim.
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Let’s see what would change in the calculation in Example 4.5.11 if, while using the same function,
we consider the limit at a different point. Let’s repeat the procedure as closely as possible.

EXAMPLE 4.5.12
Prove that limx→1ðx2 +3x +1Þ=5:

Proof: The goal is to prove that for every given positive number ε there exists a positive number δ such that if x
satisfies the inequality |x− 1|< δ, then |(x2 + 3x + 1)− 5|< ε. Thus, we need to determine how the requirement
|(x2 + 3x + 1)− 5|< ε will influence |x− 1|. Let’s start by performing some algebra:

j ðx2 +3x +1Þ−5 j= j x2 +3x −4 j= j ðx −1Þðx +4Þ j= j x −1 j j x +4 j :

This product must be smaller than the given positive number ε. Clearly the size of a product
depends on the sizes of its factors. We want to get information about the factor |x + 4|, so we need to
estimate the size of the other factor. How large can |x + 4| be when x is close to 1 (either from its left
or right)? We can arbitrarily limit the calculation to values of x that are less than ½ unit from 1 (to
repeat the construction from Example 4.5.11). So we will use x ∈ (1/2, 3/2) or j x −1 j < 1

2 : Since
1
2 < x < 3

2 ,

1
2
+4< x +4< 3

2
+4 or 9

2
< x +4< 11

2
:

Therefore,

j x +4 j< 11
2

:

This implies that

j ðx2 +3x +1Þ−5 j = j x −1 j j x +4 j < j x −1 j 11
2

:

The condition

j ðx2 +3x +1Þ−5 j< j x −1 j 11
2

< ε

implies

j x −1 j < 2
11

ε:

Since this inequality holds true under the condition that j x −1 j < 1
2 , we need to choose the

intersection of the two intervals around 1, so that both conditions hold true. Let δ=min 1
2 ,

2
11 ε

	 

: Thus,

for every given positive number ε there exists a positive number δ such that if x satisfies the inequality
|x− 1|< δ, then |(x2 + 3x + 1)− 5|< ε. This proves that limx→1ðx2 +3x +1Þ=5: ■

Comparing the results from Examples 4.5.11 and 4.5.12, we see that the δ in Example 4.5.12 is smal-
ler than the δ in Example 4.5.11. If we consider ε = 1/3, the value of δ in Example 4.5.11 is
δ=min 1

2 ,
2
9

	 

= 2

9 while in Example 4.5.12 it is δ=min 1
2 ,

2
33

	 

= 2

33 : The difference is due to the fact that
the slope of the graph is different at different points. So the value of δ depends not only on the value of
ε and the function, but on the value of x around which the limit is found.
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EXAMPLE 4.5.13
Prove that limx→0

x +1
x2 +1 =1:

Proof: The goal is to prove that for every given positive number ε there exists a positive number δ such that
if x satisfies the inequality |x− 0|< δ, then j x +1

x2 +1 −1j< ε: Again, the existence of δ will be proved
explicitly, by providing a formula for it that depends on ε, and possibly on 0.

Let’s see what information we can gather regarding |x – 0| from the requirement j x +1
x2 +1 −1j< ε:

Simplifying the difference and using the properties of the absolute value function yields

x +1
x2 +1

−1
����

����= x − x2

x2 +1

����
����= x2 − x

x2 +1

����
����= xðx −1Þ

x2 +1

����
����= j x j jx −1j

x2 +1
:

Thus,

x +1
x2 +1

−1
����

����= j x −0 j j x −1 j
x2 +1

:

Since we want to find information about |x− 0|, we need to estimate the largest possible value of the fraction
jx −1j
x2 +1 for x “close” to 0, so that we can be sure that the product of |x− 0| and jx −1j

x2 +1 will be smaller than ε.
Let’s (arbitrarily) choose the interval (−1/3, 1/3). A fraction gets its largest value when its denominator

is as small as possible, and its numerator is as large as possible. It is easy to determine that the smallest
value of x2 + 1 is 1 (because x2 + 1 ≥ 1 for all x). On the other hand, on the interval (−1/3, 1/3),
− 4

3 < x −1< − 2
3. Thus, j x −1 j < 4

3 : Therefore,
jx −1j
x2 +1 < 4/3

1 = 4
3 : We can use this information to obtain

x +1
x2 +1

−1
����

����= j x −0 j jx −1j
x2 +1

< 4
3
j x −0 j < ε:

This last inequality implies j x −0 j < 3
4 ε: Thus, we will have j x +1

x2 +1 −1j< ε whenever |x− 0|< δ with
δ=min 1

3 ,
3
4 ε

	 

: Checking that this is indeed the correct choice for δ is left as an exercise. ■

EXAMPLE 4.5.14
Prove that limx→1

x −1
x2 −1 = 1

2 :

Proof: The goal is to prove that for every given positive number ε there exists a positive number δ such that
if x satisfies the inequality |x− 1|< δ, then j x −1

x2 −1 − 1
2 j< ε: The existence of δ will be proved explicitly, by

providing a formula for it that depends on ε, and possibly on 1. Note that numbers −1 and 1 are not in
the domain of the function f ðxÞ= x −1

x2 −1 : So, in particular f (x) is not defined at c = 1 (as already mentioned,
the existence of the function is not necessary for the existence of the limit). While this might make a
difference in the details, the logic steps will be similar to those in the previous examples. (Before starting
the proof, it might be a good idea to study the graph of the function to have supporting evidence for the
claim that when x is close to 1, the values of y = x −1

x2 −1 are close to ½.)
Let ε> 0 be given. How close to 1 will x have to be (how large can |x− 1| be) for the inequality

j x −1
x2 −1 − 1

2 j< ε to hold true? Let us start by simplifying the expression in the absolute value:

x −1
x2 −1

− 1
2

��� ���= 1
x +1

− 1
2

��� ���= 2− ðx +1Þ
2ðx +1Þ

����
����

= 1− x
2ðx +1Þ
����

����= j1− x j
2jx +1j :

(Continued )
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(Continued )
By the properties of the absolute value function |1− x| = |x− 1|. Thus,

x −1
x2 −1

− 1
2

��� ���= j x −1 j 1
2jx +1j :

Once more, we need to prove that there exists a positive number δ such that if |x− 1|< δ, then the
quantity j x −1

x2 −1 − 1
2 j = j x −1 j 1

2jx +1j will be smaller than the given ε> 0. We want to find information about
|x – 1| (“solve” for it). Thus, we need to estimate the other factor, to remove it from the problem. What is
the largest value that the fraction 1

2jx +1j can have for x sufficiently close to 1?
Since the fraction is undefined for x = −1, we should avoid this value. Thus, let us choose an interval

centered at 1 that does not include −1, such as − 1
4 < x < 9

4 : This is an interval with center at 1, and of radius
r = 5/4 (i.e., |x− 1|< 5/4). (The choice of the radius is arbitrary. We can choose any positive number smaller
than 2, as to exclude x = −1.) For r = 5/4 we obtain the following estimates for the fraction 1

2jx +1j:

− 1
4
< x < 9

4

3
4
< x +1< 13

4

3
4
< j x +1 j < 13

4

3
2
<2 j x +1 j < 13

2

2
13

< 1
2jx +1j <

2
3
:

Therefore, whenever − 1
4 < x < 9

4 ,

x −1
x2 −1

− 1
2

��� ���= j x −1 j 1
2 j x +1 j < jx −1j2

3
:

Then, the quantity j x −1
x2 −1 − 1

2 j will be smaller than ε for sure if j x −1 j 2
3 < ε, i.e., if j x −1 j < 3

2 ε:

Let us choose δ=minimum 5
4 ,

3
2 ε

	 

: In this way, since |x− 1|< δ≤ 5/4 and j x −1 j < δ≤ 3

2 ε, we will
have j x −1

x2 −1 − 1
2 j< ε: Therefore, we have proved that for every ε> 0 there exists a δ> 0, namely

δ=minimum 5
4 ,

3
2 ε

	 

, such that if |x− 1|< δ, then j x −1

x2 −1 − 1
2 j< ε: This proves that limx→1

x −1
x2 −1 = 1

2 : ■

Let’s check our work again. In Example 4.5.14, let x satisfy the inequality |x − 1| < δ with
δ=minimum 5

4 ,
3
2 ε

	 

(so in particular δ≤ 5/4 and δ≤ 3

2 ε). Will it really follow that j x− 1
x2 − 1 −

1
2 j< ε?

As seen before, j x− 1
x2 − 1 −

1
2 j= j x− 1 j 1

2jx+ 1j : Thus, we need to consider the two factors |x − 1|
and 1

2jx+ 1j. We already have an estimate for the first, since |x− 1|< δ. What about the other factor? Because
|x− 1|< δ≤ 5/4, it follows that

− 5
4
< x− 1< 5

4

− 1
4
< x< 9

4
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3
4
< x+ 1< 13

4

3
4
< j x+ 1 j < 13

4

3
2
< 2 j x+ 1 j < 13

2

2
13

< 1
2jx+ 1j <

2
3
:

Thus,

x− 1
x2 − 1

− 1
2

��� ���= j x− 1 j 1
2jx+ 1j < δ 2

3
< 3

2
ε

� �
2
3
= ε:

As for sequences, it is considerably harder to prove that either limx→c f ðxÞ≠L or that limx→c f ðxÞ does
not exist. This is partly due to the fact that the definition of limit involves several quantifiers.

For example, one can state that limx→c f ðxÞ≠L if there exists one ε > 0 for which there is no δ > 0
such that if |x− c|< δ and x ≠ c, then |f (x)− L|< ε for all x. In this case L is assumed to be a real number.
This is equivalent to stating that limx→c f ðxÞ≠ L if there exists one ε > 0 such that for every δ > 0 there is
at least one xδ ≠ c with |xδ− c|< δ but such that |f (xδ)− L| ≥ ε.

To prove that limx→c f ðxÞ does not exist, one would have to prove that limx→c f ðxÞ≠L for all real num-
bers L.

EXAMPLE 4.5.15
Let f ðxÞ= x

jx j : Then limx→0 f ðxÞ does not exist.

Proof: The function f (x) is not defined at 0, but this does not necessarily imply the nonexistence of the
limit. (See Example 4.5.14.) It might be useful to graph the function around 0 to study its behavior.

We can rewrite this function, using the definition of absolute value:

j x j =
x whenever x ≥0
− x whenever x <0:

�

Thus,

f ðxÞ= x
jx j =

x
x
=1 whenever x >0

x
− x

= −1 whenever x <0:

8><
>:

The values of f (x) are positive for positive values of x and negative for negative values of x. Analytically, we
need to prove that limx→0 f ðxÞ≠ L for all real numbers L. Therefore, we need to prove that it is possible to find
an ε> 0 such that for every δ> 0 there is at least one xδ with |xδ− 0|< δ but such that |f (xδ)− L| ≥ ε.

Consider ε = 1/2 (this choice is somewhat arbitrary; see the comments that follow this proof) and let δ
be any positive number. As L is a real number, there are two possible cases: L≤ 0 and L> 0.

Case 1. L≤ 0. (We want to prove that the values of f (x) are “not very close” to L when the value of x is
close to 0. Since L is nonpositive, we can try using positive values of f (x), the ones that correspond to
positive values of x.)

(Continued )
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(Continued )
Let xδ = δ/4, so that |xδ− 0|< δ. Note that f ðxδÞ= δ/4

jδ/4j =
δ/4
δ/4 =1, and |f (xδ)− L| = |1− L|. As −L ≥ 0,

1 −L ≥ 1. Therefore,

jf ðxδÞ−Lj = j1− Lj = 1− L≥1> ε:

Case 2. L> 0. (We want to prove that the values of f (x) are “not very close” to L. Since L is positive,
we can try using negative values of f (x), which correspond to negative values of x.)
Let xδ = −δ/4, so that |xδ− 0|< δ. Note that f ðxδÞ= − δ/4

j− δ/4j =
− δ/4
δ/4 = −1: Therefore,

jf ðxδÞ−Lj = j−1− Lj = j− ð1+LÞj =1+ L>1> ε:

Thus, limx→0 f ðxÞ does not exist. ■

EXAMPLE 4.5.16
Prove that limx →−1

x −1
x2 −1 does not exist.

Proof: The function f (x) is not defined at –1, but this does not necessarily imply the nonexistence of the limit.
(See Example 4.5.14 for the fact that this same function is not defined at 1, but the limit at 1 exists.)

By contradiction, assume that there exists a number L such that limx →−1
x −1
x2 −1 = limx →−1

1
x +1 =L: The

function f ðxÞ= x −1
x2 −1 = 1

x +1 is positive for x>−1 (indeed, in this case x + 1> 0) and it is negative for x<−1
(indeed, in this case x + 1< 0). Therefore, there is no clear information about the sign of its limit. This is the
reason for considering two possible cases: L< 0 and L ≥ 0.

1. Assume that L< 0. Then, using x>−1 (so that x + 1> 0 and 1/(x+1)> 0) yields

1
x +1

− L
��� ���= 1

x +1
+ ð−LÞ

��� ���= 1
x +1

+ ð− LÞ> ð−LÞ:

Let ε= − L
2 : Then, for every δ> 0 there is an x>−1 with |x− (−1)|< δ for which

1
x +1

−L
��� ���> ð− LÞ> − L

2
= ε:

Thus, L is not the limit.
2. Assume that L ≥ 0. Then, using x<−1 (so that x + 1< 0 and 1/(x+1)< 0) yields

1
x +1

− L
��� ���= L− 1

x +1

��� ���= L+ − 1
x +1

� �����
����= L+ − 1

x +1

� �
> L:

Let ε= L
2 : Then, for every δ> 0 there is an x<−1 with |x− (−1)|< δ for which

1
x +1

− L
��� ���> L> L

2
= ε:

Thus, L is not the limit. Therefore, the limit L does not exist. ■

When proving that a limit does not exist, as done in Examples 4.5.15 and 4.5.16, we need to find
a value of ε so that, even for values of x close to c, |f (x) − L| ≥ ε. There is no “recipe” for doing so.
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In general, the value of ε that will enable us to complete the proof depends on the behavior of the
function around c, and smaller values of ε are more likely to work. In Example 4.5.15 we used ε = 1/2,
but, if one looks carefully through the steps of the proof, any value of ε smaller than or equal to 1
(which is one of the values of the function) would be acceptable. Thus, in general the choice of ε is not
unique.

The proof techniques illustrated in the examples are not always easy to implement. As one advances
in the study of real analysis, one builds more and more tools to deal efficiently with the nonexistence of
limits. Some of these tools rely on the structure of the real numbers (e.g., density properties of rational
and irrational numbers), and on the relationships between functions and sequences.

Exercises
15. Prove that limx→3ð2x +2Þ=8:
16. Prove that limx→1ð3x2 +2Þ=5: Check the result obtained for δ.
17. In Example 4.5.11, rework the proof by modifying the statement “We can arbitrarily limit the calcu-

lation to values of x that are less than ½ unit from −2” to read “We can arbitrarily limit the calcula-
tion to values of x that are less than 1 unit from –2.” What expression does one obtain for δ?

18. Prove that limx→2
1

x2 +1 = 1
5 : Check the result obtained for δ.

19. Prove that limx→1
x3 −1
x2 −1 = 3

2 : Check the result obtained for δ.
20. The choice of δ is not unique. In the discussion following Example 4.5.10, we proved that when ε =

4.5, we can use δ = 1.5. Show that if we choose δ = 0.9, it is still true that |(3x− 5)− 1|< 4.5.

Prove that in Example 4.5.10 one would have |(3x − 5) − 1| < 4.5 for all values of x with |x − 2| < δ
for any δ≤ 1.5.

SIZES OF INFINITY
The idea of counting what is important and relevant for life has pushed humankind forever. As civiliza-
tions changed pragmatic considerations had to coexist with philosophical consideration. Is zero a counting
number or not? Can we count what is not there? What about negative numbers? They looked so “false.”
What about irrational numbers? And then imaginary numbers. How far can we count? What does it mean
that collections of numbers are infinite? How can we say that two collections of numbers are both infinite
when one has clearly many more elements than the other?4

The set of the counting numbers, ℕ, serves as a benchmark for other sets. This provides some motiva-
tion behind the following definition. A set S is said to be countable if there exists a bijective function
between S and a subset of ℕ. The definition implies that all finite sets are countable and that ℕ itself is a
countable set. The size (or cardinality) of ℕ is called ℵ0 (aleph zero or aleph null), the first size of
infinity.

When we build a bijective function between two sets, we are proving that the two sets have the same
number of elements, without having to count anything. As an example, suppose that there are a lot of
chairs in a room, and a crowd walks in. Everybody sits down and there are no empty chairs. This means
that there are exactly as many people as chairs, no need to count either one. This situation builds a bijec-
tive function that associates each chair to the person sitting in it.

4See the books From Five Fingers to Infinity: A Journey Through the History of Mathematics and Capitalism and Arithmetic by
Frank Swetz.
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EXAMPLE 4.6.1
The set of the positive odd numbers, O+, is countable.

Proof: By definition, this requires the construction of a bijective function between O+ and ℕ. As usual, we
will start by looking for a function that is simple to construct, possibly linear (while we would like to do so,
it is not always possible to construct a simple function or to find an explicit formula for it). Can we find a
linear function f : O+→ℕ? If we can, the function will have the form f (x) = ax + b.

We need at least two pieces of information to determine the coefficients a and b. We can (somewhat
arbitrarily) require that f (1) = 1 and f (3) = 2. When we do so, the two smallest elements of the first set are
in correspondence with the two smallest elements of the second set. Then

a +b =1
3a + b =2:

�

This yields a = b = 1/2, and therefore f ðxÞ= x +1
2 :

Is this function well defined, that is, when its input is an odd positive number, is its output an element of
ℕ? If x ∈ O+, then x + 1 is a positive even number. Thus, x +1

2 ∈ℕ: The function f is one-to-one. Indeed if
f (x1) = f (x2), we can easily prove that x1 = x2.

We need to prove that f is also onto, that is, given n ∈ ℕ, can we find an xn ∈ O+ such that f (xn) = n?
This would mean that xn +1

2 = n: Thus xn = 2n− 1. Since n ≥ 1, this implies that xn is a positive odd
number; i.e., xn ∈ O+. Thus, O+ is a countable set, and it is infinite. Its size is ℵ0. ■

The result from Example 4.6.1 is somewhat counterintuitive because the set O+ is a proper subset of
ℕ, but we have proved that there are as many elements in O+ as in ℕ. This would not be possible if the
sets involved were finite. (See Exercise 1.)

It is worth remembering that when we are able to find a bijective function f : A→ B, we also know
that there exists a bijective function g: B→ A, the inverse function of f. (See the material on functions
earlier in this chapter.) Thus, when a set is countable, there exist at least two bijective functions between
that set and a subset of ℕ. Very often the problem is to define at least one of them explicitly.

EXAMPLE 4.6.2
The set of all odd integers, O, is countable.

Proof: By definition, we need to construct a bijective function between the sets O and ℕ. The set O does
not have a smallest element. So we cannot use a construction similar to the one in Example 4.6.1. One of
the main characteristics of the elements of the set O is the fact that they are either positive or negative.
The elements of ℕ are either even or odd. Thus, we could construct a function that maps the positive
element of O into the odd numbers of ℕ, and the negative elements of O into the even numbers of ℕ
(or vice versa). So we would have f : O→ℕ defined by the following table:

x j 1 −1 3 −3 5 −5 7 −7 9 −9 11 −11 13 …
f ðxÞj 1 2 3 4 5 6 7 8 9 10 11 12 13 …

What formula (if any) can we use to describe this table? We might need a piecewise function, with
different formulas for even and odd numbers. If x is a positive odd number, f (x) = x. If x is a negative
odd number, f (x) is the positive even number whose value is 1 unit higher than the absolute value of
the number itself, that is, f (x) = 1 + |x|. Observe that since x is a negative odd number, |x| is a positive
odd number. Therefore, 1 + |x| is a positive even number. Thus, we can write

f ðxÞ= x if x >0
1+ jx j if x <0:

�
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Is f a bijective function? The proof of this property is not hard, but we need to pay attention to the details.
The function f is one-to-one if f(x1) = f(x2) implies x1 = x2. Since f(x1) = f(x2), these two numbers are either

both even or odd. If they are both odd, by the definition of f, it means that x1 and x2 are positive odd numbers. In
this case f(x1) = x1 and f(x2) = x2. Thus f(x1) = f(x2) implies x1 = x2. If the numbers are both even, by the definition
of f, it means that x1 and x2 are negative odd numbers. In this case f(x1) = 1+ |x1| and f(x2) = 1+ |x2|. Therefore,
1 + |x2| = 1+ |x1|. This implies |x2| = |x1|; i.e., x1 = ±x2. But the two numbers are both negative, so x1 = x2.

The function f is onto if for every n ∈ ℕ there exists an xn ∈ O such that f (xn) = n. If n is an odd
number, we can use xn = n. This is a positive odd number, and thus xn ∈ O. Moreover, by the definition of
f we have that f (xn) = n.

If n is an even number (so n ≥ 2), we can n = 1+ (n−1), with (n−1) a positive odd integer number. Thus,
(n−1) = |1 − n|, with (1− n) a negative odd integer. If we use xn = (1− n), we have that f(xn) = n.

Since f is onto, it is a bijection. The set O is an infinite countable set, of size ℵ0. ■

The following result is also quite startling, as it proves that the set of the integer numbers ℤ is counta-
ble, and its size is still ℵ0. One would think that this set has many many more elements than ℕ, elements
like zero and all the negative numbers. In a naïve sense, ℤ seems to be twice as large as ℕ. Instead we
will prove that we are still dealing with the same kind of infinitely large sets.

EXAMPLE 4.6.3
The set ℤ is countable.

Proof: This construction of the bijective function we need is very similar to that in Example 4.6.2. We will
start by building a table that describes a function between ℕ and ℤ, and then we will try to find its
formula. (See also the exercises.) Let f : ℕ→ℤ be the function represented by the following table:

x j 1 2 3 4 5 6 7 8 9 10 11 12 13 …
f ðxÞj 0 1 −1 2 −2 3 3 4 −4 5 −5 6 −6 …

At this point, we can try to write a piecewise description of this function, using different formulas for
even and odd numbers:

f ðxÞ= x /2 if x is even
−ðx −1Þ/2 if x is odd:

�
Follow the pattern set in Example 4.6.2 to check that this function is indeed bijective (see Exercise 4).

Thus, the set of all integers has size ℵ0. ■

Exercises
1. Let A be a finite set with n elements. Let B be a nonempty proper subset of A. There is no bijective

function between A and B.
2. Construct a bijective function between the sets of all odd numbers O and all even numbers E.
3. The set of all even integers, E, is countable.
4. Prove that the function in Example 4.6.3 is bijective.
5. Construct the inverse of the function in Example 4.6.3, using ℤ as the domain and ℕ as the codomain.

Before investigating how the other sets of numbers can be classified sizewise, we will study some general
properties of countable sets. For example, every nonempty subset of a countable set S is also countable. (See
Exercise 6.) This directly implies that the nonempty intersection of a countable set with any other set is a coun-
table set. Moreover, we can find an equivalent definition of countable set that is sometimes easier to handle.
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EXAMPLE 4.6.4
A nonempty set S is countable if and only if all its elements can be ordered into a list indexed by a subset
of ℕ so that S = {s1, s2, s3,…} with si ≠ sj whenever i ≠ j.

Proof: The proof of this equivalence statement has two parts.
Part 1. Let S be a countable set. Then there exists a bijective function f : T→ S where T is a subset of

ℕ. Without loss of generality, we can assume that T = {1, 2, 3,…}. This set could be finite. Then the set
f (T) = {f (1), f (2), f (3),…} is a list of all the elements of S (because f is onto) and all elements are distinct
(because f is one-to-one). Set f (i) = si to have the set described in the conclusion.

Part 2. Assume that the elements of S can be ordered into a list indexed by a subset of ℕ of the form
{s1, s2, s3,…} with si ≠ sj whenever i ≠ j. This means that S = {s1, s2, s3,…}. Let T be the set used to index
the elements of S. Then define the function f : T→ S as f (i) = si. Since every element of S is the image of
an element of T, the function is onto. If i ≠ j, then si ≠ sj; i.e., f (i) ≠ f (j). So, f is one-to-one. Since there is
a bijective function between S and a subset of ℕ, the set S is countable. ■

EXAMPLE 4.6.5
The union of two countable sets is a countable set.

Proof: We will consider an easier case first.

Case 1. Let A and B be two countable disjoint sets. Then by Example 4.6.4, A= fan jn∈T⊆ℕg and
B = fbnjn∈R⊆ℕg: The sets T and R could be finite. It is possible to arrange the elements of C = A ∪ B
in a sequence alternating the elements of the two sets as follows:

c1 = a1 c2 =b1 c3 = a2 c4 =b2 c5 = a3 c6 =b3…

So, in general

ck =
aðk +1Þ/2 if k is odd
bk/2 if k is even:

�

Then C =A∪B = fck jk ∈ℕg: There are no repetitions in this list because the two sets are disjoint, so no
element of A is equal to an element of B. Thus A ∪ B is a countable set.
Case 2. Let A and B be any two countable sets. Using the properties of sets we can write

A ∪B =A ∪ ðB −AÞ:
The sets A and B− A are disjoint. They are both countable: A is countable by hypothesis, and B− A is
countable because it is a subset of B (which is countable by hypothesis). Therefore, by the result in
Case 1, A ∪ B is countable. ■

As surprising as it might be to find out that the set of integers is comparable to the set of natural numbers, it is
even more surprising to find out that the set of rational numbers is still comparable to ℕ. Intuitively one would
think that there are so many more numbers that can be represented as a fraction, but the increase in size is only
an illusion. The proof of the fact that ℚ is countable uses some very creative ideas, showing us some new tools.

Theorem: The set of positive rational numbers, ℚ+, is countable.

Proof: The goal is to list all the elements of ℚ+ in a complete list that has no repetitions (See Example 4.6.4.)
There are different ways to do so. One of them is quite intuitive and it is nicely shown by a table. A positive
fraction is the quotient between two integers. So, we will list all the fractions by starting with the fractions
with numerators equal to 1, while the denominators span all the natural numbers. Then we will list all the
fractions with numerators equal to 2, while the denominators span all the natural numbers, and cross out
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repetitions, that is, fractions that are equivalent to the ones already listed. We will keep repeating this proce-
dure and eliminating equivalent fractions.

The following table shows the listing. The natural numbers in the first row and the first column are
used to keep track of the places, they are not part of the listing itself. For example, the fraction 231/796
can be found in the table at the intersection of the 231st row with the 796th column.

1 2 3 4 5 6 7 8

1
1

1

1

2

1

3

1

4

1

5

1

6

1

7

1

8

2
2

1

2

2

2

3

2

4

2

5

2

6

2

7

2

8

3
3

1

3

2

3

3

3

4

3

5

3

6

K

K

K

33

7

3

8

4
4

1

4

2

4

3

4

4

4

5

4

6

4

7

4

8

5
5

1

5

2

5

3

5

4

5

5

5

6

5

7

5

8

6
6

1

6

2

6

3

6

4

6

5

6

6

6

7

6

K

K

K

88

7
7

1

7

2

7

3

7

4

7

5

7

6

7

7

7

8

8
8

1

8

2

8

3

8

4

8

5

8

6

K

K

K K

K K K

K K K K K K K K

Now we need to find a way to list all these rational numbers in a pattern that is easy to follow. See
the arrows in the following table:

1 2 3 4 5 6 7

1
1

1

1

2

1

3

1

4

1

5

1

6

1

7

2
2

1

2

2

2

3

2

4

2

5

2

6

2

7

3

→ → →

↓

33

1

3

2

3

3

3

4

3

5

3

6

3

7

4
4

1

4

2

4

3

4

4

4

5

4

6

4

7

5
5

1

5

2

5

3

5

4

5

5

5

6

5

7

↓

↓↓

↓

6
6

1

6

2

6

3

6

4

6

5

6

6

6

7

7
7

1

7

2

7

3

7

4

7

5

7

6

7

7

8
8

1

8

2

8

3

8

4

8

5

8

6

8

7

K

K

K

K

K

K

K

K

K
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So, we would have a1 = 1, a2 = 2, a3 = 1/2, a4 = 1/3, a5 = 3, a6 = 4, a7 = 3/2,…. All the elements in
the list are distinct because repetitions have been eliminated. All the positive rational numbers will be
listed because the fraction m/n will appear for sure in the list before the (m + n)th place. So, ℚ+ is counta-
ble and its size is ℵ0. ■

Clearly the listing shown above is not the only possible one. And for those who do not like proofs
that rely on graphs and tables, there are other proofs that rely on formulas (see the exercises). A proof
similar to the one above can be used to show that the set of all negative integers, ℚ−, is also countable.
We are now set to work with all the rational numbers.

Theorem: The set of all rational numbers is countable.

Proof: Most of the work is already done. We can write the set ℚ as the union of three countable (disjoint)
sets. Indeed ℚ = {0} ∪ ℚ+ ∪ ℚ−. This proves that ℚ is countable (see Example 4.6.5). ■

We have seen that union of sets is not a useful tool for building sets that have an infinite size “larger”
than ℵ0. How about the Cartesian product? After all, when we have two finite sets, one of size n and one
of size m, their Cartesian product is considerably larger, having size n × m.

EXAMPLE 4.6.6
Let A and B be two countable sets. Then their Cartesian product A × B is a countable set.

Proof: Recall that A × B = {(a, b)|a ∈ A and b ∈ B}.

Case 1. Both sets are finite. Then A × B is a finite set and it is countable.
Case 2. At least one of the two sets is infinite, and thus A × B is an infinite set. Then A= fai ji ∈ T ⊆ℕg
and B = fbk jk ∈S⊆ℕg: Then we can assemble a table with the elements of A as row indices and the
elements of B as column indices, so that we can see all the pairs in order. And then we can use the
“winding” pattern shown by the arrows to list all of them.

b1 b2 b3 b4 b5 b6 b7 …
a1 ða1,b1Þ ða1,b2Þ ða1,b3Þ ða1,b4Þ ða1,b5Þ ða1,b6Þ ða1,b7Þ …

↓ ↗ ↙ ↗ ↙ ↗ ↙ ↗
a2 ða2,b1Þ ða2,b2Þ ða2,b3Þ ða2,b4Þ ða2,b5Þ ða2,b6Þ ða2,b7Þ …

↙ ↗ ↙ ↗ ↙ ↗
a3 ða3,b1Þ ða3,b2Þ ða3,b3Þ ða3,b4Þ ða3,b5Þ ða3,b6Þ ða3,b7Þ …

↓ ↗ ↙ ↗ ↙ ↗
a4 ða4,b1Þ ða4,b2Þ ða4,b3Þ ða4,b4Þ ða4,b5Þ ða4,b6Þ ða4,b7Þ …

↙ ↗ ↙ ↗
a5 ða5,b1Þ ða5,b2Þ ða5,b3Þ ða5,b4Þ ða5,b5Þ ða5,b6Þ ða5,b7Þ …

↓ ↗ ↙ ↗ ↙
a6 ða6,b1Þ ða6,b2Þ ða6,b3Þ ða6,b4Þ ða6,b5Þ ða6,b6Þ ða6,b7Þ …

↙ ↗ ↙
a7 ða7,b1Þ ða7,b2Þ ða7,b3Þ ða7,b4Þ ða7,b5Þ ða7,b6Þ ða7,b7Þ …

↓ ↗
a8 ða8,b1Þ ða8,b2Þ ða8,b3Þ ða8,b4Þ ða8,b5Þ ða8,b6Þ ða8,b7Þ …

Since all the elements of A × B can be listed without repetitions (all the pairs are different since they
have at least one different coordinate), this set is countable. ■
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Using some care for the details, it is possible to generalize the result from Example 4.6.6 to more than
two sets. So, constructing Cartesian products is not a way “to increase” the size of countable. A conse-
quence of this is the fact that the sets ℕ × ℕ, ℚ × ℚ, ℕ × ℕ × ℕ, ℚ × ℚ × ℚ, etc., are all countable. So,
they are all “the same size of infinity.”

At this point, the size of infinite sets does not seem very intuitive anymore. We keep finding sets of
size ℵ0. Is the set of the real numbers, ℝ, still countable? The answer to this question is due to Georg
Cantor, who was born in Russia in 1845 and died in Germany in 1918. He proved that the rational num-
bers are countable in 1873. By the end of the same year he had proved that the real numbers are not
countable. This result appeared in one of his papers published in 1874. His proof was different from the
one that uses the “diagonalization” process and appeared later.

Theorem: The set ℝ is uncountable.

Proof: The goal is to prove that there is no complete list (without repetitions) of all the elements of ℝ. This
goal is considerably more difficult that proving that a set is countable, because the proof of this latter fact
only requires the construction of one list (that is complete and without repetitions), as seen in the proof of
the fact that ℚ+ is countable. Thus, our goal is to prove that it is impossible to provide a complete list of all
the elements of ℝ. There is no way (in a finite time span!) to attempt to write every possible list, and then
check each list for possible errors. So, we are going to use the method of proof by contradiction. Start by
assuming that there exists indeed a complete listing of all real numbers without repetitions.

It might be convenient to represent the numbers using their decimal expansions. To avoid repeti-
tions, we need to address the issue of numbers that could have two decimal expansions because
of infinite strings of 9s, such as 0.99999999…. = 1, or 1.7999999999…. = 1.8. When this happens, the
number will be written using its finite version, instead of the one that ends with the infinite string of 9s.

Since the list we are using includes all the real numbers, in particular it includes all the real numbers
in any given interval (we are just trying to make the problem more manageable). For convenience, let’s
consider all the real numbers between 0 and 1. Thus, the list will look something like

0:a11a12a13a14a15a16…
0:a21a22a23a24a25a26…
0:a31a32a33a34a35a36…
0:a41a42a43a44a45a46…
0:a51a52a53a54a55a56…
0:a61a62a63a64a65a66…

where ajk represents the kth decimal digit in the expansion of the jth number in the list.
How can we get a contradiction? We need to find a weak point in this construction. Is this really a

complete list, or can we produce a number between 0 and 1 that is not in the given list? The integer part
of such a number, let’s call it b, is 0. What about its decimal part?

This “missing” number has to be different from all the numbers in the list. In order for it to be differ-
ent from the first number in the list, it is sufficient that its first decimal digit is different from the first
decimal digit of the first number. Let’s also avoid 9, to avoid constructing an infinite string of them. So
b1 ≠ a11 and b1 ≠ 9. To make b different from the second element in the list, it is sufficient to choose its
second decimal digit to be different from the second decimal digit of this number. So b2 ≠ a22 and b2 ≠ 9.
We will repeat this pattern, making the decimal digits of b different from the digits on the main diagonal of
the list we have. Thus, in general bk ≠ akk and bk ≠ 9 for all k ≥ 1.
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The number b = 0.b1b2b3b4…… is a real number between 0 and 1 that is different from all the numbers in
the list by deliberate construction. This contradicts the assumption that the list was complete. Thus the set ℝ
is uncountable. ■

The construction used in the proof above is usually called Cantor’s diagonal argument for obvious
reasons, but it is not an obvious idea. It is a useful tool to have in one’s mathematical toolbox.
One consequence of the proof of the last theorem is that the interval (0,1) itself is uncountable. Again,
this might be an unexpected result, as it states that the real numbers between 0 and 1 are more numerous
than all the rational numbers. If we combine the results we found with the fact that ℝ is uncountable, and
therefore a “larger size” of infinity, we can see that Cantor’s finding answered one question, but really
opened a whole collection of new questions.

Are there sets whose sizes are larger than the size of ℝ, which is called c (for continuum) or ℵ1 (aleph
one)? The answer is affirmative. There are many “larger sizes” of infinity. For example, the collection of
all the subsets of ℝ, ℘(ℝ), is larger than ℝ. This can be proved using a technique similar to Cantor’s
diagonal construction. Then the process can be repeated. We can construct the set of all the subsets of
℘(ℝ), ℘(℘(ℝ)), to obtain a set with a larger size. So, there is no end to the production of infinite sets of
increasing size.

If we go back to how this process started, we found first a large collection of very different sets that
are countable, and then we faced a jump in size, with ℝ. The next logical question is whether it is possi-
ble to find infinite sets whose size is between the sizes of ℝ and ℕ, between ℵ0 and c. The continuum
hypothesis states that the answer is negative, and this is where something really strange happens. The
truth of this conjecture cannot be established using the usual axioms of mathematics. Hopefully the mate-
rial in this book will whet your appetite for more mathematics.

Exercises
Prove the following statements.

6. Every nonempty subset of a countable set S is also countable.
7. If a subset T of a subset S is not countable, then the set S is not countable.
8. The nonempty intersection of a countable set with any other set is a countable set.
9. Consider the family of countable sets fAng∞n=1: Then the union of any k of them is countable for all

k ≥ 2.
10. The set of the irrational numbers I is uncountable. (Hint: Use the fact that ℝ = ℚ ∪ I.)
11. Some people do not like the proof that uses a diagram to prove that the set of positive rational num-

bers ℚ+ is countable because they prefer a formula for the bijective function between ℚ+ and ℕ. So,
here is another proof, with the construction of a function:

f :ℚ+ − f1g→ℕ− f1g:

Let’s start by observing that every positive rational number has a unique representation as a fraction
m
n with relatively prime natural numbers m and n. Each of the numbers m and n has its own prime
number decomposition (Fundamental Theorem of Arithmetic), if it is at least 2. Let these be
m =pa1

1 pa2
2 pa3

3 ……::par
r and n=qb1

1 qb2
2 qb3

3 ………:qbs
s : Then define the function as

f ðm/nÞ=p2a1
1 p2a2

2 p2a3
3 ……::p2ar

r qð2b1 −1Þ
1 qð2b2 −1Þ

2 qð2b3 −1Þ
3 …:qð2bs −1Þ

s :
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So all the exponents that come from factors of the numerator are even and the exponents of factors
that come from the denominator are odd. Therefore, the factors of each part of the fraction are easy
to identify.
When either m = 1, or n = 1, there are no prime factors to use, so leave them unfactored. So, now we
have a formula! Since it is not very user friendly, it might be a good idea to work on some examples,
to really understand how it works.
Let’s find f 54

1225

 �
: In this case m = 54 = 2133 and n = 1225 = 5272. Therefore,

f 54
1225

� �
=22 .132 .35ð2 .2−1Þ7ð2 .2−1Þ =22365373 =125, 023, 500:

Let’s now work in reverse. What rational number corresponds to 24,463,296? First, we need to find
all prime factors of this number, which might not be an easy task. In this case 24,463,296 =
263511213. Separate the primes with even and odd exponents: 26112 and 3513. So, 2 and 11 are
the factors of the numerator, and 3 and 13 are the factors of the denominator. Adjust the exponents
according to the definition of f. For the numerator, just divide the even exponents by 2. So the
numerator is m = 23111 = 88. Then work on the odd exponents. The exponent of 3 will be 3 (since
we need 2b1 − 1 = 5) and the exponent of 13 will be 1 (since we need 2b2 − 1 = 1). Therefore, the
denominator is n = 33131 = 351.
Thus, f 88

351

 �
=24, 463, 296:

Answer the following questions.
a. Find f (3), f (4), f (10).
b. Prove that f (m) = m2.
c. Find a formula for f 1

n

 �
in terms of n and its prime factors.

d. If t ∈ ℕ, and t is prime, find the element x of ℚ+ such that f (x) = t.
e. Prove that f is indeed one-to-one and onto, and therefore a bijection between the two sets. (If you

want to, you can prove this claim. The proof just depends on the Fundamental Theorem of Arithmetic
and the properties of prime numbers.)

Sizes of Infinity 187



This page intentionally left blank



CHAPTER

5Review Exercises

Discuss the truth of the following statements. Prove the ones that are true; find a counterexample for each
one of the false statements, and follow directions. The exercises with the symbol (*) require knowledge of
calculus and/or linear algebra.

1. If P(x1, y1) and Q(x2, y2) are two distinct points in the plane, then the distance between the two of
them, defined as

dðP,QÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 − x1Þ2 + ðy2 − y1Þ2,

q
is a positive number.

2. Let a be a real number. Then the opposite of a is unique.
3. If n is any positive integer number, then ln n< n. Prove this statement in all of the following ways:

a. By induction.
b. By graphing the two functions f(x)= ln x and g(x)= x and comparing them. Use only x ≥ 1 since

the statement is only about positive integers.
c. By studying the function hðxÞ= ln x

x for x≥ 1. (*)
(Show that the function is bounded by 0 and 1.)

d. By studying the function g(x)= ln x− x for x≥ 1. (*)
(Show that g(x)< 0 for all x≥ 1.)

4. Let a and b be two real numbers with a≠ 0. The solution of the equation ax= b exists and is unique.
5. The counting number n is odd if and only if n3 is odd.
6. Let a and b be two real numbers. The following statements are equivalent:

a. a ≤ b and a≥ b
b. a – b= 0

7. Every nonzero real number has a unique reciprocal.
8. Let p, q, and n be three positive integers. If p and q have no common factors, then q does not divide pn.
9. For every integer n> 0, 1

1
1
2 +

1
2

1
3 +

1
3

1
4 + ::::+ 1

n
1

n+ 1 =
n

n+ 1.
10.

ffiffiffi
5

p
is an irrational number.

11. Prove algebraically that two distinct lines have at most one point in common.
12. All negative numbers have negative reciprocals. (See Exercise 7.)
13. Let an = 3n+ 2

n

	 
∞
n=1. Then, lim

n→∞
an = 3.

14. The remainder of the division of a polynomial P(x) by the monomial x – a is the number P(a).
15. Let P(x) be a polynomial of degree larger than or equal to 1. The following statements are

equivalent:
a. The number x= a is a root of P(x).
b. The polynomial P(x) can be exactly divided by the monomial x – a.
c. The monomial x – a is a factor of the polynomial P(x).
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16. Let f be a differentiable function at the point x= a. Then f is continuous at that point. (*)
17. All prime numbers larger than two are odd.
18. Let A be a 2 × 2 matrix with real entries. The following statements are equivalent: (*)

a. The matrix A has an inverse.
b. The determinant of A is nonequal to zero.

c. The system A
x
y

� �
=

0
0

� �
has only the trivial solution x= 0, y= 0.

19. Let f ðxÞ= 3x2 + 7x. Then lim
x→1

f ðxÞ= 10.
20. For all positive integer numbers k, 13 + 23 + 33 + :::+ k3 = k2ðk+ 1Þ2

4 .

21. Let a and b be two real numbers. If ab= ða+ bÞ2
4 , then a= b.

22. Let a and b be two real numbers. If ab= ða+ bÞ2
2 , then a= b= 0.

23. For all integers k≥ 2, 1
k + 1 +

1
k+ 2 + ::::+ 1

2k >
1
2.

24. Let a, b, and c be three integers. If a is a multiple of b and b is a multiple of c, then a is a multiple
of c.

25. Let p be a nonzero real number. Then p is rational if and only if its reciprocal is a rational number.
26. Let fan = ð−1/2Þng∞n=1. Then lim

n→∞
an = 0.

27. Let a, b, and c be three consecutive integers. Then 3 divides a+ b+ c.
28. Let k be a whole number. Then k3 − k is divisible by 3. Does this exercise relate to the previous

exercise?
29. Let fang∞n=1 be a sequence of real numbers converging to the number L = 1; that is, lim

n→∞
an =L= 1.

Then there exists a N such that an> 1/2 for all n>N.
30. Let f ðxÞ= ffiffiffi

x
p

. Then lim
x→3

f ðxÞ=
ffiffiffi
3

p
.

31. If ad – bc≠ 0, then the system

ax+ by= e
cx + dy= f

�
has a unique solution. The numbers a, b, c, d, e, and f are all real numbers.

32. Let k≥ 6 be an integer. Then 2k > (k+ 1)2.
33. There exists a number k such that 2k> (k+ 1)2.
34. The difference of a number and its cube is divisible by 6.
35. If t is a rational number and q is a rational number, then t+ q is an irrational number.
36. There are three consecutive integer numbers a, b, and c such that 3 divides a+ b+ c.
37. Let n be an integer. If n is a multiple of 5, then n2 is a multiple of 125.
38. For every integer n the number n2+ n is always even.
39. Let k≥ 6 be an integer. Then k!> k3.

40. Let an =
ð−1Þn
5

n o∞
n=1

. Then lim
n→∞

an does not exist.

41. The product of four consecutive natural numbers larger than 2 is a multiple of 8.
42. The polynomial P(x)= x5− 5x3+ 4x is divisible by 60 for all natural numbers.
43. The average of two consecutive even numbers is an odd number.
44. Let A be a set. Then A × A= A.
45. Let n be an odd integer. Then n2− 1 is divisible by 4.
46. The set of irrational numbers in the interval (1, 2) is uncountable.
47. Let A and B be subset of a universal set U. Then

a. A ∪ B= B ∪ A.
b. A ∪ A= A.
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c. A ∪ ∅= A.
d. A ∪ U=U.
e. If A ⊆ B, then A′ ⊇ B′.

48. Let f :ℝ→ℝ be defined as f ðxÞ= 1
5 x

3 + 1. Then f is a bijective function and f ([0, 5]) = [1, 26].
49. Let {Af with f ∈ F} be an indexed family of sets and let B be another set. Then

ð⋂
f∈F

Af Þ×B= ⋂
f∈F

ðAf ×BÞ:

50. Take any three consecutive whole numbers x – 1, x, x + 1. If none of them is divisible by 5, then x2+ 1
is divisible by 5.
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EXERCISES WITHOUT SOLUTIONS
Discuss the truth of the following statements. Prove the ones that are true; find a counterexample for each one
of the false statements. Exercises with the symbol (*) require knowledge of calculus and/or linear algebra.

General Topics
1. I. Write each of the following statements in the form “If A, then B.”

II. Construct the contrapositive of each statement:
– Every differentiable function is continuous.
– The sum of two consecutive numbers is always an odd number.
– The product of two consecutive numbers is always an even number.
– No integer of the form n2+ 1 is a multiple of 7.
– Two parabolas having three points in common coincide.
– Let b and c be any two real numbers with b ≤ c, and let a be their arithmetic average, defined

as a= b+ c
2 . Then b ≤ a ≤ c.

2. The number
ffiffiffi
7

p
is irrational.

3. The only prime of the form n5− 1 is 31.
4. There is a differentiable function whose graph passes through the three points (−1, 0), (0, −3), and (1, 5).
5. The reciprocal of a nonzero number of the kind z= a+ b

ffiffiffi
5

p
, with a and b real numbers, is a number

of the same kind.
6. If x is a positive real number, then x3≥ x.
7. Let n be a natural number, and x a fixed positive irrational number. Then

ffiffiffi
xn

p
is always irrational.

8. Let n be an odd number. Then n(n2− 1) is divisible by 24.
9. Let f be a differentiable increasing function. Then

ffiffiffiffiffiffiffiffi
f ðxÞ3

p
is an increasing function. (*)

10. Let a, b, c, and n be four positive integers. The numbers a, b, and c are divisible by n if and only if
a+ b+ c is divisible by n.

11. Consider the equation ax2 + bx + c = 0, with a ≠ 0, and b2 − 4ac ≥ 0. Then its solutions are

x1 = −b+
ffiffiffiffiffiffiffiffiffiffiffi
b2 − 4ac

p
2a and x2 = −b−

ffiffiffiffiffiffiffiffiffiffiffi
b2 − 4ac

p
2a .

12. Let a and b be any two real numbers. Prove the following statements:
a. (a+ b)2≥ 4ab.
b. (a+ b)2= 4ab if and only if a= b.

13. The sum of two consecutive numbers is divisible by 2.
14. Let a and d be two fixed positive integer numbers. Then

a+ ða+ dÞ+ ða+ 2dÞ+ ða+ 3dÞ+ ::::+ ða+ ndÞ= ðn+ 1Þð2a+ ndÞ
2

for all integers n ≥1.
15. Let n be a natural number. Then n is a multiple of 7 if and only if n3 is a multiple of 7.
16. The product of two consecutive numbers is divisible by 2.
17. The difference between a positive integer number and its fifth power is divisible by 30.
18. If a, b, and c are three integers such that a2 + b2 = c2 (that is, they are a Pythagorean triple), then

they cannot all be odd.
19. The square of an odd integer is a number of the form 8t+ 1, where t is an integer.
20. Let f and g be two functions defined for all real numbers with g(x) ≠ 0 for all x, f increasing and

g decreasing. Then the function h(x)= f (x)/g(x) is increasing.
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21. Let n be a number that is not a multiple of 3. Then either n+ 1 or n – 1 is a multiple of 3.
22. If (a+ b)3= a3+ b3, then either a= 0 or b= 0.

23. Prove that if A=
1 1
0 1

� �
, then An =

1 n
0 1

� �
for all n≥ 2. (*)

24. Let a and b be two integers such that b is a multiple of a. Then bk is a multiple of ak for every
natural number k.

25. The squares of two consecutive integers are never consecutive integers.
26. Let x and y be two negative numbers. Show that the following four statements are equivalent:

a. jxj< jyj
b. 0< x/y< 1
c. 1< y/x,
d. x2 < y2.

27. An integer is a multiple of 5 if and only if its unit digit is either a 5 or a 0.
28. The squares of two consecutive positive integers are not consecutive positive integers.
29. Let f be a function defined for all real numbers. The function f is decreasing if and only if

f ðcÞ− f ðxÞ
c− x < 0 whenever x≠ c.

30. The difference of two irrational numbers is always an irrational number.
31. If n is an integer with n ≥1, then (n+ 1)2≥ 2n2.
32. Let a be a positive number. Then a< 1 if and only if a3< a.
33. Let n be a nonnegative integer. The number 102n+1+ 1 is divisible by 11.
34. Let f and g be two functions defined for all real numbers and such that the function f ∘ g is well

defined for all real numbers. If f is a differentiable function and g is a nondifferentiable function,
then f ∘ g is nondifferentiable. (*)

35. Let f and g be two increasing functions defined for all real numbers. Then the function h(x)= f (x)g(x)
is an increasing function.

36. a. If a1, a2,… , an is a finite collection of rational numbers, then the sum S= a1 + a2 + :::+ an is a
rational number.

b. Is the previous statement true if one considers an infinite sequence of rational numbers? That is,
if a1, a2,… , an,… is an infinite sequence of rational numbers, is the sum

S= a1 + a2 + :::+ an + :::= ∑
∞

k=1
ak

a rational number? (*)
37. Let f, g, and h be three functions defined for all real numbers such that f ðxÞ≤ hðxÞ≤ gðxÞ for all x. If

f and g are decreasing, then h is decreasing.
38. The equation sin x=−x+ 1/2 has a unique solution for 0 ≤ x ≤ π/2.
39. The product of four consecutive integers increased by 1 is always a perfect square. (Hint: Try the

square of a trinomial.)
40. There exist integer numbers a, b, and c such that bc is a multiple of a, but neither b nor c are

multiples of a.
41. Let n be a natural number larger than 3. Then 2n> n!.
42. Let f be a function defined for all real numbers. The function f is even if and only if its graph is

symmetric with respect to the y-axis. (A graph is symmetric with respect to the y-axis if, whenever
the point (x, y) belongs to it, the point (−x, y) will belong to it as well.)

43. The systems
ax+ by= e
cx+ dy= f

�
and

ax+ by= e
ða− cÞx+ ðb− dÞy= e− f

�
have the same solutions. (Hint: Prove

that (t, s) is a solution of the first system if and only if it is a solution of the second system.)
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44. Let k be a natural number. An integer of the form 16k+ 5 is never a perfect square.
45. Let n be an integer. Then the following four statements are equivalent:

a. n is odd,
b. n2 is odd,
c. ðn− 1Þ2 is even,
d. ðn+ 1Þ2 is even.

46. Let f be a positive function defined for all real numbers and never equal to zero. Then the following
statements are equivalent:
a. f is an increasing function.
b. The function g, defined as gðxÞ= 1

f ðxÞ, is decreasing.
c. The function kn, defined as knðxÞ= nf ðxÞ, is increasing for all positive numbers n.

47. The number 3n− 1 is divisible by 2 for all natural numbers n.
48. Let n be a positive multiple of 3, with n> 3. Then either n is a multiple of 6 or it is a multiple of 9.

49. For every counting number n, ∑
n

i=1
i=

ffiffiffiffiffiffiffiffiffi
∑
n

i=1
i3

s
. (Hint: Start by squaring both sides of the equality.)

50. There is a differentiable function f such that 0 ≤ f (x) ≤ 1 and f (0) = 0. (*)
51. If ab is divisible by 10, then either a or b is divisible by 10.
52. Let f be a nonconstant function. Then f cannot be even and odd at the same time.
53. Let a be a positive integer. If 3 does not divide a, then 3 divides a2− 1.
54. There exists a set of four consecutive integers such that the sum of the cubes of the first three is

equal to the cube of the largest number.
55. A five-digit palindrome number is divisible by 11.
56. Let m and n be two integer numbers. Then the following statements are equivalent:

a. m and n are both odd numbers.
b. mn is an odd number.
c. m2n2 is an odd number.

57. There exist irrational numbers a and b such that ab is an integer.
58. Let f, g, and h be three functions defined for all real numbers such that h and g are increasing and

h(x) ≤ f (x) ≤ g(x) for all x. Then f is an increasing function.
59. Let n be an integer number. The following statements are equivalent:

a. n is divisible by 5.
b. n2 is divisible by 25.
c. n3 is divisible by 125.

60. Let c be a perfect square (i.e., c = a2 for some integer number a). Then the number of distinct
divisors of c is odd.

61. Let a, b, c, and d be natural numbers such that b is a multiple of a and d is a multiple of c. Then bd
is a multiple of ac.

62. There exists a third-degree polynomial whose graph passes through the points (0, 1), (−1, 3), and (1, 3).
63. The Fibonacci sequence f1, f2,…: , fn is defined recursively as f1 = 1, f2 = 1, and fn = fn−1 + fn−2 for

n> 2. Then for n> 2:
a. f1 + f2 + ::::+ fn = fn+2 − 1

b. fn > 1+
ffiffi
5

p
2

� �n
c. For all n ≥ 5, if n is a multiple of 5, then fn is a multiple of 5. (Hint: Write several terms of the

sequence to study its behavior.)
64. There exists a positive integer n such that n!< 3n.
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65. Let a and b be two real numbers with a < b. Then there exists a unique number c, with a < c < b
such that ja− cj= jb− cj

3 .
66. Let a and b be two rational numbers, with a < b. Then there exist at least four rational numbers

between a and b.
67. The sum of two increasing functions is an increasing function.
68. The sum of two prime numbers is not a prime number.
69. There is a digit that appears infinitely often in the decimal expansion of

ffiffiffi
2

p
.

70. Let P(x) and Q(x) be two polynomials such that PðxÞ= ðx2 + 1ÞQðxÞ. The solution sets of the two
polynomials coincide. (Hint: Prove that x0 is a zero of P(x) if and only if it is a zero of Q(x).)

71. Let ℓ1 and ℓ2 be two nonhorizontal distinct lines perpendicular to a third line ℓ3. Then ℓ1 and ℓ2 are
parallel to each other. (Hint: Work on the slopes of the three lines.)

72. There exists a unique prime of the form n3− 1.
73. Let x be a real number. If x2 is not a rational number, then x is not a rational number.
74. The sum of two odd functions is an odd function.
75. The polynomial PðxÞ= x5 − 5x3 + 4x is divisible by 120 for all natural numbers.

Basic Set Theory
76. a. Are the following two sets equal?

A= {all integer numbers that are multiples of 15}
B= {all integer numbers that are multiples of 3 and 5}

b. Are the following two sets equal?
A= {all integer numbers that are multiples of 15}
B= {all integer numbers that are either multiples of 3 or multiples of 5}

77. Is the statement ∅⊆ fa,∅g correct? What about the statement ∅∈ fa, ∅g? Explain.
78. The set A of all odd integer multiples of 3 coincides with the set B= {n= 6k+ 3 where k is an integer}.
79. Let A, B, and C be three subsets of the same set U. Then

A− ðB∩CÞ= ðA−BÞ∪ ðA−CÞ:
80. Let A1, A2,… , An be any n sets. Then ðA1 ∪A2 ∪…:AnÞ′=A′1 ∩A′2 ∩…::∩A′n for all n≥ 2.
81. Let A and B be two nonempty subsets of the same set U. Then either B ⊆ A′ or A ∩ B ≠∅.
82. Let A and B be subsets of a universal set U. The symmetric difference of A and B, indicated as

A⊕B, is the subset of U defined as follows:

A⊕B= ðA−BÞ∪ ðB−AÞ:
a. Show A⊕B on a Venn diagram.
b. Prove that ðA−BÞ∩ ðB−AÞ=∅.
c. Prove that A⊕B= ðA∪BÞ− ðA∩BÞ. (You can use a Venn diagram as an example, but you need

to write a general proof as well.)
d. Prove that A⊕B=B⊕A. (This shows that this operation is symmetric (commutative), because

the roles of A and B can be changed, without changing the final result.)
83. Let A, B, C, and D be any subsets of a universal set U. In each case either give a proof of the fact

that the equality is true, or find a counterexample to show that it is false. Do not use Venn diagrams
to prove the truth of equalities.
a. ðA−BÞ∩C=A∩ ðB′∩CÞ
b. ðA∪B∩CÞ′=A′∩B′∪C′
c. ðA∪BÞ∪ ðC ∩DÞ= ðA∪B∪CÞ∩D
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84. Let X = ½1, +∞Þ= fx∈ℝjx≥ 1g. Consider the following collection of subsets of X:

℘= fA= ½1, 106Þ, B= ½106, 1012Þ, C= ½1012, 1024Þ, D= ½1024, +∞Þg
The collection ℘ is a partition of X.

85. Let X = ½1, +∞Þ= fx∈ℝjx≥ 1g. Consider the following indexed family of subsets of X:

℘= fAn = ½n, n+ 2Þ with n∈ℕg
a. Find ⋂

n∈ℕ
An and ⋃

n∈ℕ
An.

b. Is this indexed family a partition of A? Explain.

About Functions
86. Find the domain and the range of the function defined by f ðxÞ= 1/ðx4 + 1Þ using only real numbers.
87. Let f (x) = x2 + 1 and g(x) = 3x + 5. Construct the following functions, and specify the domain and

range for each one of them: f+ g, f− g, fg, f/g, f ∘ g, and g ∘ f.
88. Let f ðxÞ= x2 + 1 and gðxÞ= 3x+ 5. Then their inverses, f −1 and g−1, exist.
89. Consider the correspondence f :ℕ→ℕ defined as

f ðnÞ= number of distinct prime factors of n:

So, for example, f (7)= 1 (since the only prime factor of 7 is 7 itself), f (8)= 1 (since 8= 23 and 2 is
the only prime factor of 8), and f (42)= 3 (since 42= 2 × 3 × 7). Is f a function? Explain.

90. There exists a bijective function between the set of the positive multiples of 2 and the set of the
positive multiples of 13.

91. Let f, g, and h be three real-valued functions such that f ∘ g and f ∘ h are well defined and f ∘ g= f ∘ h.
If f is one-to-one, then g= h.

92. Let M2 = A=
a11 a12
a21 a22

� �
with aij ∈ℝ

� �
and f :M2 →ℝ be defined as f ðAÞ= det A. What properties

does f have? Is it one-to-one? Onto? (*)
93. Let f :ℝ→ ½1, +∞Þ be defined as f ðxÞ= x2 + 1. Find f −1ð½1, 5�Þ and f −1ð½3, 10�Þ. Then find

f −1ð½1, 5�∩ ½3, 10�Þ. Is this set equal to the set f −1ð½1, 5�Þ∩ f −1ð½3, 10�Þ?

Relations
94. On the set A= {0, 1, 2, 3, 4, 9} consider the relation defined as

xRy if and only if x= y2:

Which properties does this relation have or does not have? Explain. Show the digraph of R.
95. On the set of the natural numbers ℕ define the following relation:

nRm if and only if n has the same number of prime factors as m:

Prove that R is an equivalence relation and find [2], [4], [25], [125], and [1000]. Describe the
elements in [ p], where p is a prime number.

96. On the set of the real numbers consider the relation defined as

xRy if and only if there exists a polynomial P of degree 2 such that PðxÞ=PðyÞ= 0:

Which properties does this relation have or does not have? Explain.
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97. Let A= {1, 2, 3, 4}. On A define the relation

R= fð1, 1Þ, ð2, 2Þ, ð3, 3Þ, ð4, 4Þ, ð1, 2Þ, ð2, 1Þ, ð1, 3Þ, ð3, 1Þ, ð1, 4Þ, ð4, 1Þg:
Which properties does this relation have or does not have? Explain. Show the digraph of R.

98. Let A = {1, 2, 3, 4, 5}. Consider the collection of all subsets of A, ℘ðAÞ. (It is not necessary to list
all of them explicitly, but it might help. There are 32 subsets.) On it, consider the relation

XRY if and only if X ∩ Y ≠∅:

Which properties does this relation have or does not have? Explain.
99. Let U be a universal set. Define the following relation between the subsets of U:

ARB if and only if B has at least as many elements as A:

Which properties does this relation have or does not have? Explain.

The Basics of Groups
100. Let G= {e, a, b, c, d} and let * be a binary operation on G. Complete the following operation table

so that the pair (G, ∗) is an abelian group:

� e a b c d
ej e b d
aj a b e
bj d e
cj c e b
dj e b c

101. Is the group in the previous exercise isomorphic to the group ðℤ5, +5Þ?
102. In the group of permutations on five numbers, S5, consider the two permutations

f =
1 2 3 4 5
3 4 5 2 1

� �
and g=

1 2 3 4 5
3 1 4 3 5

� �
:

a. Find f ∘ g and g ∘ f.
b. Find their inverses, f −1 and g−1.
c. Find ( f ∘ g)−1 and check that ( f ∘ g)−1= g−1 ∘ f −1.

103. Let (G, ∗) be a group. Let A be a subset of G that contains the identity e. If the operation * is
closed on A, then (A, ∗) is a subgroup of (G, ∗).

104. Let (G, ∗) be a group. Let (A, ∗) and (B, ∗) be two subgroups of (G, ∗).
a. The pair (C, ∗), where C= A ∩ B, is a subgroup of (G, ∗).
b. The pair (C, ∗), where C= A ∪ B, is a subgroup of (G, ∗).

105. Let (A, ∗), (B, ×), and (C, ·) be three groups. If (A, ∗) and (B, ×) are isomorphic and (B, ×) and
(C, ·) are isomorphic, then (A, ∗) and (C, ·) are isomorphic.

106. The groups (T, ×) with T= {1, −1, i, −i} and ðℤ4, +4Þ are isomorphic.
107. The groups ðℤ6, +6Þ and ðℤ�

7, ×7Þ are isomorphic.

Limits
108. Let an = n2 − 1

n2 + 1

n o∞
n=1

. Then lim
n→∞

an = 1.

109. Consider the sequence an = 2n+ 1
3n+ 5

	 
∞
n=1

. Then lim
n→∞

an = 2
3.
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110. Let an = 1
n3 + 1

	 
∞
n=1

. Then lim
n→∞

an = 0.

111. Let f ðxÞ= 15x+ 7. Then lim
x→2

f ðxÞ= 37.

112. Let f ðxÞ= ffiffiffiffiffiffiffiffiffiffi
x+ 1

p
. Then lim

x→3
f ðxÞ= 2. (Hint: Use, in a suitable way, the conjugate of

ffiffiffiffiffiffiffiffiffiffi
x+ 1

p
− 2.)

113. Let f ðxÞ= jxj. Then lim
x→0

f ðxÞ= 0.

114. Let f ðxÞ= x− 3
x2 − 9. Then lim

x→3
f ðxÞ= 1/6.

115. Let f ðxÞ= x− 3
x2 − 9. Then lim

x→−3
f ðxÞ does not exist.

Cardinality and Sizes of Infinity
116. The set A= fx∈ℤjx ≥ −10g is countable.
117. The interval (2, 10) is uncountable.
118. The set of irrational numbers in the interval (0, 1) is uncountable.
119. Consider the family fAn with n∈ℕg of countable sets. For every k ≥ 2 the set A1 ×A2 × ::::×Ak is

countable.
120. Let (a, b) and (c, d) be two nonempty open intervals on the real line. Their intersection is an

uncountable set.

COLLECTION OF “PROOFS”
The following collection includes “proofs” that are correctly prepared and those with flaws in them,
proofs that can be found in the mathematical tradition and those prepared by students. Examine the
“proofs” presented, judge their soundness, and improve on them; in short, pretend you are the teacher
and grade the material presented.

Theorem 1: The number 1 is the largest integer.

Alleged proof: Suppose the conclusion is false. Then let n > 1 be the largest integer. Multiplying both
sides of this inequality by n yields n2 > n. This is a contradiction, since n2 is another integer larger
than n. Thus, the theorem is proved. ■

Theorem 2: The value of the expression

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffi
3:::

ppqrs
is 3.

Alleged proof: Let x=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffi
3:::

ppqrs
Then x2 = 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffiffiffi
3:::

ppqrs
This implies that x2 = 3x. As

x≠ 0, the only solution is x= 3. ■

Theorem 3: There is no prime number larger than 12 million.

Alleged proof: Let x be a number larger than 12 million.

Case 1. The number x is even. Then it is a multiple of 2, and thus it is not prime.
Case 2. The number x is odd. As x is odd, the two numbers a = (x + 1)/2 and b = (x – 1)/2 are both
integers. In addition 0< b< a. By performing some algebra, one can prove that

x= a2 − b2:

This implies that

x= ða+ bÞða− bÞ:
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As x is the product of two integers, namely a + b and a – b, one can conclude that x is not a prime
number. Thus, there is no prime number larger than 12 million. ■

Theorem 4: The graphs of the curves represented by the equations y= x2 − x and y= 1
4 x−

1
4 have at most

two points in common.

Alleged proof 1: Graph both equations as shown here. The graph clearly shows that there are two points
in common.

1

0.5

0

−0.5

−1

1.5

3

2

2.5

■

Alleged proof 2: We need to solve the equation

x2 − x= 1
4
x− 1

4
:

If we write all the terms in the left-hand side, we get

x2 − 5
4
x+ 1

4
= 0:

So,

x =

5
4
±

ffiffiffiffiffiffiffiffiffiffiffiffiffi
25
16

− 1

r
2

=

5
4
± 3

4
2

:

The two solutions are x= 1 and x= 1/4. ■

Alleged proof 3: A second-degree equation has at most two solutions. So, the graphs meet in at most two
points. ■

Alleged proof 4: To show that the statement is true, one needs to show that the two graphs have in com-
mon either no points, one point, or two points. To find the coordinates of the points one must solve the
equation

x2 − x= 1
4
x− 1

4
:

By factoring, the equation can be rewritten as

xðx− 1Þ= 1
4
ðx− 1Þ:
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By dividing both sides, one gets

x= 1/4:

Therefore, the graphs of the two equations have in common only the point whose coordinates are
ð1/4, −3/16Þ. Thus, the given statement is true. ■

Theorem 5: Let n be an integer with n≥ 1. Then n2 – n is always even.

Alleged proof 1: We will use proof by induction.

Step 1: Is the statement true when n= 1?

12 − 1= 0

As 0 is an even number, the statement is true for the smallest number included in the statement.
Step 2: Assume that k2− k is even for an integer k.
Step 3: Let’s prove that the statement is true for k+ 1.

ðk+ 1Þ2 − ðk+ 1Þ= k2 + 2k+ 1− k− l= ðk2 − kÞ+ 2k:

Since k2− k is even, and so is 2k, we can conclude that the statement is true for k+ 1. ■

Alleged proof 2: We will use proof by cases.

Case 1. Let n be an even number. Then n= 2k for some integer number k. Thus

n2 − n= ð2kÞ2 − 2k

= 4k2 − 2k

= 2ð2k2 − kÞ:
As the number 2k2 – k is an integer, n2 – n is even.
Case 2. Let n be an odd number. Then n= 2k+ 1 for some integer number k. Thus,

n2 − n= ð2k+ 1Þ2 − ð2k+ 1Þ
= 4k2 + 4k+ 1− 2k− 1

= 2ð2k2 + kÞ:
As the number 2k2+ k is an integer, n2 – n is even. ■

Alleged proof 3: We can write

n2 − n= nðn− 1Þ:
The product of two consecutive numbers is always even. So n2 – n is even. ■

Alleged proof 4: Assume there is a positive integer s such that s2 – s is odd. Then we can write

s2 − s= 2k+ 1

where k is an integer and k≥ 0. Then

s= 1±
ffiffiffiffiffiffiffiffiffiffiffiffi
8k+ 5

p
2

:
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Since s is positive, we will only consider

s= 1+
ffiffiffiffiffiffiffiffiffiffiffiffi
8k+ 5

p
2

:

Clearly 8k + 5 is never a perfect square (it is equal to 5, 13, 21, 37, etc.). Therefore, s is not an
integer. Thus the given statement is true. ■

Theorem 6: All math books have the same number of pages.

Alleged proof: We will prove by induction on n that all sets of n math books have the same number of pages.

Step 1: Let n= 1. If X is a set of one math book, then all math books in X have the same number of
pages.
Step 2: Assume that in every set of n math books, all the books have the same number of pages.
Step 3: Now suppose that X is a set of n+ 1 math books. To show that all books in X have the same
number of pages, it suffices to show that if a and b are any two books in X, then a has the same
number of pages as b. Let Y be the collection of all books in X, except for a. Let Z be the collection
of all books in X, except for b. Then both Y and Z are collections of n books. By the inductive
hypothesis, all books in Y have the same number of pages, and all books in Z have the same number
of pages. So, if c is a book in both Y and Z, it will have the same number of pages as a and b.
Therefore, a has the same number of pages as b. ■

Theorem 7: If n≥ 0 and a is a fixed nonzero real number, then

an = 1:

Alleged proof: We will use mathematical induction.

Step 1: Let n= 0. Then, by definition, a0= 1.
Step 2: Assume that ak= 1 for all 0≤ k≤ n (strong inductive hypothesis).
Step 3: Let us work on n+ 1. By the rules of algebra

an+1 = an × an

an−1
= 1× 1

1
= 1:

Therefore, the conclusion is proved. ■

Theorem 8: The number
ffiffiffi
2

p
is irrational.

Alleged proof: Let us assume that
ffiffiffi
2

p
is a rational number. Then

ffiffiffi
2

p
= a

b, with a and b positive integers.
Thus,

a2

b2
= 2:

Therefore,

a2 = 2b2:

This implies that a2 is an even number, and therefore a is an even number. So a= 2a1, with a1 an inte-
ger positive number and a1 < a. This yields 4a21 = 2b2, that is, 2a21 = b2. Therefore, b2 is an even number,
which implies that b is an even number. So b= 2b1, with b1 an integer positive number and b1 < b. Thus,ffiffiffi

2
p

= a
b
=

2a1
2b1

=
a1
b1

:
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Since
ffiffiffi
2

p
= a1

b1
, we can repeat the process above and write a1 = 2a2 and b1 = 2b2 with a2 and b2 positive

integers, b2 < b1 and a2 < a1.
If this process is repeated k times, we can construct two sequences of integer positive numbers:

0< ak < ak−1 < :::< a2 < a1 < a
0< bk < bk−1 < :::< b2 < b1 < b:

If k> b, we have reached a contradiction. Therefore,
ffiffiffi
2

p
is an irrational number. ■

Theorem 9: The number
ffiffiffiffiffi
10

p
is irrational.

Alleged proof: Let us assume that
ffiffiffiffiffi
10

p
is a rational number (proof by contradiction). Then

ffiffiffiffiffi
10

p
= a

b, with
a and b positive integers and relatively prime (the fraction is in reduced form). Thus,

a2

b2
= 10:

Therefore,

a2 = 10b2:

This implies that a2 is a multiple of 10. Therefore a= 10t with t an integer. Using this equality yields

ð10tÞ2 = 10b2,

that is,

100t2 = 10b2

or

10t2 = b2:

This implies that b2 is a multiple of 10. Therefore, b= 10s with s an integer. This is a contradiction
because a and b are relatively prime ■

Theorem 10: Let A, B, and C be any three subsets of a universal set U. Then

A∪ ðB∩C′Þ= ðA∪BÞ∪ ðA∩C′Þ:
Alleged proof: x∈A∪ ðB∩C′Þ if and only if either x ∈ A or x∈B∩C′ if and only if either x ∈ A or x ∈ B
and x∉C if and only if either x ∈ A or x ∈ B or x ∈ A and x ∉ C if and only if either x∈A∪B or x∈A∩C′
if and only if x∈ ðA∪BÞ∪ ðA∩C′Þ. ■

Theorem 11: The sum of the cubes of three consecutive integers is divisible by 9.

Alleged proof: For the base step observe that 03 + 13 + 23 = 9 is indeed a multiple of 9. Suppose that
n3 + ðn+ 1Þ3 + ðn+ 2Þ3 = 9k for some integer number k. Then

ðn+ 1Þ3 + ðn+ 2Þ3 + ðn+ 3Þ3 = n3 + ðn+ 1Þ3 + ðn+ 2Þ3 + ðn+ 3Þ3 − n3

= 9k+ 9n2 + 27n+ 27

= 9ðk+ n2 + 3n+ 3Þ,

which is a multiple of 9. ■

202 CHAPTER 5 Review Exercises



Theorem 12: Let x and y be two positive integers. The numbers x2 + y2 and x2 − y2 cannot both be
squares simultaneously.

Alleged proof:

Case 1. If x = y, the statement is true because x2 − y2 = 0 (which is a square), but x2 + y2 = 2x2 (which
is not a square).
Case 2. Assume that x≠ y. If x< y, then x2 − y2 is a negative, and therefore not a square.
Case 3. Assume that x≠ y and x> y. Also assume that there exists a pair of numbers for which
x2 + y2 = a2 and x2 − y2 = b2 and a> b. Then 2x2 = a2 + b2 and 2y2 = a2 − b2. So the numbers a and b
are either both even or both odd.

If they are both even, then x2 + y2 and x2 − y2 are both even numbers. So, x and y are both either even
or odd. If they are both odd, then x2 + y2 and x2 − y2 are both odd numbers. So, either x or y is even and
the other is odd. So there is no contradiction and the statement is true. ■
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SOLUTIONS FOR THE EXERCISES AT THE END OF THE SECTIONS
AND THE REVIEW EXERCISES
Warning
The following solutions for the exercises listed in this book should be used only as a guide. If you have
not read the section “To the Reader” in the Preface, here it is once more!

These solutions should only be used as a guide. Indeed, learning to construct proofs is like learning to
play tennis. It is useful to have someone teaching us the basics and it is useful to look at someone play-
ing, but we need to get into the court and play if we really want to learn.

Therefore, we suggest that you, the reader, set aside a minimum time limit for yourself to construct a
proof without looking at the solution (as a starting point, you could give yourself one hour, and then
adjust this limit to fit your ability). If you do not succeed, read only the first few lines of the proof pre-
sented here, and then try again to complete the proof on your own. If you are not able to do so, read a
few more lines and try once more. If you need to read the whole proof, make sure that you understand it,
and after a few days try the exercise again on your own.

The discussion part of a proof is enclosed in parentheses.

SOLUTIONS FOR THE EXERCISES AT THE END OF THE SECTIONS
Chapter 2: Basic Techniques to Prove If/Then Statements
What Does “If/Then” Mean?
1. If a function f is continuous, then f is differentiable (only if= then).
2. If the product of two integer numbers is odd, then the two numbers are odd (whenever = if).
3. If two numbers are prime, then their greatest common divisor is 1 (the hypothesis implies the

conclusion).
4. If a function is a polynomial, then it is continuous (“sufficient” identifies the hypothesis).
5. If the sum of two numbers is even, then the two numbers are even (“necessary” identifies the

conclusion).
6. If a number is prime, then it is odd (it is enough = it is sufficient).
7. If the sum of two numbers is even, then the two numbers are both odd (only if= then).
8. If a number is even, then it is a multiple of 4 (only if= then).
9. If a number is a multiple of 4, then it is even.

10. If a number is a multiple of 9, then it is a multiple of 3 (“necessary” identifies the conclusion).

Direct Proof
11. We can rewrite the statement first as: Let a and b be two integer numbers (the concept of

consecutive is only defined for integer numbers). If a and b are consecutive odd numbers, then their
average (the number (a+ b)/2) is an even number.
Since a is an odd number, it can be represented as a= 2k+ 1, with k an integer number. The number
b is the next consecutive integer. It cannot be the number 2k+ 2 because this is an even number.
Indeed, 2k+ 2= 2ðk+ 1Þ, and this number is therefore divisible by 2. Thus, b= 2k+ 3. It is easier to
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reach a conclusion about the average of a and b if one has an explicit way to represent this number.
Using the hypothesis yields

a+ b
2

=
ð2k+ 1Þ+ ð2k+ 3Þ

2
= 4k+ 4

2
= 2k+ 2:

This equality allows us to conclude that not only the average of a and b is an even number, but more
specifically that it is the even number between the two odd numbers a and b.

12. Note that the number n is an integer, by the definition of multiple. Thus, the statement can be rewritten
as: Let n be an integer number. If n is not a multiple of 3, then n2 = 3s+ 1 where s is an integer number.
By hypothesis n is not a multiple of 3. Therefore, there are two possibilities (see Division Algorithm
in “Some Facts and Properties of Numbers” in the front of the book), either n= 3t+ 1 or n= 3t+ 2
where t is an integer number. We need to examine both. If n= 3t+ 1, then

n2 = ð3t+ 1Þ2 = 9t2 + 6t+ 1= 3ð3t2 + 2tÞ+ 1:

The number 3t2 + 2t is an integer because t, 3, and 2 are integers. Let s= 3t2 + 2t. Then n2 = 3s+ 1,
with s an integer.
On the other hand, if n= 3t+ 2, then

n2 = ð3t+ 2Þ2 = 9t2 + 12t+ 4= 9t2 + 12t+ 3+ 1= 3ð3t2 + 4t+ 1Þ+ 1:

The number 3t2 + 4t+ 1 is an integer because t, 3, 4, and 1 are integers. Let s= 3t2 + 4t+ 1. Then
n2 = 3s+ 1, with s an integer.

13. If n is a three-digit number, whose unit digit is at most 4, whose hundred digit is between 1 and 5,
and whose tens digit is the sum of the other two digits, then n is divisible by 11. The hypothesis can
be written in a much more explicit way using symbols instead of words. Since n is a three-digit
number, n= a2a1a0 = a2 × 100+ a1 × 10+ a0. By hypothesis, 0≤ a0 ≤ 4, 1≤ a2 ≤ 5, and a1 = a2 + a0.
(Some examples of these numbers are 594, 132, 550, and so on. They are all divisible by 11.) Using
this information it is possible to write

n= a2 × 100+ a1 × 10+ a0 = a2 × 100+ ða2 + a0Þ× 10+ a0:

Therefore,

n= a2 × 100+ ða2 + a0Þ× 10+ a0 = a2 × 100+ a2 × 10+ a0 × 10+ a0
= a2 × 110+ a0 × 11= 11ð10a2 + a0Þ:

The number ð10a2 + a0Þ is an integer because all numbers used are integers, and this proves that n is
indeed a multiple of 11.

14. This statement can be rewritten as: If n is odd, then n3 is odd (only if= then). By hypothesis, n is an
odd number. Therefore, n= 2k+ 1, with k an integer number. An explicit way of writing n3 will
move the proof toward the conclusion (hopefully!). Performing some basic calculations yields
n3 = ð2k+ 1Þ3 = 8k3 + 12k2 + 6k+ 1. Thus, n3 = 2ð4k3 + 6k2 + 3kÞ+ 1. The number in parentheses is
an integer because it is a sum of products of integer numbers. Call it s. Then n3 = 2s+ 1 with s an
integer, and this proves that n3 is odd.

15. Since the word “necessary” introduces the conclusion, the statement can be rewritten in the form: If
n is odd, then n2 + 3n+ 5 is odd. By hypothesis, n is an odd number. Therefore, n= 2k+ 1, with k
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an integer number. Substituting this alternative way of writing n in the expression given in the
conclusion and performing some algebra steps yield

n2 + 3n+ 5= ð2k+ 1Þ2 + 3ð2k+ 1Þ+ 5

= 4k2 + 4k+ 1+ 6k+ 3+ 5

= 4k2 + 10k+ 9

= 2ð2k2 + 5k+ 4Þ+ 1:

The number in parentheses is an integer because it is a sum of products of integer numbers. Call it p.
Then n2 + 3n+ 5= 2p+ 1 with p an integer, and this proves that n2 + 3n+ 5 is odd.

The Negation of a Statement: AND/OR
16. There exists at least one real number for which the function f is not defined. (Or: The function f is

not defined for all real numbers.)
17. Let x and y be two numbers. There is no rational number z such that x + z = y. (Or: Let x and y be

two numbers. Then x+ z≠ y for all rational numbers z.)
18. The function f does not have the property that for any two distinct real numbers x and y, f ðxÞ≠ f ðyÞ.

(Or: There exist at least two distinct numbers x and y for which f ðxÞ= f ðyÞ:)
19. This statement can be rewritten as: The equation PðxÞ= 0 has one solution and it has only one

solution. Then the negation is: Either the equation PðxÞ= 0 does not have a solution or the equation
PðxÞ= 0 has more than one solution (at least two solutions).

20. There is at least one nonzero real number that has zero as its opposite.
21. Either: (a) There exists a number n> 0 for which there is no number Mn > 0 such that f ðxÞ> n for all

numbers x with x>Mn; or (b) There exists a number n> 0 such that for every Mn > 0 there is at least
one x with x>Mn and f ðxÞ≤ n.

22. There exists at least one number satisfying the equation PðxÞ=QðxÞ such that |x|≥ 5.
23. The equation PðxÞ= 0 does not have several solutions. (Or: The equation PðxÞ= 0 has at most one

solution.)
24. The function f is not continuous at the point c if there exists an ε > 0 such that for every δ > 0 there

exists an x with |x – c|< δ and jf ðxÞ− f ðcÞj≥ ε.
25. There exists at least one real number xo such that f ðx0Þ is an irrational number. (Or: The function f (x)

is not rational for every real number x.)
26. Let x and y be any two real numbers such that x ≤ y. Can we prove that f ∘ gðxÞ≤ f ∘ gðyÞ? Since g is

nondecreasing, s= gðxÞ≤ gðyÞ= t. Since f is nondecreasing f ðsÞ≤ f ðtÞ, that is, f ðgðxÞÞ= f ðgðyÞÞ. So,
the statement is true.

27. For the sake of simplicity, let us assume that n is positive. Since n has at least three digits, we can
write n = rst… cba, where r, s, t,… , b, a represent the digits, and therefore they are all numbers
between 0 and 9, and r ≠ 0. As we have some information about the number formed by the two
rightmost digits, we will isolate them and write

n= ðrst… cÞ× 100+ ba:

By hypothesis ba is divisible by 4, so ba= 4t for some integer number t. Thus

n= ðrst… cÞ× 100+ 4t= 4½25ðrst… cÞ+ t�:
The number 25(rst… c) + t is an integer. This proves that n is divisible by 4. Repeat the proof for
the case in which n is a negative number.
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28. By hypothesis ða+ bÞ2 = a2 + b2. But, by the rules of algebra ða+ bÞ2 = a2 + 2ab+ b2. Thus, we
obtain that for all real numbers b,

a2 + 2ab+ b2 = a2 + b2:

This implies that 2ab = 0 for all real numbers b. In particular, this equality is true when b ≠ 0. Thus
we can divide the equality 2ab= 0 by 2b and obtain a= 0.

29. Let n be a four-digit palindrome number (e.g., 1221, 7447, 8998, 1001, etc.). To prove that it is
divisible by 11, we need to show that n = 11t for some positive integer t. Since n is a four-digit
palindrome number, we can write n= xyyx with x and y integer numbers between 0 and 9, with x≠ 0.
We can now try to separate the digits of n. Thus,

n= xyyx= 1000x+ 100y+ 10y+ x
= 1001x+ 110y= 11ð91x+ 10yÞ:

Because t= 91x+ 10y is a positive integer, we proved that n is divisible by 11.
30. We know that x≠ c. So, the denominator of the fraction is a nonzero number, and the fraction is well

defined. We want to prove that the number

f ðcÞ− f ðxÞ
c− x

is nonnegative. (Because of the algebraic properties that determine the sign of a fraction, we need to
prove that both the numerator and the denominator have the same sign, and consider the possibility
that the numerator equals 0.)
As c – x≠ 0, there are two possible cases:
a. c – x> 0
b. c – x< 0
In the first case, namely c – x > 0, c > x. Since the function f is nondecreasing, f ðcÞ≥ f ðxÞ. Thus,
f ðcÞ− f ðxÞ≥ 0 and c – x> 0. This implies that the fraction f ðcÞ− f ðxÞ

c− x is nonnegative.
In the second case, namely c – x < 0, c < x. Since the function f is nondecreasing, f ðcÞ≤ f ðxÞ. Thus
f ðcÞ− f ðxÞ≤ 0 and c – x< 0. This implies that the fraction f ðcÞ− f ðxÞ

c− x is nonnegative.
31. To prove that f is one-to-one, we have to prove that if x1 ≠ x2, then f ðx1Þ≠ f ðx2Þ.

Since x1 ≠ x2, and m≠ 0, it follows that mx1 ≠mx2. Thus mx1 + b≠mx2 + b.
So f ðx1Þ≠ f ðx2Þ.

Proof by Contrapositive
35. (a) If x is an integer not divisible by 2, then x is not divisible by 6. (b) If x is an integer divisible by 2,

then x is divisible by 6. (c) If x is an integer not divisible by 6, then x is not divisible by 2.
36. (a) If the diagonals of a quadrilateral bisect, then the quadrilateral is a parallelogram. (b) If the

diagonals of a quadrilateral do not bisect, then the quadrilateral is not a parallelogram. (c) If a
quadrilateral is a parallelogram, then its diagonals bisect.

37. (a) If there is at least one i with 0≤ i≤ n for which ai ≠ bi, then there is at least one number x for
which P(x) and Q(x) are not equal. (b) If ai = bi for all i, with 0≤ i≤ n, then P(x) and Q(x) are equal
for all real numbers. (c) If there exists at least one real number for which P(x) and Q(x) are not
equal, then there is at least one i with 0≤ i≤ n for which ai ≠ bi.

38. (a) If the product of two integer numbers is not odd, then at least one of the integer numbers is not odd
(or: the two integer numbers are not both odd). (b) If the product of two integer numbers is odd, the
two integer numbers are odd. (c) If two integer numbers are not both odd, their product is not odd.

Solutions for the Exercises at the End of the Sections 207



39. (a) If two numbers are both not even, then their product is not even. (b) If at least one of two integer
numbers is even, their product is even. (c) If the product of two integer numbers is not even, then
both (all) numbers are not even.

40. We need to prove that if x1 ≠ x2, then f ðx1Þ≠ f ðx2Þ. This is equivalent to proving that if
f ðx1Þ= f ðx2Þ, then x1 = x2 (contrapositive). So we will assume that f ðx1Þ= f ðx2Þ.
This assumption allows us to set up an equality and use it as a starting point. From f ðx1Þ= f ðx2Þ, it
follows that mx1 + b=mx2 + b. This equality implies that mx1 =mx2. Since m ≠ 0, we can divide both
sides of the equality by m, and we obtain x1 = x2.
Thus we proved the contrapositive of the original statement. So the function f is one-to-one.

41. (Because it is impossible to check directly all prime numbers that can be written in the form 2n − 1
to see if the corresponding exponent n is indeed a prime number, we will try to use the
contrapositive of the original statement.) We will assume that n is not a prime number. Then n is
divisible by at least another number t different from n and 1. So, t≥ 2. Thus, n= tq where q is some
positive integer, q≠ 0 (because n≠ 0), q≠ 1 (because t≠ n), and q≠ n (because t≠ 1). Therefore, we
can write

2n − 1= 2tq − 1= ð2qÞt − 1:

We can now use factorization techniques to obtain

2n − 1= ð2qÞt − 1= ð2q − 1Þ½ð2qÞt−1 + ð2qÞt−2 + :::+ 1�:

This equality shows that 2n− 1 is not a prime number because it can be written as the product of two
numbers, and neither one of these numbers is 1. (Why? Look at all the information listed above
regarding t and q.) Because we proved that the contrapositive of the original statement is true, we
can conclude that the original statement is true and thus that n must be a prime number.

42. As seen in Example 2.9, the contrapositive of the original statement is: If a is not even and b is not
even, then ab is not an even number. This can be rewritten: If a is odd and b is odd, then ab is an
odd number.
The numbers a and b are odd. Thus, a= 2k+ 1 and b= 2s+ 1, where k and s are two integer num-
bers. Using this information, it is possible to write

ab= ð2k+ 1Þð2s+ 1Þ= 4ks+ 2k+ 2s+ 1= 2ð2ks+ k+ sÞ+ 1:

The number 2ks+ k+ s is an integer because all numbers used are integers. Call this number n. Then
ab= 2n+ 1. This proves that ab is an odd number. Because we proved that the contrapositive of the
original statement is true, we can conclude that the original statement is also true.

43. We need to prove that if x1 < x2, then f ðx1Þ< f ðx2Þ. This is equivalent to proving that if f ðx1Þ≥ f ðx2Þ,
then x1 ≥ x2 (contrapositive). So we will assume that f ðx1Þ≥ f ðx2Þ.
This assumption allows us to set up an inequality and use it as a starting point. From f ðx1Þ≥ f ðx2Þ, it
follows that mx1 + b≥mx2 + b. This equality implies that mx1 ≥mx2. Since m > 0, we can divide both
sides of the inequality by m, and we obtain x1 ≥ x2. So, both the contrapositive and the original state-
ment are true.

44. The contrapositive of the original statement is: “Let n be an integer number. If n’s unit digit is not 0,
then n is not divisible by 10.” We can write n = rst… cba, where r, s, t,… , b, a represent the
digits, and therefore they are all numbers between 0 and 9, and r ≠ 0. Also, by hypothesis, a ≠ 0.
Since we have been given information about a, we can try to isolate it and write

n= ðrst… cbÞ× 10+ a:

208 CHAPTER 5 Review Exercises



Let’s now divide n by 10 to get n
10 = rst… cb+ a

10. So a is the remainder of the division. Since a≠ 0, this
means that n is not divisible by 10. Thus, both the contrapositive and the original statement are true.

45. The contrapositive of the original statement is: “Let n be an integer number. If n is not even, then n2

is not even.” The fact that n is not even gives a good starting point, as it means that n is odd and
therefore n= 2k+ 1 for some integer k. Therefore, n2 = ð2k+ 1Þ2 = 4k2 + 4k+ 1= 2ð2k2 + 2kÞ+ 1.
The number in parentheses is an integer because k and 2 are integers. This means that n2 is odd (i.e.,
not even). This proves that both the contrapositive and the original statement are true.

Proof by Contradiction
46. Let x, y, and z be counting numbers. The number xy is not a multiple of z and either x is a multiple

of z or y is a multiple of z.
47. The number x is a rational nonzero number and y is an irrational number and xy is a rational number.
48. Let a and b be two positive numbers. Assume that a≠ b and that their harmonic mean is greater than

or equal to their arithmetic mean (i.e., 2
1/a+ 1/b ≥

a+ b
2 ).

49. Let n be an integer. The number n2 is odd and n is even.
50. Let a and b be two integers. Assume that a+ b≥ 22 and a< 11 and b< 11.
51. Let x, y, and z be counting numbers. The number xy is not a multiple of z and either x is a multiple

of z or y is a multiple of z. Without loss of generality, let’s assume that the number xy is not a
multiple of z and x is a multiple of z (the proof can be repeated using the assumption that y is a
multiple of z). Using the Division Algorithm we can write xy= zn+ t with n and t integers and t= 1,
2,… , z – 1. Also x= zs. This implies that xy= ðzsÞy. Thus, zn+ t= zsy. This equality can be
rewritten as t= zðsy− nÞ, implying that z divides t. This is a contradiction because t is positive and
smaller than z. Since the statement “The number xy is not a multiple of z and either x is a multiple
of z or y is a multiple of z” is false, its opposite (the original statement) is true.

52. Let’s assume that the number x is a rational nonzero number and y is an irrational number and xy is
a rational number. Then, xy = a/b with a and b integers and b ≠ 0 and a ≠ 0 (both a and y are
nonequal to 0). Since x is a nonzero rational number, x = c/d with c and d integers, with d ≠ 0 and
c≠ 0. Because of our assumptions, we have the equality ðc/dÞy= a/b.
Since c/d≠ 0, we can multiply both sides of the equation by its inverse, d/c, and we obtain y= ðadÞ/ðbcÞ.
The numbers a, b, c, and d are integers, bc ≠ 0 because b ≠ 0 and c ≠ 0, and ad≠ 0 because a ≠ 0 and
d≠ 0. Therefore, y is a nonzero rational number. This is a contradiction of the fact that y is an irrational
number. Thus, the statement “The number x is a rational nonzero number and y is an irrational number
and xy is a rational number” is false, which proves that its opposite (the original statement) is true.

53. Let a and b be two positive numbers. Assume that a≠ b and that their harmonic mean is greater than
or equal to their arithmetic mean, that is, 2

1/a+ 1/b ≥
a+ b
2 . We can perform some algebraic steps to

simplify this inequality. For example, we can rewrite the left-hand side as 2
1/a+ 1/b =

2ab
a+ b. Then the

inequality becomes 2ab
a+ b ≥

a+ b
2 . Multiplying both sides by 2ða+ bÞ, which is a positive number, yields

4ab≥ ða+ bÞ2. This inequality is equivalent to 4ab≥ a2 + 2ab+ b2 that can also be rewritten as

0≥ a2 − 2ab+ b2. The right-hand side can be factored to obtain 0≥ ða− bÞ2. Observe that the square

of a number cannot be negative. So this inequality implies 0= ða− bÞ2, that is, a = b. We have
reached a contradiction since we know that a≠ b. Thus, the statement above is false, and its opposite
(the original statement) is true.

54. Let n be an integer. The number n2 is odd and n is even. This assumptions can be written as n2 = 2k+ 1
and n= 2t with k and t integer numbers. Thus ð2tÞ2 = 2k+ 1. This implies 4t2 = 2k+ 1, i.e.,
2t2 − k= 1/2. This is a contradiction because the number 2t2 − k is an integer number, so it cannot
equal 1/2. Thus the statement “The number n2 is odd and n is even” is false, and its opposite is true.
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55. Let a and b be two integers. Assume that a+ b≥ 22 and a < 11 and b < 11. Adding up the last two
inequalities yields a+ b< 22. This is clearly a contradiction. So the statement “a+ b≥ 22 and a< 11
and b< 11” is false and its opposite is true.

Chapter 3: Special Kinds of Theorems
“If and Only If” or Equivalence Theorems
1. Part 1. Let a and b be two odd numbers. Then a= 2k + 1 and b = 2t + 1, with k and t integers. Then

ab = (2k + 1)(2t + 1) = 4kt + 2k + 2t + 1 = 2(2kt + k + t) + 1. Because the number 2kt + k + t is an
integer, then ab is an odd number.
Part 2. We want to prove that if ab is an odd number, then a and b are both odd.
We will use the contrapositive of this statement. Assume that either a or b is an even number. Will
this imply that the product ab is an even number?
Without loss of generality, let us assume that a is even. Then a= 2k, with k an integer.
Thus, ab= 2(kb), with kb an integer. So ab is even. As the contrapositive of the original statement is
true, the statement itself is true as well.

2. Part 1. Assume that n is divisible by 3. Thus, n= 3k, with k an integer. Therefore, n2 = 9k2 = 3ð3k2Þ.
As 3k2 is an integer, we conclude that n2 is a multiple of 3.
Part 2. We will prove this part using the contrapositive. Assume that n is not divisible by 3. Then
n = 3t+m with m= 1 or m = 2. Therefore, n2 = ð3t+mÞ2 = 9t2 + 6tm+m2 = 3ð3t2 + 2tmÞ+m2.
The number 3t2 + 2tm is an integer. The number m2 is either equal to 1 or to 4, and it is not divisible
by 3. Thus n2 is not a multiple of 3. Since the contrapositive of the original statement is true, the
statement itself is true as well.

3. Part 1. Assume that the harmonic mean and the arithmetic mean of a and b are equal. Then
2

1/a+ 1/b =
a+ b
2 . Performing some algebra to simplify this equality yields 4ab= ða+ bÞ2, that is,

0= a2 − 2ab+ b2. Thus 0= ða− bÞ2. The square of a number is equal to 0 if and only if the number
itself is equal to 0. So, a− b= 0, that is, a= b.
Part 2. Assume a= b. Then the harmonic mean can be simplified as

2
1/a+ 1/b

= 2
1/a+ 1/a

= 2
2/a

= a:

Also, the arithmetic mean can be rewritten as a+ b
2 = 2a

2 = a. Therefore, the two numbers are equal.
4. Part 1. Assume that f is a nonincreasing function. We want to show that f ðxÞ− f ðcÞ

x− c ≤ 0 for all c and x
in the domain of f with c≠ x. Since c≠ x, there are two possibilities: either x< c or x> c.
If x < c, since f is nonincreasing, it follows that f ðxÞ≥ f ðcÞ. These two inequalities can be
rewritten as

If x− c< 0, then f ðxÞ− f ðcÞ≥ 0: Therefore
f ðxÞ− f ðcÞ

x− c
≤ 0:

If x > c, since f is nonincreasing it follows that f ðxÞ≤ f ðcÞ. These two inequalities can be
rewritten as

If x− c> 0, then f ðxÞ− f ðcÞ≤ 0: Therefore
f ðxÞ− f ðcÞ

x− c
≤ 0:

Part 2. The hypothesis is that f ðxÞ− f ðcÞ
x− c ≤ 0 for all c and x in the domain of f with c ≠ x. Does this

inequality imply that f is a nonincreasing function?
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A quotient between two real numbers is nonpositive when one of the two numbers is negative and
the other is positive (or the dividend is zero). Suppose that the denominator is positive. Then the
numerator must be either negative or zero. This means that if x – c > 0, then f ðxÞ− f ðcÞ≤ 0.
Therefore, if x> c, it follows that f ðxÞ≤ f ðcÞ.
Suppose that the denominator is negative. Then the numerator is either positive or zero. This means
that if x – c< 0, then f ðxÞ− f ðcÞ≥ 0. Therefore, if x< c, it follows that f ðxÞ≥ f ðcÞ. So, in either case
we can conclude that f is a nonincreasing function.

5. We will prove that (i) implies (ii), (ii) is equivalent to (iii), and (iii) implies (i). (This is only one of
several possible ways of constructing this proof.)
(i) implies (ii): We have to prove that as < ar for all real numbers a > 1, or equivalently that
as − ar < 0 for all real numbers a> 1.
As r > s, we can write as − ar = as ð1− ar−sÞ= asð1− atÞ, where t = r − s is a positive number. Let us
consider the two factors of this product: as and 1− at. The first factor, as, is positive because a > 1.
The second factor, 1− at, is negative for the same reason. Therefore, asð1− atÞ< 0, which is the
conclusion we wanted to obtain.
(ii) implies (iii): Let a be a real number such that a < 1. The hypothesis we are using is about
numbers larger than 1. So, we need to relate a to a number larger than 1.
The inverse of any number smaller than 1 is a number larger than 1. If we consider b= a−1, then b> 1.
Moreover, a= ða−1Þ−1 = b−1 with b > 1. Then, by hypothesis, bs < br. Therefore, ða−1Þs < ða−1Þr, that
is, 1

as <
1
ar. This implies that as > ar.

(iii) implies (ii): Any number larger that 1 is the inverse of a number smaller than 1. Thus
a= ða−1Þ−1 = b−1 with b < 1. Then by hypothesis br < bs. Therefore, ða−1Þr < ða−1Þs, that is, 1

ar <
1
as.

This implies that as < ar.
(iii) implies (i): By hypothesis, ar < as for all real numbers a < 1, or ar − as < 0 for all real numbers
a < 1. We can rewrite this difference as ar − as = arð1− as−rÞ. This product is negative and its first
factor is positive. Therefore the other factor, ð1< as−rÞ must be negative. So 1< as−r. As a < 1, this
will happen only if s – r< 0. Thus, s< r.

6. (i) implies (ii): Already proved. See Example 3.3 in this section.
(ii) implies (iii): From the inequality (a + b)/2 > a, we obtain a + b > 2a. This implies b > a. As
b> a, it follows that 2b> a+ b. Thus, b> (a+ b)/2.
(iii) implies (i): Already proved. See Example 3.3 in this section.

7. (i) implies (ii): The numbers x and y are both negative. Thus, by definition of absolute value, |x|=−x
and |y|=−y. The inequality x< y implies −x>−y. So |x|> |y|.
(ii) implies (i): As x and y are both negative numbers, |x| = −x and |y| = −y. The inequality |x| > |y|
implies −x>−y. Therefore, x< y.
(iii) implies (i): By hypothesis x2 > y2. So x2 − y2 > 0, or ðx− yÞðx+ yÞ> 0. The number x + y is
negative because x and y are both negative numbers. The product ðx− yÞðx+ yÞ can be positive only
if the number x – y is negative as well. Then x – y< 0, or x< y.
(i) implies (iii): Because x < y, it follows that x – y < 0. As we want to obtain information about
x2 − y2, we can use factorization techniques to write x2 − y2 = ðx− yÞðx+ yÞ. The first factor is
negative by hypothesis. The second factor is negative because it is the sum of two negative numbers.
Therefore, x2 − y2 > 0, or x2 > y2.

8. Assume that ðx0, y0Þ is a solution of S1. Is it a solution of S2? By definition of solution, ðx0, y0Þ
satisfies both equations of the system S1. So ðx0, y0Þ satisfies the first equation of S2. Thus, we only
need to prove that it satisfies the second equation of S2. By rearranging the terms we can write

ða1 + ba2Þx0 + ðb1 + bb2Þy0 = ða1x0 + b1y0Þ+ bða2x0 + b2y0Þ:
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Because ðx0, y0Þ is a solution of S1, a1x0 + b1y0 = c1, a2x0 + b2y0 = c2. Thus, ða1 + ba2Þx0 +
ðb1 + bb2Þy0 = c1 + bc2. So ðx0, y0Þ is a solution of S2.
Assume now that ðx0, y0Þ is a solution of S2. Is it a solution of S1? By definition of solution, ðx0, y0Þ
satisfies both equations of the system S2. Thus, ðx0, y0Þ satisfies the first equation of S1 as well.
Therefore, we must prove that it satisfies the second equation of S1. By hypothesis ða1 + ba2Þx0 +
ðb1 + bb2Þy0 = c1 + bc2. We can rewrite the left-hand side of the second equation of S2 as

ða1 + ba2Þx0 + ðb1 + bb2Þy0 = ða1x0 + b1y0Þ+ bða2x0 + b2y0Þ:
Because ðx0, y0Þ is a solution of S2, the left-hand side of the equation is equal to c1 + bc2, and the
first expression in the parentheses in the right-hand side of the equation is equal to c1. Therefore, we
obtain c1 + bc2 = c1 + bða2x0 + b2y0Þ. This equality implies that a2x0 + b2y0 = c2 since b is a nonzero
number. This proves that ðx0, y0Þ is a solution of S1.

Use of Counterexamples
9. (Let us consider the statement. It seems to suggest that the “growth” of f should be cancelled by the

“drop” of g. But the two functions could increase and decrease at different rates. Therefore, the
statement does not seem to be true.)
Let us construct a counterexample, using simple functions. We could try to use linear functions.
Consider f ðxÞ= x+ 1 and gðxÞ=−3x. Clearly, f is increasing and g is decreasing. (If you wish to do
so, prove these claims.) Their sum is hðxÞ=−2x+ 1, which is decreasing.

10. There might be an angle in the first quadrant for which 2 sin t= sin 2t. But the equality is not true for
all the angles in the first quadrant. Consider t= π/4. The left-hand side of the equation equals
2 sin ðπ/4Þ= 2ð1/ ffiffiffi

2
p Þ= ffiffiffi

2
p

. The right-hand side equals sin ðπ/2Þ= 1. Thus the statement is false.
11. It might seem plausible that y=PðxÞ is always negative, because its leading coefficient is negative

(it is −1). But when the values of the variable x is not too large, the value of the monomial −x2 can
be smaller than the value of the monomial 2x. This remark seems to suggest that for positive values
of x that are not too large the variable y=PðxÞ might be positive (or at least nonnegative).
We will look for a value of the variable x that makes the polynomial nonnegative:

Pð1Þ= −ð1Þ2 + 2ð1Þ− ð3/4Þ= 1/4:

Another way to prove that the statement is false is to construct the graph of the polynomial PðxÞ, and
to observe that the graph is not completely located below the x-axis.

12. The statement seems to be true. But if x = 1, then y = 1. Thus, we found a counterexample. The
statement becomes true if we change either the hypothesis to “The reciprocal of a number x > 1” or
we change the conclusion to “0< y ≤ 1.”

13. If n= 1, then 31 + 2= 5, which is a prime number.
If n= 2, then 32 + 2= 11, which is a prime number.
If n= 3, then 33 + 2= 29, which is a prime number.
If n= 4, then 34 + 2= 83, which is a prime number.
If n= 5, then 35 + 2= 245, which is not a prime number. Therefore the statement is false.

14. The functions f ∘ g and f ∘ h are equal if and only if f ∘ gðxÞ= f ∘ hðxÞ for all the values of the variable x.
By definition of composition of functions, this equality can be rewritten as f ðgðxÞÞ= f ðhðxÞÞ. From
this, can we conclude that gðxÞ= hðxÞ? Or could we find a function f such that f ðgðxÞÞ= f ðhðxÞÞ even
if gðxÞ≠ hðxÞ?
The answer does not seem to be obvious. Let’s look for some functions that might provide a counter-
example. Keep in mind that counterexamples do not need to be “complicated.” Let’s try to use
gðxÞ= x and hðxÞ= −x. Is it possible to choose a function f such that f ðgðxÞÞ= f ðhðxÞÞ?
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Given our choices of the functions g and h, this equality becomes f ðxÞ= f ð−xÞ. So we need a func-
tion that assigns the same output to a number and its opposite. What about f ðxÞ= x2?
We will now check if we really found a counterexample:

f ∘ gðxÞ= f ðgðxÞÞ= f ðxÞ= x2

f ∘ hðxÞ= f ðhðxÞÞ= f ð−xÞ= ð−xÞ2 = x2

So the equality f ðgðxÞÞ= f ðhðxÞÞ holds, but the functions g and h are not equal. Using the same
choices for g and h, we can use f ðxÞ= cosx, or f ðxÞ= x4, or f ðxÞ= x6, or any other even function.

15. Let us try to prove this statement. Let n be the smallest of the five consecutive integers we are going
to add. So the other four numbers can be written as n+ 1, n+ 2, n+ 3, and n+ 4: The sum of these
five numbers is

S= n+ ðn+ 1Þ+ ðn+ 2Þ+ ðn+ 3Þ+ ðn+ 4Þ= 5n+ 10= 5ðn+ 2Þ:
This number is divisible by 5, and so the statement is true.

16. It might be useful to graph the two functions. We will try to construct a proof of the statement. The
inequality f ðxÞ≤ gðxÞ is equivalent to the inequality f ðxÞ− gðxÞ≤ 0. Therefore, we can concentrate on
proving that f ðxÞ− gðxÞ≤ 0 for all real numbers x≥ 0. Using the formulas for the function, we obtain

f ðxÞ− gðxÞ= x2 − x4 = x2ð1− x2Þ= x2ð1− xÞð1+ xÞ:
Is this product smaller than or equal to zero for all real numbers x ≥ 0? The product is equal to zero
for x = 0 and x = 1. (We are not considering x = −1 because we are using only nonnegative
numbers.)
What happens to the product x2ð1− xÞð1+ xÞ if x is neither 0 nor 1? The number x2 is always
positive. Since x ≥ 0, 1 + x ≥ 1. So, this factor is always positive. Then, the sign of the product is
determined by the factor 1 – x. This factor is less than or equal to zero when x ≥ 1. Therefore
x2ð1− xÞð1+ xÞ≤ 0 only when x≥ 1. So f ðxÞ− gðxÞ≤ 0 only if x ≥ 1, and not for all x ≥ 0. Thus, the
statement is false.
Can we find a counterexample? Consider x = 0.2. Then x2 = 0:04 and x4 = 0:0016. In this case
x2 > x4, therefore the statement is false.

17. Let n be the smallest of the four counting numbers we are considering. Then the other three numbers
are n+ 1, n+ 2, and n+ 3. When we add these numbers we obtain

S= n+ ðn+ 1Þ+ ðn+ 2Þ+ ðn+ 3Þ= 4n+ 6= 4ðn+ 1Þ+ 2:

The number S is not always divisible by 4. Indeed if n = 1, S = 10. So, we found a counterexample.
The sum of the four consecutive integers 1, 2, 3, 4 is not divisible by 4. The given statement is
false. Note: S is always divisible by 2.

18. (This statement seems to be similar to the statement “The sum of two odd numbers is an even
number.” But similarity is never a proof, and statements that sound similar can have very different
meanings. So, we must try to construct either a proof or a counterexample.) To prove that the
function f + g is even we need to prove that

ð f + gÞðxÞ= ð f + gÞð−xÞ
for all real numbers.
By definition of f + g

ð f + gÞðxÞ = f ðxÞ+ gðxÞ
ð f + gÞð−xÞ= f ð−xÞ+ gð−xÞ:
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Since f and g are odd functions, f ð−xÞ= − f ðxÞ and gð−xÞ= −gðxÞ. Thus, we obtain

ð f + gÞð−xÞ= f ð−xÞ+ gð−xÞ= ð− f ðxÞÞ+ ð−gðxÞÞ
= −½ f ðxÞ+ gðxÞ�= −ð f + gÞðxÞ:

Therefore, ð f + gÞð−xÞ= −ð f + gÞðxÞ, and −ð f + gÞðxÞ in general is not equal to ð f + gÞðxÞ. So, the
equality ð f + gÞðxÞ= ð f + gÞð−xÞ does not seem to be true for all real numbers.
Can we find a counterexample? The functions f ðxÞ= x and gðxÞ= 2x are two odd functions (check
this claim). Their sum is the function ð f + gÞðxÞ= 3x, which is not an even function. (Moreover,
ð f + gÞðxÞ= 3x is odd.)

19. The function f /g is not going to be defined for all values of x, in general. Indeed, it is not defined for
all values of x that are zeros for the function g. Thus, in general the statement is false. The fact that
f /g is either even or odd is not relevant.
As an explicit counterexample, consider f ðxÞ= x and gðxÞ= x3 − x5. Try to prove the following state-
ment: Let f and g be two odd functions defined for all real numbers. Their quotient, the function f /g

defined as f
gðxÞ=

f ðxÞ
gðxÞ is an even function defined for all real numbers for which gðxÞ≠ 0.

20. Let n= xyzzyx, with 1 ≤ x ≤ 9, 0 ≤ y ≤ 9, and 0 ≤ z ≤ 9. Then we can write

n= x+ 10y+ 100z+ 1, 000z+ 10, 000y+ 100, 000x:

Therefore, n= 1,100z+ 10,010y + 100,001x= 11× 100z+ 11× 910y+ 11× 9091x. Thus, n= 11(100z+
910y + 9091x). Because the number 100z + 910y + 9091x is an integer, we conclude that n is
divisible by 11.

21. It is true that if two numbers are rational, then their sum is rational. However the converse of this
statement is not true. If x is an irrational number, its opposite, −x, is irrational as well. Their sum
is 0, which is a rational number. Thus, the sum of two numbers can be rational without either one of
them being rational.

22. To prove that g is even we need to show that g(x) = g(−x) for all real numbers x. Since f is an odd
function f ð−xÞ=− f ðxÞ. Then gðxÞ= ð f ðxÞÞ2 = ð− f ðxÞÞ2 = ð f ð−xÞÞ2 = gð−xÞ. Thus, g is even.

23. This statement is false. Consider f ðxÞ= x2 + 1. Then gðxÞ= ðx2 + 1Þ3. If we use x1 = −1 and x2 = 0,
then x1 < x2 but gðx1Þ> gðx2Þ.
Calculus approach: If we want to find the derivative of g, using the Chain Rule we obtain
g′ðxÞ= 3ð f ðxÞÞ2f ′ðxÞ. The factor 3ð f ðxÞÞ2 is always positive, but f ′(x) might be negative, even when
f(x) is positive. Consider the function f ðxÞ= x2 + 1. Its derivative is f ′(x)= 2x, which is negative for x< 0.

Mathematical Induction
24. (Note that the sum on the left hand side of the equation involves exactly k numbers.)

a. Is the statement true for k= 1? Yes, because 1= 21 − 1.
b. Let us assume that the equality is true for a generic number n> 1. So

1+ 2+ 22 + 23 + ::::+ 2n−1︸|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n numbers

= 2n − 1:

c. Let us check if the equality holds for n+ 1:

1+ 2+ 22 + 23 + ::::+ 2n−1 + 2n︸|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðn+ 1Þ numbers

= 2n+1 − 1:

Using the associative property of addition we can write

1+ 2+ 22 + 23 + ::::+ 2n−1 + 2n = ð1+ 2+ 22 + 23 + ::::+ 2n−1Þ+ 2n:
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If we now use the inductive hypothesis from part b, we obtain

1+ 2+ 22 + 23 + ::::+ 2n−1 + 2n = ð2n − 1Þ+ 2n

= 2× 2n − 1= 2n+1 − 1:

So, the statement is true for n+ 1. Thus, by the Principle of Mathematical Induction the statement
is true for all k≥ 1.

25. Let us prove this statement by induction.
a. We will begin by proving that the statement is true for k= 1. Indeed when k= 1, 91 − 1= 8, and 8

is divisible by 8.
b. Assume that the statement is true for a generic number n> 1. So, 9n − 1= 8q for some integer

number q. This can also be rewritten as 9n = 1+ 8q.
c. Prove that the statement is true for n +1. By performing some algebra and using the inductive

hypothesis, we obtain

9n+1 − 1= 9n+1 − 1= 9ð9nÞ− 1

= 9ð8q+ 1Þ− 1:

Thus

9n+1 − 1= 72q+ 8= 8ð9q+ 1Þ:
Since 9q + 1 is an integer number, it follows that 9n+1 − 1 is divisible by 8. Thus, by the Principle
of Mathematical Induction the statement is true for all k≥ 1.
There is another way to construct a proof without using mathematical induction. The basic tool is
the factorization formula for the difference of two powers.

9k − 1= 9k − 1k

= ð9− 1Þð9k−1 + 9k−2 + ::::+ 1Þ
= 8ð9k−1 + 9k−2 + ::::+ 1Þ= 8s

where s is an integer number (combination of integers). This formula requires that k > 1. So, we
need to use a separate proof for k= 1. When k= 1, we have 91 − 1= 8, which is divisible by 8.

26. a. Let us check whether the statement is true for k= 1. When k= 1, 2k= 2. Therefore we have only
one number in the left-hand side of the equation. We obtain 2= 12 + 1, which is a true statement.

b. Assume that the statement is true for a generic number n> 1; that is,

2+ 4+ 6+ :::+ 2n= n2 + n:

c. Prove that the equality is true for k= n+ 1. The last number in the left-hand side is 2(n+ 1)= 2n + 2
(the next even number). So, we need to add all the even numbers between 2 and 2n + 2. Thus, we
need to prove that

2+ 4+ 6+ ::::+ 2n+ ð2n+ 2Þ= ðn+ 1Þ2 + ðn+ 1Þ:
Using the associative property of addition and the inductive hypothesis, we obtain

2+ 4+ 6+ ::::+ 2n+ ð2n+ 2Þ
= ½2+ 4+ 6+ ::::+ 2n�+ ð2n+ 2Þ
= ½n2 + n�+ ð2n+ 2Þ
= ðn2 + 2n+ 1Þ+ ðn+ 1Þ
= ðn+ 1Þ2 + ðn+ 1Þ:
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Thus, by the Principle of Mathematical Induction the given equality holds true for all k≥ 1.
27. a. We have to check whether the statement holds true for k= 3.

ð1+ aÞ3 = 1+ 3a+ 3a2 + a3 > 1+ 3a2:

The inequality is true since all the numbers used are positive.
b. Let us assume that the inequality is true for a generic number n> 3; that is, assume that

ð1+ aÞn > 1+ na2.
c. Let us check whether

ð1+ aÞn+1 > 1+ ðn+ 1Þa2:

We will use rules of algebra and the inductive hypothesis to obtain

ð1+ aÞn+1 = ð1+ aÞnð1+ aÞ
> ð1+ na2Þð1+ aÞ
= 1+ na2 + a+ na3

> 1+ a2 + na3:

Since a> 1, a3 > a2. So

ð1+ aÞn+1 > 1+ na2 + na3

> 1+ na2 + na2

> 1+ na2 + a2

= 1+ ðn+ 1Þa2:

Thus, by the Principle of Mathematical Induction the original statement is true.
28. a. We will check the equality for k = 1. In this case the left-hand side of the equation has only one

term: 1/2. The right-hand side is equal to

1− 1
2

� �2
1− 1

2

− 1= 1
2
:

So the equality is true for k= 1.
b. Let us assume the equality holds true for a generic number n> 1. So

1
2
+ ::::+ 1

2

� �n
=

1− ð1/2Þn+1
1− ð1/2Þ − 1:

c. We will have to prove that

1
2
+ ::::+ 1

2

� �n
+ 1

2

� �n+1
=

1− ð1/2Þn+2
1− ð1/2Þ − 1:
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Using the associative property of addition and the inductive hypothesis, we obtain

1
2
+ ::::+ 1

2

� �n
+ 1

2

� �n+1
= 1

2
+ ::::+ 1

2

� �nh i
+ 1

2

� �n+1
=

1− ð1/2Þn+1
1− ð1/2Þ − 1+ 1

2

� �n+1
=

1− ð1/2Þn+1 + ð1/2Þn+1 − ð1/2Þn+2
1− ð1/2Þ − 1

=
1− ð1/2Þn+2
1− ð1/2Þ − 1:

So, by the Principle of Mathematical Induction the statement is true for all k≥ 1.
29. a. Check the inequality for k= 3.

In this case 32 = 9 and 5(3!) = 5(6) = 30. So the statement is true.
b. Let us assume that the inequality holds true for an arbitrary n> 3, that is, assume that 5n!≥ n2.
c. Is ðn+ 1Þ2 ≤ 5ðn+ 1Þ!? By the properties of factorials, (n+ 1)!= (n+ 1)n!. So,

5ðn+ 1Þ!= 5ðn+ 1Þn!= 5nn!+ 5n!

≥ 5nn!+ n2:

The fact that n≥ 3 implies that n!≥ 3. So 5nn!≥ 15n. Thus

5ðn+ 1Þ! ≥ 5nn!+ n2

≥ n2 + 15n≥ n2 + 3n

= n2 + 2n+ n≥ n2 + 2n+ 1

= ðn+ 1Þ2:

So, by the Principle of Mathematical Induction the inequality is true for all n≥ 3.
30. a. The statement is true for n= 1 because 12 − 1= 0, and 0 is divisible by 4.

b. Assume the statement is true for all the odd numbers from 1 to n, with n odd. In particular,
assume that n2 − 1= 4m for some positive integer m.

c. Is the statement true for the next odd number, namely n+ 2?
Observe that

ðn+ 2Þ2 − 1= ðn2 − 1Þ+ 4ðn+ 1Þ:
As n2 − 1= 4m for some positive integer m, by the inductive hypothesis, we have

ðn+ 2Þ2 − 1= 4ðm+ n+ 1Þ:
Because the number m + n+ 1 is an integer, ðn+ 2Þ2 − 1 is divisible by 4. Therefore the statement
is true for all k≥ 1 by the Principle of Mathematical Induction.
There is another proof of this statement that does not use the Principle of Mathematical Induction.
Let n be an odd counting number. Then n= 2k+ 1 with k a counting number. Therefore,

n2 − 1= ð2k+ 1Þ2 − 1

= 4k2 + 4k+ 1− 1= 4ðk2 + kÞ:
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As k2 + k is a counting number, n2 − 1 is divisible by 4. One can observe that n2 − 1 is divisible
by 8 because k2 + k= kðk+ 1Þ. The sum of two consecutive numbers is always an even number.
Thus, k2 + k= kðk+ 1Þ= 2s, and n2 − 1= 8s.

31. a. The statement is true for k= 1, since 10 – 1= 9.
b. Assume it is true for a generic number n. Thus, 10n − 1= 9s with s an integer.
c. Is the statement true for the next number, namely n + 1? Using algebra and the inductive

hypothesis we obtain

10n+1 − 1= ð9+ 1Þ10n − 1

= 9× 10n + ð10n − 1Þ
= 9× 10n + 9s= 9ð10n + sÞ:

Therefore, the conclusion is true for all k ≥ 1 by the Principle of Mathematical Induction. It is
possible to prove this statement using factorization techniques for differences of powers since
10k − 1= 10k − 1k.

32. a. Check the statement for n= 5.
As 35 = 243, the next to the last digit from the right is 4, an even number.

b. Assume the statement is true for a generic number n. Thus, 3n = akak−1…:: a1a0 with
a1 = 0, 2, 4, 6, 8 and a0 = 1, 3, 7, 9 (check the information regarding a0).

c. Is the statement true for the next number, namely n+ 1? We have

3n+1 = 3ðakak−1…:: a1a0Þ= btbt−1…:: b1b0:

If a0 = 1 or 3, then b1 is the unit digit of 3a1. Since 3a1 is an even number, because a1 is even,
b1 is even. If a0 = 9 or 7, then b1 is the unit digit of 3a1 + 2, which is an even number, since a1
is even. Thus the statement is true for all n≥ 5 by the Principle of Mathematical Induction.

33. a. The statement is true for n= 1, since 1/2 = 1/2.
b. Assume it is true for a generic number k. Thus 1

2 ×
3
4 × :::× 2k− 1

2k ≥ 1
2k.

c. Is the statement true for the next number, namely k+ 1? Is

1
2
× 3
4
× :::× 2k− 1

2k
×
2ðk+ 1Þ− 1
2ðk+ 1Þ ≥ 1

2ðk+ 1Þ ?

Using algebra and the inductive hypothesis we obtain

1
2
× 3
4
× :::× 2k− 1

2k
×
2ðk+ 1Þ− 1
2ðk+ 1Þ = 1

2
× 3
4
× :::× 2k− 1

2k
× 2k+ 1
2ðk+ 1Þ

= 1
2
× 3
4
× :::× 2k− 1

2k

� �
× 2k+ 1
2ðk+ 1Þ

≥ 1
2k

× 2k+ 1
2ðk+ 1Þ :

We can rewrite the last product as 1
2k ×

2k + 1
2ðk + 1Þ =

2k + 1
2k × 1

2ðk+ 1Þ = 1+ 1
2k

 �
× 1

2ðk+ 1Þ. Since 1+ 1/2k is

larger than 1, 1+ 1
2k

 �
× 1

2ðk + 1Þ ≥
1

2ðk+ 1Þ. Thus,

1
2
× 3
4
× :::× 2k− 1

2k
×
2ðk+ 1Þ− 1
2ðk+ 1Þ ≥ 1+ 1

2k

� �
× 1
2ðk+ 1Þ ≥

1
2ðk+ 1Þ :

Therefore the conclusion is true for all n≥ 1 by the Principle of Mathematical Induction.
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34. a. The statement is true for k= 1, since 8 – 3= 5.
b. Assume it is true for a generic number n> 1. Thus, 8n − 3n = 5s with s an integer.
c. Is the statement true for the next number, namely n+ 1? Is 8n+1 − 3n+1 = 5t with t an integer? It is

possible to rewrite the inductive hypothesis as 8n = 3n + 5s with s an integer. Using algebra and
the inductive hypothesis we obtain

8n+1 − 3n+1 = 8× 8n − 3n+1

= 8× ð3n + 5sÞ− 3× 3n

= 8× 3n − 3× 3n + 5s
= 3nð8− 3Þ+ 5s= 5ð3n + sÞ:

The number 3n + s is an integer. Therefore the conclusion is true for all k ≥ 1 by the Principle of
Mathematical Induction. It is possible to prove this statement using factorization techniques for
differences of powers instead of mathematical induction.

35. a. Check the statement for n= 2.

A2 =
1 0
1 1

� �
1 0
1 1

� �
=

1 0
2 1

� �

b. Assume it is true for a generic number n> 2; that is An =
1 0
n 1

� �
.

c. Is the statement true for n + 1? Using the associative property of multiplication of matrices, we
can write An+1 =A×An. Thus, by the inductive hypothesis we obtain

An+1 =A×An =
1 0
1 1

� �
1 0
n 1

� �
1× 1+ 0× n 1× 0+ 0× 1
1× 1+ 1× n 1× 0+ 1× 1

� �
=

1 0
n+ 1 1

� �
:

Therefore the statement is true for all n≥ 2 by the Principle of Mathematical Induction.

Existence Theorems
36. (We are trying to find a function defined for all real numbers. Usually polynomials are good

candidates. But in general the range of a polynomial is much larger than the interval [0, 1]. We
could try to construct a rational function, because it is possible to use the denominator to control the
growth of the function, but often rational functions are not defined for all real numbers. We could
try using transcendental functions.)
The functions sin x and cos x are bounded, because −1 ≤ sin x ≤ 1 and −1 ≤ cos x ≤ 1. But their
ranges include negative values as well. We could try to square them, or to consider their absolute
values, so that we obtain bounded and nonnegative functions.
The functions sin 2x, cos 2x, j sin xj, j cos xj are functions defined for all real numbers and whose ranges
are in the interval [0, 1]. You can graph them to check this claim, if you wish. Note: The functions
with the second power are differentiable, the ones with the absolute value are not differentiable.

37. Just use n= 2. Then, 22 + 72 = 53, which is a prime number.
38. We are searching for a number b such that ab = n, where n is an integer. As 0 is a rational number,

we know that a ≠ 0 and b ≠ 0. Then we can solve the equation and use b= na−1. So, for example,
b= a−1 satisfies the requirement. As a is irrational, a−1, 2a−1, 3a−1, … are irrational as well.

39. A second-degree polynomial P(x) can be written as PðxÞ= ax2 + bx+ c with a, b, and c real numbers and
a≠ 0. We are looking for a second-degree polynomial satisfying the requirements P(0)=−1 and P(−1)= 2.
From the first condition we obtain Pð0Þ= að0Þ2 + bð0Þ+ c= c. Thus, c= −1. From the second condi-
tion we obtain Pð−1Þ= að−1Þ2 + bð−1Þ+ c= a− b+ c. Using the fact that c = −1, the second equa-
tion yields a – b = 3. We have one equation and two variables. Thus one variable will be used as a
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parameter. As an example, we can write a= b+ 3, and then choose any value we like for b. If b= 0,
we obtain the polynomial PðxÞ= 3x2 − 1. Clearly, this is only one of infinitely many possibilities.

40. As ba will be a negative number, b must be negative. Indeed powers of positive numbers are always
positive. Moreover, a cannot be an even number, because an even exponent generates a positive
result. The numbers a and b can be either fractions or integer numbers.
Let us try b = −27 and a = 1/3. Then ab = ð1/3Þ−27 = 327, which is a positive integer number, and
ba = ð−27Þ1/3 =−3, which is a negative integer.

41. We can consider two cases: either an > 0 or an < 0. Let us assume that an > 0. When the variable x has a
very large positive value, the value of P(x) will be positive, because the leading term, anx

n, will
overpower all the other terms (i.e., limx→+∞PðxÞ= +∞). When the variable x is negative, and very large
in absolute value, the value of P(x) will be negative for the same reason (i.e., limx→−∞PðxÞ=−∞).
Polynomials are continuous functions. Therefore, by the Intermediate Value Theorem, there exists a
value of x for which PðxÞ= 0. We can prove in a similar way that the statement is true when an < 0.

42. This can be either a theoretical or constructive proof. Let us use the constructive approach. We can
write a= p/q and b= n/m with m, n, p, q integer numbers, q≠ 0, and m ≠ 0.
Let c= a+ b

2 . Then a< c< b, and c is a rational number because c= mp+ nq
2qm . Then consider d= a+ c

2 and
f = c+ b

2 . These two numbers are both rational (write them explicitly in terms of m, n, p, q), and a< d
< c< f< b (use again Example 3.3 in the section on equivalence theorems).

43. Consider k=−1. Then 2−1 > 4−1.

Uniqueness Theorems
44. For completeness sake we must prove that: (a) the polynomial p(x) has a solution and (b) the zero is unique.

a. Existence. Find the value(s) of the variable x for which p(x) = 0. To do so we have to solve the
equation x – b= 0. Using the properties of real numbers we obtain x= b.

b. Uniqueness. We can prove this in at least three ways:
– We can use the result stating that a polynomial of degree n has at most n solutions. Therefore a

polynomial of degree 1 has at most 1 solution. Because we found it, it must be the only one.
– The solution is unique because of the algebraic process used to find it.
– We could assume that the number t is another zero of the polynomial p(x).

Thus, p(t)= 0. As p(b)= 0 (from part a), we have that p(t)= p(b). This implies that t – b= b – b.
Adding b to both sides of the equation yields t= b. This is the same solution we found in part a.
Thus, the solution is unique.

45. In this case we have to prove the existence of the solution of the equation cos θ= θ in the interval
[0, π]. One way of achieving this goal is to graph the functions f ðxÞ= cos x and gðxÞ= x. If the two
graphs have only one intersection point in the interval [0, π], the proof is complete.

3.5

3

2.5

2

1.5

1

0.5

0
0 1 2 3 4

−0.5

−1

−1.5
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The linear graph is the graph of gðxÞ= x, the other is the graph of f ðxÞ= cos x. In this case the graph
can be used as a proof because we are interested in the situation on a finite interval, and therefore
the graph shows all the possibilities.
For readers with some calculus knowledge, a second way to prove the existence of such an angle is
to work with the function pðxÞ= cos x− x. This is a continuous (also differentiable) function on the
interval [0, π]. Moreover, pð0Þ= cos 0− 0= 1 and pðπÞ= cos π − π = −1− π. Since the sign of p(x)
changes from positive to negative, there is a value of x in the interval for which pðxÞ= 0. This
establishes the existence of an angle with the required property.
To establish the uniqueness, let’s find out more about p(x) by looking at its derivative, namely
p′ðxÞ= −sin x− 1. Since −1≤ −sin x≤ 1, −1− 1≤ −sin x− 1≤ 1− 1. This means that p′ðxÞ≤ 0.
The function’s only critical numbers are not in [0, π]. So p(x) is always decreasing in this interval.
Thus it will cross the x-axis only once. So, there is only one angle that satisfies the required prop-
erty. This is the graph of pðxÞ= cos x− x.

2

1

0
0 1 2 3 4

−5

−4

−3

−2

−1

46. We can start by finding a solution for the given equation, and then prove that it is unique. Through
algebraic manipulation, we obtain that x=

ffiffiffi
b3

p
is a solution. Since it is possible to evaluate the third

root of any real number, this expression is well defined for any value of b (it is also unique).
Let y be another solution of the same equation. Then

x3 − b= 0= y3 − b:

This implies that x3 − y3 = 0. Using factorization techniques for the difference of two powers, this
equation can be rewritten as

ðx− yÞðx2 + xy+ y2Þ= 0:

This product will equal zero only if either x− y= 0 or x2 + xy+ y2 = 0.
The factor x2 + xy+ y2 is never equal to zero, it is irreducible. (You can try to solve for one variable in
terms of the other using the quadratic formula, and check the sign of the discriminant.) Thus, the only
possibility is that x− y= 0. This implies that x= y and the two solutions do indeed coincide. Therefore,
the solution is unique.

47. A second-degree polynomial can be written as PðxÞ= ax2 + bx+ c with a, b, and c real numbers, and
a≠ 0. We will use the conditions given in the statement to find a, b and c.
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Pð0Þ= að0Þ2 + bð0Þ+ c= c

Pð1Þ= að1Þ2 + bð1Þ+ c= a+ b+ c

Pð−1Þ= að−1Þ2 + bð−1Þ+ c= a− b+ c:

Thus

c=−1
a+ b+ c= 3
a− b+ c= 2:

We can simplify this system of three equations and obtain

c=−1
a+ b= 4
a− b= 3:

So, a= 7/2, b= 1/2, and c=−1. Thus the polynomial that satisfies the given requirements is

PðxÞ= 7
2
x2 + 1

2
x− 1:

We have just proved that a polynomial satisfying the given requirements exists. Is this polynomial
unique? The values of a, b, and c we obtained are the only solutions to the equations generated by the
three conditions given in the statement, as we can see from the calculations performed to obtain them.
You might want to consult a linear algebra book for a more theoretical proof of this statement. The

matrix of the coefficients is A=
0 0 1
1 1 1
1 −1 1

0
@

1
A. Therefore the polynomial we obtained is the only

one that satisfies the requirements.
48. To find the coordinates of the intersection points, set f (x)= g(x). Then

x3 = −x2 − 2x:

This equation is equivalent to xðx2 + x+ 2Þ= 0. This product is zero if either x = 0 or x2 + x+ 2= 0.
The quadratic equation has no solution since its discriminant is negative. Thus the equation f (x) =
g(x) has a unique solution: x= 0. The corresponding value of the y-coordinate is y= 0. Thus the two
graphs have a unique intersection point, namely (0, 0).

49. The most basic way to prove this result is to find the solution. We can solve the system using the
addition and subtraction method. Multiply the first equation by 2 and the second by −3.

6x −10y= 12
−6x−9y= −12

�

Adding the two equations yields −19y= 0, i.e., y = 0. Substituting this value back into either one of
the original equations of the system yields x = 2. Thus the values x = 2 and y = 0 are the solution of
the system.
We can establish the uniqueness of this solution in several ways:
1. All the algebraic steps performed generated only one value for y and one value for x.
2. We can use geometry. The two equations represent two lines that are not parallel. The slope of

the first line is 3/5 and the slope of the second line is −2/3. So, the two lines have at most one
point in common.
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3. We can use linear algebra. The matrix of the coefficients is A=
3 −5
2 3

� �
. Since det A=

9+ 10= 19≠ 0, the system has a unique solution.

Composite Statements
51. We can rewrite the equation x2 = y2 as x2 − y2 = 0. We can factor the difference of two squares, and

rewrite the equation as (x− y)(x + y)= 0. This equality implies that either x – y= 0 or x+ y= 0.
If both x and y are equal to zero, both equalities are trivially true and x = y. Therefore we will
assume that x ≠ 0 and y ≠ 0. From the previous equalities we obtain that either x = y or x = −y.
If x = −y, since neither x nor y are equal to zero, we would have that one of them is a positive
number and the other is negative. But the second part of the hypothesis states that the two numbers are
nonnegative. So, we have to reject this case. Thus, the only conclusion we can accept is that x= y.

52. The function f is even. So f (x)= f (−x) for all x in its domain. As the function f is odd as well, f (−x)=
− f(x) for all x in its domain. Combining these two hypotheses yields

f ðxÞ= f ð−xÞ=− f ðxÞ:

Thus, 2f (x) = 0 for all x in the domain of f. This means that f (x) = 0 for all x in the domain of the
function.

53. Let n be a multiple of 3, and assume that n is not odd. Then it is even, and therefore divisible by 2.
Since n is divisible by 2 and by 3, which are primes, it is divisible by 6. (Even if n= 6 the statement
is true as 6 is divisible by 6.) Thus, the two choices listed in the conclusion are the only two possible
ones. The statement is therefore true.

54. Let us assume that x4 = y4 and x ≠ y. We can rewrite the equality x4 = y4 as (x − y)(x + y)(x2 + y2) = 0.
Therefore, either x – y= 0 or x+ y= 0 or x2+ y2= 0.
The first equality implies x = y. But we have excluded this possibility. The second equality implies
that x = −y. The statement is true if there are no more possible choices but this. The last equality is
possible if and only if x = y = 0. As we are working under the hypothesis that x ≠ y, we cannot
accept this conclusion. Therefore, if x≠ y the only possibility left is that x=−y.

55. It might make more sense to write the equality a=±b explicitly as either a= b or a=−b. (While we
use a lot of equalities like a = ±b, we could object that they are logically questionable. The number
a, on the left-hand side, is one number, while on the other side of the equation there are two distinct
numbers, b and −b.)
By hypothesis, a= bk and b= an with k and n nonzero integers. Then a= (an) k= a(nk). Since a≠ 0,
this implies that nk= 1, or n= 1/k. Since both n and k are integers, either k= 1 or k=−1. In the first
case a= b. In the second case a=−b.

56. There are different ways of proving this statement, including the contradiction method. We can build
a proof by cases, using the fact that n is either even or odd. So, we could write the statement as “If
n is either even or odd, then either n2 or n2− 1 is divisible by 4.”
Case 1. Assume that n is even. Then n = 2t, with t an integer. Thus n2 = 4t2. This proves that n2 is
divisible by 4. Thus the statement “either n2 or n2− 1 is divisible by 4” is true.
Case 2. Assume that n is odd. Then n= 2s+ 1, with s an integer. Thus n2= 4s2+ 4s+ 1 = 4(s2+ s)+ 1.
This proves that n2− 1 is divisible by 4. Thus the statement “either n2 or n2− 1 is divisible by 4” is true.

57. It might be useful to recall the properties of d =GCD(a, b). In particular, a = dn and b = dq, with n
and q relatively prime, and d is the largest (greatest) of the common divisors of a and b.
Part 1. Let’s assume that a divides m. Then m = at. with t an integer. Therefore m= at= ðdnÞt= dðntÞ.
Since nt is an integer, d divides m.
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Part 2. Let’s assume that b divides m. Then m= br, with r an integer. Therefore m= bt= ðdqÞt= dðqtÞ.
Since qt is an integer, d divides m.

58. It might be useful to recall the properties of L = lcm(a, b). In particular, L = an and L = bq, with n
and q relatively prime, and L is the smallest (least) of all common multiples of a and b.
Therefore L divides all other common multiples of a and b. Since m is a common multiple of a and
b (both numbers divide m), then L divides m. (Note: This does not exclude that L=m.)

59. To prove that the product of three numbers is even it is sufficient to prove that at least one number is
even. So we need to prove that the three numbers are not all odd. If either a or b is even, then abc is
even (independently of c).
What happens when a and b are both odd? In this case, a2 and b2 are odd (this result has been proved
and used several times already, and in any case it is not hard to prove). This implies that a2+ b2 is
an even number. Since c2 is an even number, c is an even number (this result has been proved
already, and it is not hard to prove using the contrapositive of the given statement). Therefore abc
is even.

Equality of Numbers
61. Part 1. Let us assume that (x − y)5 + (x − y)3 = 0. Will this imply that x = y? Using the distributive

property, we can rewrite this equality as ðx− yÞ3½ðx− yÞ2 + 1�= 0.
The product of several factors is equal to zero if and only if at least one of the factors is equal to zero.
Therefore either (x− y)3= 0 or ½ðx− yÞ2 + 1�= 0. The first equality implies x – y= 0, or x= y.
The proof is not complete because we still have to prove that this is the only possible conclusion. The
second equality can be rewritten as (x− y)2= −1. As (x − y)2 is always nonnegative, this equality will
never be true. Therefore the product ðx− yÞ3½ðx− yÞ2 + 1� is equal to zero only if (x − y)3 = 0, that is,
when x= y.
Part 2. We have to prove that if x= y, then (x − y)5 + (x− y)3= 0. This is quite easy to do, indeed in
this case x – y= 0.

62. Part 1. These two sequences are equal if xn = yn for all n≥ 2. Since x2 = y2, we obtain (x − y)= (x + y).
Therefore we have two possible conclusions: either x= y or x= −y. We can only accept the conclusion
x= y. Indeed, if x=−y, then x3=−y3. But x3= y3 by hypothesis.
Part 2. The converse of this statement is trivial.

63. By definition, a divides b if the division of a by b yields a counting number and zero remainder.
Therefore we can write a/b= q, with q a counting number.
Similarly, c/b = t, with t a counting number, and a/c = s, with s a counting number. These three
equalities can be rewritten as

b= aq c= bt a= cs: ð#Þ
If we use all of them, we obtain

b= ðcsÞq= cðsqÞ= ðbtÞðsqÞ= bðtsqÞ:
Therefore, b= b(tsq). As b≠ 0, because 0 is not a counting number, we obtain 1= tsq. Since t, s, and
q are all counting numbers, and therefore they are larger than or equal to 1, tsq can equal 1 if and
only if t= 1, s= 1, and q= 1. If we use this result in (#), we obtain

b= a c= b a= c:

Therefore, a= b= c.
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64. Let a, b, and c be three counting numbers. Set d=GCD(ac, bc) and e=GCD(a, b).
We want to prove that d= ce.
Part 1. d≥ ce
Because e = GCD(a, b), we can write a = ke and b = se with k and s relatively prime. Multiplying
both equalities by c, we obtain

ac= kðceÞ and bc= sðceÞ:

This proves that ce is a common divisor of ac and bc. But d is the greatest common divisor.
Thus, d≥ ce.
Part 2. d ≤ ce
As e is the greatest common divisor of a and b, we can write a = ke and b = se, with k and s
relatively prime. So, multiplying by c, we obtain

ac= kðceÞ and bc= sðceÞ,

with k and s relatively prime. Then all the common factors of ac and bc are in ce. Thus, ce is larger
than any other common divisor. So d ≤ ce. From the two parts of this proof we can conclude that
d= ce.

65. By hypothesis (a/b)m= n, with n an integer. Thus am= bmn, or am= b(bm−1n).
This means that b divides am. As a and b are relatively prime, their greatest common divisor is 1.
Therefore b and am cannot have any common factors other than 1. Thus b= 1.

Chapter 4: Some Mathematical Topics on Which to Practice Proof Techniques
Basic Set Theory and Indexed Families
1. a. A− B = {6, 7, 8, 9, 10}

b. A− (B ∩ C)= A− {5} = {1, 2, 3, 4, 6, 7, 8, 9, 10}
c. (A ∩ B) ∩ C= {1, 2, 3, 4, 5} ∩ C= {5}
d. A′ ∪ B′= {11, 12, 13, 14, 15} ∪ {6, 7, 8, 9,….. 14, 15}= {6, 7, 8, 9,…, 14, 15}
e. (A ∩ B)′ = {1, 2, 3, 4, 5} = {6, 7, 8, 9,… 14, 15} (by De Morgan’s laws, this answer coincides

with the answer in part d)
f. (B ∪ C)′= {1, 2, 3, 4,…. , 11, 12}′= {13, 14, 15}

2. First part: (A ∪ B) ∪ (A ∪ C) ⊆ A ∪ (B ∪ C)
Let x ∈ (A ∪ B) ∪ (A ∪ C). Then either x ∈ (A ∪ B) or x ∈ (A ∪ C). Thus, either (x ∈ A or x ∈ B) or
(x ∈ A or x ∈ C). If we eliminate the redundant part of this sentence (i.e., the repeated information),
we can rewrite it as “either x ∈ A or x ∈ B or x ∈ C.” This implies that either x ∈ A or x ∈ (B ∪ C).
Thus, x∈ A ∪ (B ∪ C).
Second part: A ∪ (B ∪ C) ⊆ (A ∪ B) ∪ (A ∪ C)
Let x ∈ A ∪ (B ∪ C). Then, either x ∈ A or x ∈ (B ∪ C). This implies either x ∈ A or x ∈ B or x ∈ C.
Therefore, either (x ∈ A or x ∈ B) or (x ∈ A or x ∈ C). Thus, we can conclude that x ∈ (A ∪ B) ∪
(A ∪ C).

3. First part: A ⊆ B
Let x ∈ A. Then x is a multiple of 2 and of 3. Therefore x = 2n with n an integer number. As x is
divisible by 3 as well, while 2 is not, we can conclude that n is divisible by 3. So x = 2n = 2(3m)=
6m with m an integer number. Therefore x is divisible by 6. Then, x∈ B.
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Second part: B ⊆ A
Let x ∈ B. Then x is a multiple of 6. Thus we can write x = 6t for some integer number t. Then x is
divisible by 2 and 3, because 6 is divisible by 2 and 3. So, x∈ A.

4. First part: (A ∪ B)′ ⊆ A′ ∩ B′
Let x∈ (A ∪ B)′. This implies that x ∉ (A ∪ B). Therefore x ∉ A and x ∉ B (because if x belonged to
either A or B, then it would belong to their union). Thus x ∈ A′ and x ∈ B′. This implies that x ∈
(A′ ∩ B′).
Second part: A′ ∩ B′ ⊆ (A ∪ B)′
Let x ∈ (A′ ∩ B′). Then x ∈ A′ and x ∈ B′. Therefore x ∉ A and x ∉ B. This implies that x ∉ (A ∪ B).
So, we can conclude that x∈ (A ∪ B)′.

5. First part: (A ∩ B) ∩ C ⊆ A ∩ (B ∩ C)
Let x∈ (A ∩ B) ∩ C. Thus x∈ (A ∩ B) and x∈C. This implies that x∈ A and x∈ B and x∈C. Then,
x∈ A and x∈ (B ∩ C). Therefore x∈ A ∩ (B ∩ C).
Second part: A ∩ (B ∩ C) ⊆ (A ∩ B) ∩ C
Let x∈ A ∩ (B ∩ C). Then x∈ A and x∈ (B ∩ C). This implies that x∈ A and x∈ B and x∈C. Thus,
x∈ (A ∩ B) and x∈C. Therefore x∈ (A ∩ B) ∩ C.

6. The two sets are not equal. The number 144 is in A, since 144 = 16 × 9, and 144 = 36 × 4, but 144
is not in B. So, A ⊄ B.

7. a. One can use a Venn diagram to get a better grasp of the sets involved. The following is a
representation of the set A ∪ (B ∩ C):

A
B

C

The following is a representation of the set (A ∪ B) ∩ C:

B

C

A

The equality does not seem to be true in general, since it contradicts the distributive law of union
with respect to intersection. Let us look for a counterexample.
If A= {1}, B= {2}, and C= {2, 3}, then A ∪ (B ∩ C)= A ∪ {2}= {1, 2} and (A ∪ B) ∩ C= {1, 2} ∩
C= {2}. Therefore, the two sets are not equal in general.

b. This equality seems to be an extension of one of De Morgan’s laws. Let’s try to prove it.
The element x belongs to (A ∩ B ∩ C)′ if and only if x ∉ (A ∩ B ∩ C). This happens if and only if
either x ∉ A, or x ∉ B, or x ∉ C. This is equivalent to saying that either x ∈ A′, or x∈ B′ or x ∈ C′.
This happens if and only if x∈ A′ ∪ B′ ∪ C′.
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8. The element (x0, y0) belongs to A if and only if y0 = x20 − 1. This equality is equivalent to the equality

y0 = ðx20 − 1Þ x
2
0 + 1

x20 + 1
,

because x20 + 1≠ 0. Therefore y0 = x20 − 1 if and only if y0 =
x40 − 1
x20 + 1

. This means that (x0, y0) ∈ A if and
only if (x0, y0)∈ B. Thus the two sets are equal.

9. This statement has a composite conclusion. Therefore we will assume that A – B is empty and that A
is nonempty. The set A – B is empty by hypothesis. By definition of the set A – B, this means that
there is no element of A that does not belong to B. So the statement x ∈ A − B is false for all x ∈ A.
Then all the elements of A belong to B. Therefore A ⊆ B.

10. This statement has composite hypothesis. So the proof will have two cases.
Case 1. Let A = ∅. By definition of union, A∪B= fxjx∈A or x∈Bg: As the condition x ∈ A is
always false (i.e., there exists no x∈ A), then the statement “x ∈ A or x∈ B” is true if and only if x∈ B
is true. So

A∪B= fxjx∈A or x∈Bg= fxjx∈Bg=B:

Case 2. Let A ⊆ B. By definition of union, A∪B= fxjx∈A or x∈Bg. By hypothesis, A ⊆ B.
Therefore x ∈ A implies x ∈ B. Thus, the condition x∈ A is redundant when selecting the elements in
the union. Indeed every element of A will be in the union because it is an element of B. Thus,

A∪B= fxjx∈A or x∈Bg= fxjx∈Bg=B:

11. a. The base case has been proved as De Morgan’s law of intersection. Let A= A1 and B= A2.
b. Inductive hypothesis: Assume that for some n ≥ 3 the equality ðA1 ∩A2 ∩…::∩AnÞ′= A′1 ∪

A′2 ∪…::∪A′n holds true.
c. We have to prove that ðA1 ∩A2 ∩…::∩An ∩An+1Þ′=A′1 ∪A′2 ∪…::∪A′n ∪A′n+1. Using the associative

property of intersection (See Exercise 5 in this section) we have that

ðA1 ∩A2 ∩…::∩An ∩An+1Þ= ½ðA1 ∩A2 ∩…::∩AnÞ∩An+1�:
Therefore,

ðA1 ∩A2 ∩…::∩An ∩An+1Þ′= ½ðA1 ∩A2 ∩…::∩AnÞ∩An+1�′:
Using the fact that there we are now dealing with two sets (namely the set in parentheses and An+1),
we have

ðA1 ∩A2 ∩…::∩An ∩An+ 1Þ′= ½ðA1 ∩A2 ∩…::∩AnÞ∩An+1�′
= ðA1 ∩A2 ∩…::∩AnÞ′∪A′n+1:

The inductive hypothesis and the associative property of intersection yield

ðA1 ∩A2 ∩…::∩An ∩An+1Þ′= ½ðA1 ∩A2 ∩…::∩AnÞ∩An+1�′
= ðA1 ∩A2 ∩…::∩AnÞ’∪A′n+1
= ðA1 ∪A2 ∪…:∪A′nÞ∪A′n+1
=A′1 ∪A′2 ∪…:∪A′n ∪A′n+1:

Therefore, by the Principle of Mathematical Induction the equality is true for all n≥ 2.
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12. a. The smallest value of n we can use is 0. If a set has 0 elements it is the empty set. The only
subset of the empty set is itself. Therefore a set with 0 elements has 1 subset, and 1 = 20. So the
statement is true for n= 0.

b. Assume that if A= fx1, x2,… , xng, then A has 2n subsets, A1, A2, A3,… , A2n .
c. Let B= fb1, b2,…: , bn, bn+1g be a set with n+ 1 elements. Does B have 2n+1 subsets?

We can write B= fb1, b2,…: , bng∪ fbn+1g. The set fb1, b2,…: , bng has n elements, and therefore
it has 2n subsets, B1, B2, B3,… ,B2n . None of these subsets includes bn+1. Everyone of these subsets
is a subset of B as well, and it uses only the first n elements of B. Thus we can construct more sets
of B using bn+1. Thus we have the following subsets of B: B1, B2, B3,… ,B2n ,
B1 ∪ fbn+1g, B2 ∪ fbn+1g, B3 ∪ fbn+1g,… ,B2n ∪ fbn+1g. Therefore B has 2n + 2n = 2n+1 subsets.
Thus, by the Principle of Mathematical Induction the statement is true for all n≥ 0.

13. To find A× ðB∩CÞ we need to find ðB∩CÞ first: ðB∩CÞ= f2, 3g. Then
A× ðB∩CÞ= fða, 2Þ, ða, 3Þ, ðb, 2Þ, ðb, 3Þ, ðc, 2Þ, ðc, 3Þ, ðd, 2Þ, ðd, 3Þg:

To construct the set ðA×BÞ∩ ðA×CÞ, we need to construct first ðA×BÞ and ðA×CÞ:
A×B= fða, 1Þ, ða, 2Þ, ða, 3Þ, ðb, 1Þ, ðb, 2Þ, ðb, 3Þ, ðc, 1Þ, ðc, 2Þ, ðc, 3Þ, ðd, 1Þ, ðd, 2Þ, ðd, 3Þg

A×C= fða, 2Þ, ða, 3Þ, ða, 4Þ, ðb, 2Þ, ðb, 3Þ, ðb, 4Þ, ðc, 2Þ, ðc, 3Þ, ðc, 4Þ, ðd, 2Þ, ðd, 3Þ, ðd, 4Þg

Now consider the intersection of these two sets (i.e., all pairs in common) to obtain

ðA×BÞ∩ ðA×CÞ= fða, 2Þ, ða, 3Þ, ðb, 2Þ, ðb, 3Þ, ðc, 2Þ, ðc, 3Þ, ðd, 2Þ, ðd, 3Þg
Thus the two sets are equal.

14. First part: A× ðB∩CÞ⊆ ðA×BÞ∩ ðA×CÞ
To prove this inclusion, we need to show that if t∈A× ðB∩CÞ, then t∈ ðA×BÞ∩ ðA×CÞ. Because t
is the element of the Cartesian product of two sets, namely A and ðB∩CÞ, t has two coordinates. So,
we can write t = (x, y) with x ∈ A and y ∈ (B ∩ C). Thus t = (x, y) with x ∈ A and y ∈ B and y ∈ C.
Therefore t= (x, y) with x∈ A and y∈ B and x∈ A and y∈C. This implies that t= (x, y) with (x, y)∈
A × B and (x, y)∈ A × C. So, we can conclude that t= ðx, yÞ∈ ðA×BÞ∩ ðA×CÞ.
Second part: A× ðB∩CÞ⊇ ðA×BÞ∩ ðA×CÞ
To prove this inclusion, we need to show that if t∈ ðA×BÞ∩ ðA×CÞ, then t∈A× ðB∩CÞ. Because t is
the element of an intersection, t∈A×B and t∈A×C. In any case, t is the element of the Cartesian
product of two sets, so it has two coordinates. So, we can write t= ðx, yÞ with ðx, yÞ∈ ðA×BÞ and
ðx, yÞ∈ ðA×CÞ. Therefore t= ðx, yÞ with x ∈ A and y ∈ B and x ∈ A and y ∈ C. In any case x ∈ A and
(y∈ B and y∈C). This implies that x∈ A and y∈ ðB∩CÞ. So t= ðx, yÞ∈A× ðB∩CÞ.

15. Second part: A× ðB−CÞ⊆ ðA×BÞ− ðA×CÞ
Let t∈A× ðB−CÞ. Because t is an element of the Cartesian product of two sets, it is possible to write
t = (x, y) with x ∈ A and y∈ ðB−CÞ. Thus t= ðx, yÞ with x ∈ A and y ∈ B and y ∉ C (by definition of
difference). Therefore t= ðx, yÞ with x ∈ A and y ∈ B and x ∈ A and y ∉ C. This implies that
t= ðx, yÞ∈A×B but t= ðx, yÞ ∉ A×C. In conclusion t∈ ðA×BÞ− ðA×CÞ (by definition of difference).

16. We will try to rewrite more explicitly the equations that define the three sets:

C1 = fðx, yÞjx, y∈ℝ and x2 = y2g= fðx, yÞjx, y∈ℝ and x2 − y2 = 0g
= fðx, yÞjx, y∈ℝ and ðx− yÞðx+ yÞ= 0g
= fðx, yÞjx, y∈ℝ and x= y or x=−yg
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So, the set C1 is the union of the points on the two lines with equations x=−y and x= y.

C2 = fðx, yÞjx, y∈ℝ and x2 = −y2g= fðx, yÞjx, y∈ℝ and x2 + y2 = 0g:
Since x2≥ 0 and y2≥ 0, the only solution for the equation x2+ y2= 0 is (0, 0). Thus C2= {(0, 0)}.

C3 = fðx, yÞjx, y∈ℝ and x2 = −1/y2g= fðx, yÞjx, y∈ℝ and x2 + 1/y2 = 0g
The point ð0, 0Þ ∉ C3. Thus we can only use x≠ 0 and y≠ 0. Since x2 > 0 and 1/y2 > 0, the equation
x2 + 1/y2 = 0 has no solutions. Thus C3 =∅.

17. By definition

ðA×BÞ′= fðx, yÞ∈U ×Ujðx, yÞ ∉ A×Bg
= fðx, yÞ∈U ×U j either x ∉ A or y ∉ Bg

and

A′×B′= fðx, yÞ∈U ×Ujx∈A′ and y∈B′g
= fðx, yÞ∈U ×Ujx ∉ A and y ∉ Bg:

The two sets do not seem to be equal. Let’s try to build an example to better understand the struc-
tures of these sets. Let U = {1, 2, 3}, A = {1, 2}, and B = {2, 3}. Then

U ×U = fð1, 1Þ, ð1, 2Þ, ð1, 3Þ, ð2, 1Þ, ð2, 2Þ, ð2, 3Þ, ð3, 1Þ, ð3, 2Þ, ð3, 3Þg
and

A×B= fð1, 2Þ, ð1, 3Þ, ð2, 2Þ, ð2, 3Þg:
So

ðA×BÞ′= fð1, 1Þ, ð2, 1Þ, ð3, 1Þ, ð3, 2Þ, ð3, 3Þg
and

A′×B′= f3g× f1g= fð3, 1Þg:

In general A′×B′⊆ ðA×BÞ′.
18. It might be helpful to write down explicitly a few sets to get a feeling for their construction:

A1 = ½−1, 1�,A2 = ½− 2, 2�,A3 = ½−3, 3�,…:

Therefore ⋃
n∈ℕ

An = ð−∞,∞Þ and ⋂
n∈ℕ

An = ½−1, 1�.
19. It might be helpful to write down explicitly a few sets to get a feeling for their construction:

A1 = ð−π, πÞ,A2 = ð−π/2, π/2Þ,A3 = ð−π/3, π/3Þ,…:

Therefore ⋃
n∈ℕ

An = ð−π, πÞ and ⋂
n∈ℕ

An = f0g.

20. First part:

�
⋃
f∈F

Af

�
′⊆ ∩

f∈F
A′f
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Let x∈
�

⋃
f∈F

Af

�
′. By definition of complement, this implies that x ∉

�
⋃
f∈F

Af

�
. By definition of

union, the fact that an element does not belong to the union implies that the element fails to belong

to every one of the sets used in the union. So, x ∉
�
⋃
f∈F

Af

�
implies that x ∉ Af for all f ∈ F.

By definition of complement of a set, this is equivalent to stating that x∈A′f for all f ∈ F. So

x∈ ⋂
f∈F

A′f . Therefore
�

⋃
f∈F

Af

�
′⊆ ⋂

f∈F
A′f .

Second part:

�
⋃
f∈F

Af

�
′⊇ ⋂

f∈F
A′f .

Let x∈ ⋂
f∈F

A′f . By definition of intersection, the element x will be in the intersection only if it

belongs to every set in the intersection. By definition of complement, this implies that x ∉ Af for all
f ∈ F. By definition of union, x will not be in the union of these sets, since it does not belong to any

of them. So, x ∉
�

⋃
f∈F

Af

�
. By definition of complement, this means that x∈

�
⋃
f∈F

Af

�
′. So,�

⋃
f∈F

Af

�
′⊇ ⋂

f∈F
A′f . Thus the two sets are equal.

21. First part: B∪
�

⋂
f∈F

Af

�
= ⋂

f∈F
ðB∪AfÞ

Let x∈B∪
�

⋂
f∈F

Af

�
. Then, by definition of union, either x ∈ B or x∈

�
⋂
f∈F

Af

�
. By definition of

intersection of a family of sets, this last statement implies that x is an element of every set in the
intersection. Then either x ∈ B or x∈Af for all f ∈ F. By definition of union of two sets, if x ∈ B,
then x∈B∪Af for all f ∈ F. If x∈Af for all f ∈ F, then x∈B∪Af for all f ∈ F. In either case,
x∈B∪Af for all f∈ F. Thus, by definition of intersection of a family of sets, x∈ ⋂

f∈F
ðB∪Af Þ:

This proves that B∪
�

⋂
f∈F

Af

�
⊆ ⋂

f∈F
ðB∪Af Þ.

Second part: B∪
�

⋂
f∈F

Af

�
⊇ ⋂

f∈F
ðB∪Af Þ

Let x∈ ⋂
f∈F

ðB∪Af Þ. Then, by definition of intersection of a family of sets, x is an element of each set

in the intersection. So, x∈B∪Af for all f ∈ F. Therefore either x ∈ B or x∈Af for all f∈ F. If x ∈ B,

then x is an element of the union of B with any other set, including

�
⋂
f∈F

Af

�
. If x∈Af for all f ∈ F,

by definition of intersection of a family of sets, this implies that x∈
�

⋂
f∈F

Af

�
. Then x is an element

of the union of

�
⋂
f∈F

Af

�
with any other set, including B. Thus, in any case x∈B∪

�
⋂
f∈F

Af

�
. This

proves that B∪
�

⋂
f∈F

Af

�
⊇ ⋂

f∈F
ðB∪Af Þ. The two inclusions prove that the sets are equal.

22. First part: B−
�

⋃
f∈F

Af

�
⊆ ⋂

f∈F
ðB−Af Þ
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Let x∈B−
�

⋃
f∈F

Af

�
. Then, by definition of difference, x ∈ B and x ∉

�
⋃
f∈F

Af

�
. The fact that

x ∉
�

⋃
f∈F

Af

�
implies that x is not an element of any of the sets in the union. So x ∉ Af for all f ∈ F.

Therefore x∈B−Af for all f ∈ F. By definition of intersection of a family of sets, x∈ ⋂
f∈F

ðB−Af Þ:
Thus B−

�
⋃
f∈F

Af

�
⊆ ⋂

f∈F
ðB−Af Þ.

Second part: B−
�

⋃
f∈F

Af

�
⊇ ⋂

f∈F
ðB−Af Þ

Let x∈ ⋂
f∈F

ðB−Af Þ. By definition of intersection of a family of sets, x∈B−Af for all f ∈ F.

Therefore x∈ B and x ∉ Af for all f∈ F. Since x ∉ Af for all f∈ F, then x ∉
�

⋃
f∈F

Af

�
. This implies

that x∈B−
�

⋃
f∈F

Af

�
. So, B−

�
⋃
f∈F

Af

�
⊇ ⋂

f∈F
ðB−Af Þ.

The two inclusions prove that the sets are equal.

About Functions
1. The correspondence f :ℝ→ℝ is defined by the formula f ðxÞ= 3x+ 17. This formula can be used for

all x∈ℝ. So f (x) is defined for all x∈ℝ. Moreover the output of the formula is uniquely determined
by the formula and it is a real number. So, f is a function from ℝ into ℝ.
Is f one-to-one? Let x1 ≠ x2. Then 3x1 ≠ 3x2. This implies that 3x1 + 17≠ 3x2 + 17. Therefore
f ðx1Þ≠ f ðx2Þ, and we can conclude that f is one-to-one.
To prove that f is onto, let y∈ℝ be any number in the codomain. Can we find an x0 in the domain
such that f (x0) = y? This means 3x0 + 17= y, which in turn implies x0 =

y− 17
3 . It is easy to double-

check that f ðx0Þ= y. The function f is one-to-one and onto. Therefore it is a bijection.
2. The function f ðxÞ= x2 + 3x+ 17 is well defined for all x∈ℝ. To decide if the function is one-

to-one, we can check if f ðx1Þ= f ðx2Þ implies x1 = x2. The equality f ðx1Þ= f ðx2Þ implies
x21 + 3x1 + 17= x22 + 3x2 + 17. Simplification yields x21 − x22 + 3x1 − 3x2 = 0, i.e., ðx1 − x2Þðx1 + x2Þ+
3ðx1 − x2Þ= 0, or

ðx1 − x2Þ½ðx1 + x2Þ+ 3�= 0:

Therefore either x1 − x2 = 0 or x1 + x2 + 3 = 0. Thus we have two different possibilities: x1 = x2 or
x1 = − x2 − 3. This means that f is not one-to-one because if x2 = 1 and x1 = −1 − 3 = −4, then
f ðx1Þ= f ðx2Þ= 21.
Is f onto? Let y∈ℝ be any number in the codomain. Can we find an x0 in the domain such that
f (x0)= y? This means x20 + 3x0 + 17= y. Using the quadratic formula yields

x0 =
−3±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9− 4ð17− yÞp
2

:

If y= 0, this equation has no solution. So f is not onto.
3. The correspondence that associates to every real number its integer part is indeed a function between

the set of the real numbers and the set of integers, since all its outputs are integer numbers.
This function is not one-to-one. For example, f (2.1)= 2= f (2.95), but 2.1 ≠ 2.95. On the other hand,
f is onto. Given the integer number s, we can always find a real number whose image is s, for exam-
ple s.1. By definition of f, f (s.1)= s.
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4. The sets A and B are rather small, so it is easier to try to make a table representing the inputs and
outputs of f.

x j 1 2 3 4 5 6
f ðxÞ j 0 1 2 3 4 5

The correspondence f is not a function because f (6) = 5 ∉ B.
5. The sets A and B are rather small, so it is easier to try to make a table representing the inputs and

outputs of f.

x j 1 2 3 4 5 6
f ðxÞ j 0 1 2 3 4 5

From the table we can see that f is a function because it associates to every x ∈ A a well defined
element of B. Moreover, f is one-to-one because distinct elements of A are associated with distinct
elements of B. The function is onto because Range f= B.

6. Let A= fn∈ℤjn= 5t with t an integerg and B= fm∈ℤjm= 20s with s an integerg. We cannot count
the elements of A and B. So, it makes sense to construct a bijective function between the two sets.
Define f : A → B as f (n)= 4n. Since every element of A corresponds to one and only one element of
B, the two sets have the same number of elements.

7. Let z∈ℝ. Is there an x∈ℝ such that f ∘ g(x) = z? Since f is an onto function, given z∈ℝ,
there exists at least a y∈ℝ such that f (y) = z. The function g is onto. So, for every y∈ℝ there
exists at least an x∈ℝ such that g(x) = y. Therefore there exists an x∈ℝ such that
z= f ðyÞ= f ðgðxÞÞ= f ∘ gðxÞ.

8. To prove that f ∘ g is even, we need to prove that f ∘ gðxÞ= f ∘ gð−xÞ for all x∈ℝ The function g is
even by hypothesis. So, g(x)= g(−x). Therefore f ðgðxÞÞ= f ðgð−xÞÞ. Thus f ∘ g is even.

9. To prove that f ∘ g is even, we need to prove that f ∘ gðxÞ= f ∘ gð−xÞ for all x∈ℝ. There
is no hypothesis regarding the function g, so there is no known relation between g(x) and g(−x).
The fact that f is even will not be very helpful. This statement looks false. Therefore a
counterexample is needed. Let g(x) = 3x + 1 and f (x) = x2 (so f is an even function). Then
f ∘ gðxÞ= f ð3x+ 1Þ= ð3x+ 1Þ2. This function is not even because f ∘ gð1Þ= 16 and f ∘ gð−1Þ= 4.

10. To reach the conclusion, we need to construct the two functions f ∘ g and g ∘ f, using the formulas for
f and g. Is f ∘ gðyÞ= y for all y∈ ½1, +∞Þ?

f ∘ gðyÞ= f
�
gðyÞ

�
= f ð

ffiffiffiffiffiffiffiffiffiffi
y− 1

p
Þ= ð

ffiffiffiffiffiffiffiffiffiffi
y− 1

p
Þ2 + 1= y− 1+ 1= y

Is g ∘ f ðxÞ= x for all x∈ℝ?

g ∘ f ðxÞ= g
�
f ðxÞ

�
= gðx2 + 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 + 1Þ− 1

p
=

ffiffiffiffi
x2

p
= jxj

So, when x is a negative number g ∘ f ðxÞ≠ x. Therefore f and g are not inverse functions, unless we
use ½0, +∞Þ as the domain of f.

11. Let g be the inverse function of f. So f :A→B and g:B→A and

gð f ðaÞÞ= a for all a∈A

f ðgðbÞÞ= b for all b∈B:
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Is f one-to-one? If f ða1Þ= f ða2Þ, is a1 = a2? If f ða1Þ= f ða2Þ, then gð f ða1ÞÞ= gð f ða2ÞÞ. Since g is the
inverse function of f, gð f ða1ÞÞ= a1 and gð f ða2ÞÞ= a2. So a1 = a2.
Is f onto? Given b ∈ B, is there an a ∈ A such that f ðaÞ= b? Because g is the inverse function of
f, f ðgðbÞÞ= b. Use a= gðbÞ. Then f ðaÞ= b. So f is a bijection.

12. We need to prove that f ð½−2, −1�Þ= ½−15, −1�. Since −2≤ x≤ −1, then −8≤ x3 ≤ −1. Multiplying
all the inequalities by 2 yields −16≤ 2x3 ≤−2. Finally, adding 1 generates the conclusion
−15≤ 2x3 + 1≤−1, i.e., −15≤ f ðxÞ≤−1. This work proves that f ð½−2, −1�Þ⊆ ½−15, −1�.
We need to prove that f ð½−2, −1�Þ⊇ ½−15, −1�. Let y0 ∈ ½−15, −1�. Is there an x0 ∈ ½−2, −1� such
that f ðx0Þ= y0? Starting from y0 try to build x0 using the formula for f. The equality f ðx0Þ= y0

implies 2x30 + 1= y0. Thus x0 =
ffiffiffiffiffiffiffiffi
y0 − 1
2

3

q
.

Is x0 ∈ ½−2, −1�? Because −15≤ y0 ≤ −1, it follows that −8≤ y0 − 1
2 ≤ −1. So −2≤

ffiffiffiffiffiffiffiffi
y0 − 1
2

3

q
≤ −1,

i.e., x0 ∈ ½−2, −1�. The two inclusions prove that f ð½−2, −1�Þ= ½− 15, −1�.
13. We can start by finding some outputs of f to get a pattern: f ð1Þ= 2− 1= 1, f ð2Þ= 4+ 1= 5,

f ð3Þ= 6− 1= 5, f ð4Þ= 8+ 1= 9,…. So, f ðℕÞ is a subset of the set of odd numbers. Not all odd
numbers are used to build f ðℕÞ.

14. To find f −1ð½3, 5�Þ we need to determine the values of x for which ðx3 − 1Þ∈ ½3, 5�. So we need
to have 3≤ x3 − 1≤ 5. This is equivalent to 4≤ x3 ≤ 6, and

ffiffiffi
43

p
≤ x≤

ffiffiffi
63

p
. This means that

f −1ð½3, 5�Þ= ½ ffiffiffi43
p

,
ffiffiffi
63

p �.
15. Let y∈ f ðX1Þ. Is y∈ f ðX2Þ? If y∈ f ðX1Þ, then there exists at least one x∈X1 such that f ðxÞ= y. By

hypothesis, X1 ⊆X2, thus x∈X2. This implies that y= f ðxÞ∈ f ðX2Þ. So, we can conclude that
f ðX1Þ⊆ f ðX2Þ.

16. We want an example of the fact that f ðX1 ∩X2Þ≠ f ðX1Þ∩ f ðX2Þ. Remember to look for simple
examples first. Consider the sets A= fa, bg and B= fcg. Then consider the function f :A→B defined
as f ðaÞ= c and f ðbÞ= c (so f is a constant function). Let X1 = fag and X2 = fbg. Then X1 ∩X2 =∅
and f ðX1 ∩X2Þ=∅.
On the other hand, f ðX1Þ= fcg and f ðX2Þ= fcg. So f ðX1Þ∩ f ðX2Þ= fcg. These results show that in
general f ðX1 ∩X2Þ≠ f ðX1Þ∩ f ðX2Þ.

17. We will prove that f ðX1 ∪X2Þ= f ðX1Þ∪ f ðX2Þ by using a chain of equivalent steps. It is also possible
to break the proof into two parts and prove the two inclusions separately.
The statement y∈ f ðX1 ∪X2Þ is equivalent (by definition of image of a set) to the fact that there
exists at least one x∈X1 ∪X2. By definition of union of sets, this is equivalent to the statement
that either there exists an x∈X1 such that y= f ðxÞ or there exists an x∈X2 such that y= f ðxÞ. This
is equivalent (by definition of image of a set) to the fact that either y∈ f ðX1Þ or y∈ f ðX2Þ. By defi-
nition of union, this is equivalent to the statement y∈ f ðX1Þ∪ f ðX2Þ. Thus the two sets are equal.

18. We will prove that f −1ðY1 ∪ Y2Þ= f −1ðY1Þ∪ f −1ðY2Þ by using a chain of equivalent steps. It is also
possible to break the proof into two parts and prove the two inclusions separately.
The statement x∈ f −1ðY1 ∪ Y2Þ is equivalent (by definition of preimage of a set) to the statement
y= f ðxÞ∈ Y1 ∪ Y2. By definition of union of sets, this is equivalent to the fact that either
y= f ðxÞ∈ Y1 or y= f ðxÞ∈Y2. By definition of preimage of a set, this statement is equivalent to the
statement that either x∈ f −1ðY1Þ or x∈ f −1ðY2Þ. This last fact is equivalent (by definition of union of
sets) to the statement that x∈ f −1ðY1Þ∪ f −1ðY2Þ. Thus the two sets are equal.

19. We want an example of the fact that X1 ≠ f −1ð f ðX1ÞÞ. Again, it is better to start with simple
examples. Consider the sets A= fa, bg and B= fcg. Then consider the function f :A→B defined as
f ðaÞ= c and f ðbÞ= c (so f is a constant function). Let X1 = fag. Then f ðX1Þ= fcg. By definition of
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preimage of a set, f −1ð f ðX1ÞÞ consists of all the elements of A whose image is c. Therefore
f −1ð f ðX1ÞÞ= fa, bg. Thus X1 ≠ f −1ð f ðX1ÞÞ.

20. Let y∈ f ð f −1ðY1ÞÞ. By definition of image of a set, this implies that there exists at least one
x∈ f −1ðY1Þ such that f ðxÞ= y. By definition of preimage of a set, this implies that y= f ðxÞ∈Y1.
Thus f ð f −1ðY1ÞÞ⊆ Y1.
Even if the probem did not ask for it, we can construct an example to show that in some cases
f ð f −1ðY1ÞÞ≠ Y1. Let A= fa, b, cg and B= fd, e, hg. Define f :A→B as f ðaÞ= f ðbÞ= d and f ðcÞ= h.
Consider Y1 = fd, eg. Then f −1ðY1Þ= fa, bg, and f ðf −1ðY1ÞÞ= fdg. Thus f ð f −1ðY1ÞÞ⊂Y1.

Relations
1. Since we are dealing with infinitely large sets, we cannot look at each number separately.

Thus we will try to find a pattern using the equation f ðaÞ= f ðbÞ and the formula for the function f.
Thus the equation becomes 3a2 + 1= 3b2 + 1, which can be rewritten as 3ða2 − b2Þ= 0. Factoring the
left-hand side of the equation yields ða− bÞða+ bÞ= 0. Therefore the equation f ðaÞ= f ðbÞ has two
possible solutions: either a = b (so every number is in relation with itself) or a = −b (so every
number is in relation with its opposite). The number 0 is in relation only with itself.

2. The equation jaj= jbj holds true when either a= b or a=−b. In this case we can explicitly construct
all the pairs of elements that are in relation. Thus,

−3R− 3 −3R3 −2R− 2 −2R2 −1R− 1

−1R1 0R0 1R1 1R− 1 2R2

2R− 2 3R3 3R− 3

The digraph is left to the reader

3. Since the set A has only a few elements, it is possible to list all the pairs:

2R2 2R4 2R6 2R8

3R3 3R6 3R9

4R4 4R8

5R5 6R6 8R8 9R9

The digraph is left to the reader

4. R= fð1, 2Þ, ð1, 4Þ, ð2, 1Þ, ð2, 3Þ, ð3, 2Þ, ð3, 4Þ, ð4, 1Þ, ð4, 3Þg. The digraph is left to the reader.
5. No number is in relation with itself since a = a1, and 1 is not a prime number. A number b is in

relation with 1 if b = 1p with p a prime number. This means b = p. So, the numbers in relation with
1 are all the prime numbers.
A number b is in relation with 2 if b= 2p with p a prime number. So, the numbers in relation with 2
are all the numbers obtained by multiplying prime numbers by 2 (e.g., 6, 10, 14 ...).
A number b is in relation with 4 if b = 4p with p a prime number. So, the numbers in relation with 4
are all the numbers obtained by multiplying prime numbers by 4 (e.g., 8, 12, 20, …).

6. The relation is reflexive since jaj= jaj for all a∈ℤ. Thus aRa for all a∈ℤ. Let’s check symmetry. If
aRb, then jaj= jbj. This also means that jbj= jaj. This implies bRa. Therefore the relation is symmetric.
Is R transitive? If aRb and bRc, then jaj= jbj and jbj= jcj. These two equalities imply jaj= jcj. So
aRc. These three properties make R an equivalence relation. The relation is not antisymmetric
because, as an example, 3R− 3 and −3R3, but 3≠−3.

7. The relation is reflexive because a − a ≥ 0 for all a∈ℝ. So aSa for all a∈ℝ. The relation is not
symmetric because 5S4 but 4S=5.
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Is S transitive? If aSb and bSc, then a − b ≥ 0 and b − c ≥ 0. By adding these two inequalities we
obtain ða− bÞ+ ðb− cÞ≥ 0. Since a− c≥ 0, we can conclude that aSc. So the relation is transitive.
Is S antisymmetric? If aSb and bSa, then a − b ≥ 0 and b − a≥ 0. These two inequalities can be true
at the same time only if a− b= 0. Thus, a= b. The fact that S is antisymmetric, reflexive, and transi-
tive implies that S is an order relation.

8. The relation T is not reflexive since a− a≯ 0. Thus it is not an equivalence relation and it is not an
order relation. The relation T is transitive.

9. The relation R is not reflexive because a − a = 0 and 0 is an even number. Thus R is not an
equivalence relation and it is not an order relation. The relation R is symmetric.

10. Is R reflexive, that is, is (a, b)R(a, b)? The answer is affirmative since a= a and b = b + 0 with 0 an
integer number.
Is R symmetric? If (a, b)R(m, n), is (m, n)R(a, b)? By hypothesis, a=m and b= n+ k for some inte-
ger k. Therefore, m= a and n= b+ (−k), and (−k) is an integer. This means that (m, n)R(a, b).
Is R transitive? If (a, b)R(m, n) and (m, n)R(p, q), is (a, b)R(p, q)? By hypothesis a=m and b= n+ k
for some integer k. Alsom= p and n= q+ t for some integer t. Therefore, a= p and b= n+ k= (q+ t)+ k=
q+ (t+ k), with (t+ k) an integer. So (a, b)R(p, q).
Is R antisymmetric? No. Consider the following counterexample: (2, 3)R(2, 1) and (2, 1)R(2, 3), but
(2, 1)≠ (2, 3). Therefore, R is an equivalence relation, but not an order relation.

11. The relation R is reflexive because for every number x∈ℝ, x− x= 0 and 0 is an integer.
The relation R is symmetric. Assume that xRy. Then x− y is an integer. This implies that y− x is also
an integer, which in turn implies that yRx.
To check whether R is transitive, assume that xRy and yRz. Is xRz? By hypothesis x− y is an integer.
Also y− z is an integer. As the sum of integer numbers is an integer number, ðx− yÞ+ ðy− zÞ= x− z
is an integer. So, xRz, and R is a transitive relation. Therefore, R is an equivalence relation, and it is
possible to find equivalence classes.

½1�= fx∈ℝjx R1g= fx∈ℝjx− 1= k with k an integerg= fx∈ℝjx= 1+ k with k an integerg
= fall integerg=ℤ

½−1:32�= fx∈ℝjxR− 1:32g= fx∈ℝjx− ð−1:32Þ= k with k an integerg
= fx∈ℝjx=−1:32 + k with k integerg

½π�= fx∈ℝjx Rπg= fx∈ℝjx− π = k with k an integerg= fx∈ℝjx= π + k with k an integerg:
12. The relation is reflexive because GCDðx, xÞ= x> 1. So xRx. The relation R is symmetric. Let xRy.

Then GCDðx, yÞ> 1. So GCDðy, xÞ=GCDðx, yÞ> 1. Thus, yRx. The relation is not transitive. As a
counterexample, consider the fact that 2R6 and 6R3, but 2R

�̷
3. Thus, R is not an equivalence relation.

While we cannot find equivalence classes, we can still try to find conditions that will guarantee that
elements are in relation. The number x will be in relation with 2 if GCDðx, 2Þ≥ 2: Since
GCDðx, 2Þ≤ 2, we can conclude that GCDðx, 2Þ= 2. Therefore, x has to be divisible by 2. So, 2 itself
is in relation with all the even numbers.
The number x will be in relation with 3 if GCDðx, 3Þ= 3. Therefore, x has to be divisible by 3. So, 3
itself is in relation with all its multiples. The number x will be in relation with 8 if GCDðx, 8Þ> 1.
Therefore, GCDðx, 8Þ≥ 2. So x has to be divisible by 2. So, 8 is in relation with all even numbers.

13. The relation S is reflexive because every number has the same prime factors as itself. So, xSx. The
relation S is symmetric because if x and y have the same prime factors, then y and x have the same
prime factors. Thus, if xSy we can conclude that ySx.
Is the relation transitive? If xSy and ySz, is xSz? The numbers x and y have the same prime factors, call
them p1, p2,…, pn. The numbers y and z have the same prime factors, call them q1, q2,…, qm. Since the
prime factors of a number are unique, and both sets of pi

′s and qj
′s are prime factors of the same
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number y, it follows that they are the same prime numbers. So, xSz because x and z have the same
prime factors. Thus, S is an equivalence relation. Thus we can find the equivalence classes determined
by S:

½2�= fx∈AjxS2g= fx∈Ajx has the same prime factors as 2g:

Since 2 has only itself as a prime factor, x can only have 2 as a prime factor. Thus,

½2�= fx∈AjxS2g= fx∈Ajx= 2n for some natural number ng:
In a similar way, keeping into account the fact that the only prime factors of 6 are 2 and 3 we have that

½6�= fx∈AjxS6g= fx∈Ajx= 2n3m for some natural numbers n,mg:
14. The definition of R can be rewritten as

“aRb if and only if a− b= 5t for some integer number t.”

Is R reflexive? If a∈ℕ, is aRa? Since a − a = 0, and 0 is a multiple of 5, we can conclude
that aRa.
Is R symmetric? If aRb, is bRa? By hypothesis, aRb. So a − b = 5t for some integer number t. This
implies that b − a = −5 > t = 5(−t). Since –t is also an integer, we have that b − a is a multiple of 5.
Therefore bRa. So R is symmetric.
Is R transitive? If aRb and bRc, is aRc? By hypothesis a − b = 5t and b − c = 5s for some integer
numbers t and s. We would like to find a direct relation between a and c. Therefore, we can solve
one of the equations for b, and replace b in the other equation. From the second equation we have
b = c+ 5s. Thus the first equation can be rewritten as

a− ðc+ 5sÞ= 5t

or

a− c= − 5s+ 5t= 5ðt− sÞ:
The number t− s is an integer (it is a difference of two integers). This means that a − c is a multiple
of 5. Therefore aRc, which means that R is transitive.
Is R antisymmetric? The answer is negative because aRb and bRa does not imply that a = b. As a
counterexample, use a= 10 and b= 25.
So, R is an equivalence relation. Let’s now find some equivalence classes.

½0� = fx∈ℤjxR0g= fx∈ℤjx− 0= 5t for some integer tg
= fx∈ℤjx= 5t for some integer tg= f…, −10, −5, 0, 5, 10,…g

½1�= fx∈ℤjxR1g= fx∈ℤjx− 1= 5t for some integer tg
= fx∈ℤjx= 5t+ 1 for some integer tg= f…, −9, −4, 1, 6, 11, 16,…g

½2�= fx∈ℤjxR2g= fx∈ℤjx− 2= 5t for some integer tg
= fx∈ℤjx= 5t+ 2 for some integer tg= f…−13, −8, −3, 2, 7, 12,…g

½3�= fx∈ℤjxR3g= fx∈ℤjx− 3= 5t for some integer tg
= fx∈ℤjx= 5t+ 3 for some integer tg= f…−12, −7, −2, 3, 8, 13,…g
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½4� = fx∈ℤjxR4g= fx∈ℤjx− 4= 5t for some integer tg
= fx∈ℤjx= 5t+ 4 for some integer tg= f…−11, −6, −1, 4, 9, 14,…g

½5� = fx∈ℤjxR5g= fx∈ℤjx− 5= 5t for some integer tg
= fx∈ℤjx= 5t+ 5 for some integer tg= f…−15, −10, −5, 0, 5, 10,…g= ½0�

½−1�= fx∈ℤjxR− 1g= fx∈ℤjx− ð−1Þ= 5t for some integer tg
= fx∈ℤjx= 5t− 1 for some integer tg= f…−11, −6, −1, 4, 9, 14,…g= ½4�

½−2� = fx∈ℤjxR− 2g= fx∈ℤjx− ð−2Þ= 5t for some integer tg
= fx∈ℤjx= 5t− 2 for some integer tg= f…, −12, −7, −2, 3, 8,…g= ½3�

15. The relation is reflexive because every set has the same number of elements as itself. So every set is
in relation with itself. The relation is symmetric because if XRY then X and Y have the same number
of elements. This also means that Y and X have the same number of elements. So YRX.
The relation is transitive. Indeed if XRY and YRZ, we know that X and Z have the same number of
elements as Y. Thus, they have as many elements as each other. Thus, XRZ. To find the equivalence
classes we need to find all the elements of P.

P= f∅, f1g, f2g, f3g, f4g, f1, 2g, f1, 3g, f1, 4g, f2, 3g, f2, 4g, f3, 4g,
f1, 2, 3g, f1, 2, 4g, f1, 3, 4g, f2, 3, 4g,Ag

Therefore,

½∅�= fall sets with 0 elementsg= f∅g

½f1g�= fall sets with 1 elementg= ff1g, f2g, f3g, f4gg

½f1, 2g�= fall sets with 2 elementsg= ff1, 2g, f1, 3g, f1, 4g, f2, 3g, f2, 4g, f3, 4gg

½f1, 2, 3g�= fall sets with 3 elementsg= ff1, 2, 3g, f1, 3, 4g, f1, 2, 4g, f2, 3, 4gg

½A�= fall sets with 4 elementsg= fAg:

16. We don’t know if for every x ∈ A we can find an element in A in relation with it, so that the proof
can be started. On A = {1, 2, 3}, define the relation R= {(2, 2), (2, 3), (3, 2), (3, 3)}. This relation is
symmetric and transitive, but not reflexive, since 1 is not in relation with itself. Also, 1 is not in
relation with any other element.

17. To prove that a+ c�5 b+ d, we need to prove that ða+ cÞ− ðb+ dÞ= 5t for some integer number t. By
hypothesis a�5 b and c�5 d. Therefore, a− b= 5n and c− d= 5k for some integer numbers n and k.
Therefore, ða+ cÞ− ðb+ dÞ= ða− bÞ+ ðc− dÞ= 5n+ 5k= 5ðn+ kÞ. The number n + k is an integer
because the numbers n and k are integers. Thus, a+ c�5 b+ d.
Under the same hypothesis we want to prove that ac�5 bd, i.e., ac− bd= 5q for some integer number q.
Rewrite a− b= 5n as a= b+ 5n and c− d= 5k as c= d+ 5k. Then

ac = ðb+ 5nÞðd+ 5kÞ= bd+ 5bk+ 5nd+ 25nk
= bd+ 5ðbk+ nd+ 5nkÞ:
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Let q= bk+ nd+ 5nk. This number is an integer because all the numbers used are integers. Thus
ac− bd= 5q for some integer number q and ac� 5bd.

18. To prove that a+ c�8 b+ d we need to prove that ða+ cÞ− ðb+ dÞ= 8t for some integer number t. By
hypothesis a�8 b and c�8 d. Therefore a− b= 8n and c− d= 8k for some integer numbers n and k.
Therefore, ða+ cÞ− ðb+ dÞ= ða− bÞ+ ðc− dÞ= 8n+ 8k= 8ðn+ kÞ. The number n + k is an integer
because the numbers n and k are integers. Thus, a+ c�8 b+ d.
Under the same hypothesis we want to prove that ac�8 bd, i.e., ac− bd= 8q for some integer number q.
Rewrite a− b= 8n as a= b+ 8n and c− d= 8k as c= d+ 8k. Then

ac = ðb+ 8nÞðd+ 8kÞ= bd+ 8bk+ 8nd+ 64nk
= bd+ 8ðbk+ nd+ 8nkÞ:

Let q= bk+ nd+ 8nk. This number is an integer because all the numbers used are integers. Thus
ac− bd= 8q for some integer number q and ac�8 bd.

19. To prove that a+ c�m b+ d we need to prove that ða+ cÞ− ðb+ dÞ=mt for some integer number t.
By hypothesis a�m b and c�m d. Therefore a− b=mn and c− d=mk for some integer numbers n
and k. Therefore ða+ cÞ− ðb+ dÞ= ða− bÞ+ ðc− dÞ=mn+mk=mðn+ kÞ. The number n + k is an
integer because the numbers n and k are integers. Thus, a+ c�m b+ d.
Under the same hypothesis we want to prove that ac�m bd, that is, ac− bd=mq for some integer
number q. Rewrite a− b=mn as a= b+mn and c− d=mk as c= d+mk. Then

ac = ðb+mnÞðd+mkÞ= bd+mbk+mnd+m2nk

= bd+mðbk+ nd+mnkÞ:

Let q= bk+ nd+ 8nk. This number is an integer because all the numbers used are integers. Thus
ac− bd=mq for some integer number q and ac�m bd.

20. a. The family ℘ has five sets, and by inspection we can see that none of them is empty. They all have at
least one element. The sets are pairwise disjoint, that is, different sets have no elements in common.
Indeed,

B∩C=C ∩B=∅ B∩D=D∩B=∅ B∩E=E ∩B=∅
B∩F =F ∩B=∅ C ∩D=D∩C=∅ C ∩E=E ∩C=∅
C ∩F =F ∩C=∅ D∩E=E ∩D=∅ D∩F =F ∩D=∅
E ∩F =F ∩E=∅:

Moreover

B∪C ∪D∪E ∪F = f0, 1, 2, 3, 4, 5, 6, 7, 8, 9g=A:

b. R = {(0, 0), (1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3), (4, 4), (4, 5), (5, 4), (5, 5),
(6, 6), (7, 7), (7, 8), (7, 9), (8, 7), (8, 8), (8, 9), (9, 7), (9, 8), (9, 9)}

c. ½0�= fx∈AjxR0g= f0g
½1�= fx∈AjxR1g= f1, 2, 3g= ½2�= ½3�

½4�= fx∈AjxR4g= f4, 5g= ½5�

½6�= fx∈AjxR6g= f6g

½7�= fx∈AjxR7g= f7, 8, 9g= ½8�= ½9�
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21. a. The family ℘ is not a partition because the sets are not pairwise disjoint. Indeed,

C ∩D= f3g≠∅:

b. R = {(0, 0), (1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3), (3, 4), (4, 3), (4, 4)}
c. The relation R is not transitive. We can see that 1R3 and 3R4, but 1R

�̷
4.

22. a. The family ℘ is not a partition because there is an element of A (namely 3) that does not belong
to any set in ℘, and thus to the union of all sets in ℘.

B∪C ∪D= f0, 1, 2, 4g≠A

b. R = {(0, 0), (1, 1), (1, 2), (2, 1), (2, 2), (4, 4)}
c. The relation R is not reflexive because 3R

�̷
3.

23. The relation “aRb if and only if there exists a set S in the partition ℘ such that a ∈ S and b ∈ S” is
reflexive because ℘ is a partition. Therefore, ⋃

S∈℘
S=A: This implies that for every a ∈ A there is a

set Sa in ℘ such that a∈ Sa. Thus, aRa. (See Exercise 22 above.)
The relation is symmetric. Indeed if aRb, there exists a set S in the partition ℘ such that a ∈ S and
b ∈ S. This is the same as stating that there exists a set S in the partition ℘ such that b ∈ S and a ∈ S.
Thus, bRa.
Let’s check the transitive property. Let aRb and bRc. Then there exists a set S in the partition ℘ such that
a∈ S and b∈ S. Also there exists a set T in the partition ℘ such that b∈ T and c∈ T. This implies that
b∈ S∩ T . Therefore these two sets are not disjoint. Since ℘ is a partition, sets that are not disjoint must
be equal. Thus, T = S and a, b, and c are all in the same set. Thus aRc. Therefore R is an equivalence
relation.

24. a. The proof of this statement has two parts.
First part: If a�m b, then aSb.
To be more explicit: If a− b=mk for some integer k, then a and b have the same remainder
when divided by m. Suppose that a has been divided by m, producing the quotient q (integer
number) and the remainder r with 0≤ r≤m− 1. This means that a=mq+ r. Let’s try to calculate
the remainder obtained when dividing b by m.
We can solve the equation a− b=mk for b, and rewrite it as b= a−mk, with k integer.
Replacing a with mq+ r yields

b= a−mk = ðmq+ rÞ−mk=mðq− kÞ+ r:

Let’s now divide b by m:

b
m

=
mðq− kÞ+ r

m
= ðq− kÞ+ r

m
:

This means that the quotient of the division is the integer q − k, and the remainder is r. Thus
a and b have the same remainder when divided by m.
Second part: Let’s now prove the converse: If aSb, then a�m b.
By hypothesis a and b have the same remainder when divided by m, call this common remainder r.
Then a = mt + r and b = ms + r with t and s integers, and 0≤ r≤m− 1. To prove that a� mb we
need to check whether a− b is divisible by m. Using the information we have for a and b we obtain

a− b= ðmt+ rÞ− ðms+ rÞ=mt−ms=mðt− sÞ:
The number t− s is an integer because t and s are integers. Thus a�m b.
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b. Let a∈ℤ: Let [a]m be the equivalence class of a with respect to �m, and ½a�s be the equivalence
class of a with respect to S. Are these two classes equal?
By definition ½a�m = fn∈ℤjn�m ag and ½a�s = fn∈ℤjnSag. Let n∈ ½a�m, or equivalently, let
a� mn. By Part a. this is equivalent to stating that nSa. In turn, this is equivalent to saying that
n∈ ½a�s. Since n∈ ½a�m if and only if n∈ ½a�s, the two equivalence classes are identical.

25. a. The proof of this statement has two parts.

First part: If aRb, then aSb.
If aRb, a4 = b4. Thus ða+ bÞða− bÞða2 + b2Þ= 0. This implies either a = b or a=−b. In any case,
jaj= jbj. So, aSb.
Second part: If aSb, then aRb:
If aSb, jaj= jbj: This implies either a= b or a=−b. In either case, a4 = b4. So, aRb:
In both cases, ½a�= fa, −ag.

The Basics of Groups
1. Addition and subtraction are not binary operations on ℚ� =ℚ− f0g because 0 is not an element of

the set, but we might obtain it as the result of those operations. For example, 5∈ℚ� and −5∈ℚ�,
but 5+ (‒5)= 0, which is not in ℚ�. Similarly 5 – 5= 0, while 5∈ℚ�.

2. The operation � is a binary operation on M2 because if A and B are elements of M2, they are 2 by 2
matrices with 4 real numbers as their entries. When we calculate

A � B=
a11 a12
a21 a22

� �
� b11 b12

b21 b22

� �
=

a11b11 a12b12
a21b21 a22b22

� �

we obtain a 2 by 2 matrix with 4 real numbers as its entries. So this is still an element of M2.
3. The product of two functions that are defined for all real numbers is a function defined for all real

numbers. Indeed fgðxÞ= f ðxÞgðxÞ. So if f (x) and g(x) are real numbers for all values of x, f ðxÞgðxÞ is
a real number that exists for all values of x. Thus the function fg is a function in ℑ.
The quotient of two functions defined for all real numbers is not necessarily a function of the
same kind. Indeed f

g ðxÞ= f ðxÞ
gðxÞ. We know that f (x) and g(x) are real numbers for all values of x, but

if g(x) = 0, the quotient is not defined. So it is not a function defined for all real numbers.
4. Let’s start by making the operation tables for U= {0, 1}

× 0 1
0j 0 0
1j 0 1

+ 0 1
0j 0 1
1j 1 2

Multiplication is a binary operation on U, but addition is not. Indeed 1+ 1= 2, and 2 ∉ U.
5. If A and B are two subsets of U, then A − B is a subset of U (in particular it is a subset of A).

Remember that both the empty set and U are subsets of U. So the operation is well-defined.
6. To check whether the commutative property holds true, we need to check the equality

□+○=○+□ where □ and ○ represent arbitrary elements of A. We have to choose the element
in the □ position and the element in the ○ for the left-hand side. There are no choices to be
made for the elements on the right-hand side of the equality since they are the same elements
chosen for the left-hand side in reverse order. Therefore we have 5 choices for the element in the
□ position and 5 choices for the element in the ○ position, for a total of 5× 5= 25 possible cases.
One could argue that to check the cases in which the two elements are equal is redundant since
the equalities in these cases are trivially true because they are identities, that is, r+ r= r+ r, x+ x= x+ x,
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and so on. If we take this into consideration, then we have 5 choices for the element in the □ position
and 4 choices for the element in the O position, for a total of 5× 4= 20 possible cases. Both answers are
acceptable. To check whether the associative property holds true, we need to check the equality
□+ ð○+△Þ= ð□+○Þ+△ where □,○, and △ represent arbitrary elements of A. We have to
choose the elements in the □, ○, and △ positions for the left-hand side. There are no choices to be
made for the elements on the right-hand side of the equality since they are the same elements, only
grouped in a different order. Therefore we have 5 choices for the element in the □ position, 5 choices
for the element in the ○ position, and 5 for the △ position for a total of 5× 5× 5= 125 possible cases.
In this case, one could also try to use the minimalist approach and argue that to check the cases in
which the three elements are equal is redundant since the equalities in these cases are trivially true
because they are identities, that is, r+ ðr+ rÞ= ðr+ rÞ+ r, x+ ðx+ xÞ= ðx+ xÞ+ x, and so on. If we
take this into consideration, then we can omit 5 equalities, and we need to check 120 possible cases.
But this way of reasoning is incorrect, unless we already know that the operation is commutative.
Indeed, assume that r+ r= x. Then the left-hand side becomes r+ ðr+ rÞ= r+ x, while the right-hand
side can be rewritten as ðr+ rÞ+ r= x+ r. If + is not a commutative operation, it is possible that
r+ x≠ x+ r. So, for the associative property to be true, we need to check 125 possible cases.

7. This exercise only involves a series of checks using the table. The operation is commutative because
its table is symmetric.

8. The set ℑ has infinitely many elements, so it is impossible to construct an operation table. The
proofs will have to be constructed in a theoretical way. Is the operation commutative? This is
equivalent to asking whether for all function f and g elements of ℑ, the two functions fg and gf are
equal. Two functions are equal if given the same input they produce the same output. Thus one
needs to prove that ð fgÞðxÞ= ðgf ÞðxÞ for all real numbers x. To prove that this equality holds true for
all real numbers x, we need to use the definition of product of two functions. Therefore,
ð fgÞðxÞ= f ðxÞgðxÞ and ðgf ÞðxÞ= gðxÞf ðxÞ. The functions are real valued, so f (x) and g(x) are real
numbers for all real numbers x. Since multiplication of numbers is commutative, f ðxÞgðxÞ= gðxÞf ðxÞ.
Therefore,

ð fgÞðxÞ= f ðxÞgðxÞ= gðxÞf ðxÞ= ðgf ÞðxÞ:

Thus, we can conclude that the two functions fg and gf are equal and therefore multiplication of
functions is a commutative operation.
We will now prove that multiplication of functions is an associative operation. This means that the
conclusion we want to prove is that f ðghÞ= ð fgÞh for all f , g, h∈ℑ. Again, since we are dealing
with two functions, namely f (gh) and ( fg)h, we need to prove that for all real numbers x,
½ f ðghÞ�ðxÞ= ½ð fgÞh�ðxÞ. By definition of multiplication of functions,

½ f ðghÞ�ðxÞ= f ðxÞðghÞðxÞ= f ðxÞ½gðxÞhðxÞ�
and

½ð fgÞh�ðxÞ= ð fgÞðxÞhðxÞ= ½f ðxÞgðxÞ�hðxÞ:

The functions are real valued, so f ðxÞ, gðxÞ, and h(x) are real numbers for all real numbers x. Since
addition of numbers is associative, the way in which the numbers are grouped is not relevant. So
f ðxÞ½gðxÞhðxÞ�= ½f ðxÞgðxÞ�hðxÞ for all real numbers x. This means that ½ f ðghÞ�ðxÞ= ½ð fgÞh�ðxÞ for all
real numbers x. So f ðghÞ= ð fgÞh for all f , g, h∈ℑ, and multiplication of functions is an associative
operation.
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9. We need to prove that A + B= B + A for all A and B elements of M2. Addition of matrices is defined

as A+B=
a11 a12
a21 a22

� �
+

b11 b12
b21 b22

� �
=

a11 + b11 a12 + b12
a21 + b21 a22 + b22

� �
. Therefore,

B+A=
b11 b12
b21 b22

� �
+

a11 a12
a21 a22

� �
=

b11 + a11 b12 + a12
b21 + a21 b22 + a22

� �
:

Since addition of real numbers is a commutative operation,

a11 + b11 = b11 + a11 a12 + b12 = b12 + a12

a21 + b21 = b21 + a21 a22 + b22 = b22 + a22:

Thus, A + B= B+ A for all A and B elements of M2. This operation is commutative.
10. To answer the question we need to check if AB = BA for all A and B elements of M2. By definition

AB=
a11 a12
a21 a22

� �
b11 b12
b21 b22

� �
=

a11b11 + a12b21 a11b12 + a12b22
a21b21 + a22b21 a21b12 + a22b22

� �
. Therefore,

BA=
b11 b12
b21 b22

� �
a11 a12
a21 a22

� �
=

b11a11 + b12a21 b11a12 + b12a22
b21a11 + b22a21 b21a12 + b22a22

� �
:

There does not seem to be enough information to conclude that a11b11 + a12b21 is equal to
b11a11 + b12a21, even if we use properties of operations of real numbers. It is enough that two matrices
have different elements in one position for them to be different. We don’t even need to check the other
entries. So, it seems possible that we are dealing with a noncommutative operation. Can we find a

counterexample? Let A=
1 2
3 4

� �
and B=

4 3
2 1

� �
. Then a11b11 + a12b21 = 1× 4+ 2× 2= 8 and

b11a11 + b12a21 = 4× 1+ 3× 3= 13. If you want, you can calculate all other elements, but this is suffi-
cient for us to conclude that AB≠BA. So multiplication of matrices is not a commutative operation.

11. In this case we just need to provide counterexamples to show that a ÷ b≠ b÷ a and a÷ ðb ÷ cÞ≠ ða÷ bÞ÷ c
for all nonzero real numbers. For example, 2÷ 1≠ 1 ÷ 2 (since 2≠ 1/2), and 3÷ ð4 ÷ 2Þ≠ ð3÷ 4Þ ÷ 2 (since
3/2≠ 3/8).

12. By contradiction, assume that there is an identity element for division, call it e. Then for all
a∈ℝ∗, a÷ e= a= e÷ a. The equality a

e = a implies that e= 1. But this choice would not work for the
equality e

a = a. This implies that e = a2, which does not hold true for all a∈ℝ∗. So, there is not an
identity element.

13. Using the definition of product of functions we obtain ð feÞðxÞ= f ðxÞeðxÞ= f ðxÞ× 1= f ðxÞ for all real
numbers x. Also ðef ÞðxÞ= eðxÞf ðxÞ= 1× f ðxÞ= f ðxÞ for all real numbers x. Thus e(x) = 1 is the
identity element.
To find the inverse element of a function f, we need to find a function f –1 such that f f −1 = e= f −1f .
So for all real numbers x we need to have ð f f −1ÞðxÞ= 1= ðf −1f ÞðxÞ, or f ðxÞf −1ðxÞ= 1= f −1ðxÞf ðxÞ. It
is not possible to solve this equation for values of x for which f(x)= 0. Thus there are functions in ℑ that
do not have an inverse, consider for example f ðxÞ= x2 − 1. Since f(1)= 0, there will be no function with
the property f ð1Þf −1ð1Þ= 1. If f ðxÞ≠ 0 for all x, then f has an inverse function and f −1ðxÞ= 1/f ðxÞ.

14. The identity element is b because a+ b= b+ a= a, b+ b= b, and c+ b= b+ c= c.
The inverse element of a is c since a+ c= c+ a= b. The inverse of b is b itself since b+ b= b. The
inverse of c is a since a+ c= c+ a= b.
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15. The identity element is d because a + d = d+ a = a, b + d = d+ b = b, c + d= d+ c = c, and d + d = d.
The inverse element of a is b because a+ b= b+ a= d. The inverse element of b is a because a+ b=
b + a = d. The inverse element of c is c itself because c + c = d. The inverse element of d is d itself
because d+ d= d.

16. The product of two natural numbers is a natural number. So this is a binary operation on ℕ.
Multiplication is an associative operation. The identity is the number 1, which is an element of ℕ.
But the inverses of the elements of ℕ are not elements of ℕ. For example, the inverse of 2 is 1/2. So
(ℕ, ×) is not a group.

17. The product of two nonzero rational numbers is a nonzero rational number. So, this is a binary
operation on ℚ∗. Multiplication is an associative operation. The identity is the number 1, which is an
element of ℚ∗. Now let’s consider an element of ℚ∗, call it p. Then p = n/m with m and n nonzero
integer numbers. By definition, the inverse of p is the number q such that pq = qp = 1. Is q an
element of ℚ∗? From the equation pq= 1 we obtain q=m/n, with m and n nonzero integer numbers.
Thus q∈ℚ∗. All this information allows us to conclude that ðℚ∗, × Þ is a group.

18. Is this a binary operation on the set ℘, that is, if p and q are elements of ℘, is their sum an
element of ℘? The sum of two polynomials is a polynomial. Because all the coefficients are
integers, the coefficients of the resulting polynomial are also integers. So addition is a binary
operation on ℘. It has already been proved that addition of functions is an associative operation
(see Example 4.4.12). The identity element is the function e(x) = 0, which is a polynomial of degree
zero with integer coefficients. The inverse of the polynomial pðxÞ= anx

n + an− 1x
n−1 + :::+ a1x+ a0 is

the polynomial

p−1ðxÞ= −anxn + ð−an− 1Þxn−1 + :::+ ð−a1Þx+ ð−a0Þ:

This is a polynomial with integer coefficients. So it is an element of ℘. We can now conclude that
(℘, +) is a group.

19. Composition of functions is an associative operation (see Example 4.4.15). The composition of two
polynomials with integer coefficients is a polynomial with integer coefficients because multiplication
and addition of integer numbers is an integer number. The identity element for composition if the
function e(x) = x (see Example 4.4.17), and this is a polynomial with integer coefficients. The inverse
function of a polynomial is usually not a polynomial. For example, the inverse function of the
polynomial f ðxÞ= x3 is the function f −1ðxÞ= x1/3, which is not a polynomial. Some polynomials like
f ðxÞ= x2 have no inverse function at all. Thus the pair ð℘, ∘Þ is not a group, but it is a monoid.

20. We will prove this using mathematical induction. When n = 2 the statement is known to be true
because it is part c of the theorem, just set a = a1 and b= a2. Then assume that the statement is true
for an arbitrary number k> 2 (inductive hypothesis). So we assume that

ðb1 ∗ b2 ∗… ∗ bk−1 ∗ bkÞ−1 = b−1k ∗ b−1k−1 ∗… ∗ b−12 ∗ b−11

for any k elements in G.
Can we prove that the statement is true for k+ 1 elements (deductive step)? Is

ða1 ∗ a2 ∗… ∗ ak−1 ∗ ak ∗ ak+1Þ−1 = a− 1
k+1 ∗ a

− 1
k ∗ a−1k−1 ∗… ∗ a−12 ∗ a−11 ?

Using the associative property of the operation ∗we can write

a1 ∗ a2 ∗… ∗ ak−1 ∗ ak ∗ ak+1 = ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ ∗ ak+1:
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So we are now dealing with only two elements, namely ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ and ak+1. So we can
use the base case to get the result

ða1 ∗ a2 ∗… ∗ ak−1 ∗ ak ∗ ak+1Þ−1 = ½ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ ∗ ak+1�−1
= a−1k+1 ∗ ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ−1:

We can now use the inductive hypothesis and the associative property to have

ða1 ∗ a2 ∗… ∗ ak−1 ∗ ak ∗ ak+1Þ−1 = ½ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ ∗ ak+1�−1

= a−1k+1 ∗ ða1 ∗ a2 ∗… ∗ ak−1 ∗ akÞ−1

= a−1k+ 1 ∗ ða−1k ∗ a−1k−1 ∗… ∗ a−12 ∗ a−11 Þ
= a−1k+ 1 ∗ a

−1
k ∗ a−1k−1 ∗… ∗ a−12 ∗ a−11 :

Since the conclusion holds true for k+ 1, by the Principle of Mathematical Induction it holds true for
all n≥ 2.

21. Let a, b, and c be elements of G such that b ∗ a = c ∗ a. The element a has a unique inverse, the
element a–1, which is still an element of G. Then, if we use the inverse element in combination with
the previous equation and the associative property, we obtain

ðb ∗ aÞ ∗ a−1 = ðc ∗ aÞ ∗ a−1

or

b ∗ ða ∗ a−1Þ= c ∗ ða ∗ a−1Þ:

Since (a ∗ a−1)= e, we can conclude that b ∗ e= c ∗ e and thus b= c.
22. To prove that the solution for the equation a ∗ x = c exists in G and it is unique, we will find it. We

want to solve for x, which implies that we want to “remove” the element a. We know that the
inverse of a exists and it is unique in G. Call it a–1. Then the equation becomes

a−1 ∗ ða ∗ xÞ= a−1 ∗ c

or

ða−1 ∗ aÞ ∗ x= a−1 ∗ c:

Thus x= a−1 ∗ c is a solution of the given equation.
To prove that the solution is unique, assume by contradiction that the equation has at least two solu-
tions, x1 and x2. Then a ∗ x1 = c and a ∗ x2 = c. This implies that a ∗ x1 = a ∗ x2. By the Left Cancella-
tion Law it follows that x1= x2. Thus the solution is unique.

23. The inverse of the identity e is the element x such that x ∗ e= x ∗ e= e. By definition of identity,
e ∗ e= e ∗ e= e. Thus e is a solution of the equation x ∗ e= e. But equations have unique solutions.
Thus x= e is the inverse element of e.

24. The pair (A, +) is not a group because there is no identity element for the operation +. Indeed, a is
not the identity element since a + b= c. For the same reason b is not the identity element either. The
element c is not the identity because c+ c= a.
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25.
+5 ½0� ½1� ½2� ½3� ½4� ×5 ½0� ½1� ½2� ½3� ½4�
½0� ½0� ½1� ½2� ½3� ½4�
½1� ½1� ½2� ½3� ½4� ½0�
½2� ½2� ½3� ½4� ½0� ½1�
½3� ½3� ½4� ½0� ½1� ½2�
½4� ½4� ½0� ½1� ½2� ½3�

½0� ½0� ½0� ½0� ½0� ½0�
½1� ½0� ½1� ½2� ½3� ½4�
½2� ½0� ½2� ½4� ½1� ½3�
½3� ½0� ½0� ½1� ½4� ½2�
½4� ½0� ½4� ½3� ½2� ½1�

�������������

�������������
26.

+6 ½0� ½1� ½2� ½3� ½4� ½5�
½0� ½0� ½1� ½2� ½3� ½4� ½5�
½1� ½1� ½2� ½3� ½4� ½5� ½0�
½2� ½2� ½3� ½4� ½5� ½0� ½1�
½3� ½3� ½4� ½5� ½0� ½1� ½2�
½4� ½4� ½5� ½0� ½1� ½2� ½3�
½5� ½5� ½0� ½1� ½2� ½3� ½4�

×6 ½0� ½1� ½2� ½3� ½4� ½5�
½0� ½0� ½0� ½0� ½0� ½0� ½0�
½1� ½0� ½1� ½2� ½3� ½4� ½5�
½2� ½0� ½2� ½4� ½0� ½2� ½4�
½3� ½0� ½3� ½0� ½3� ½0� ½3�
½4� ½0� ½4� ½2� ½0� ½4� ½2�
½5� ½0� ½5� ½4� ½3� ½2� ½1�

���������������

���������������
27. To prove that +m is a commutative operation, we need to prove that ½a�+m½b�= ½b�+m½a� for all

½a�, ½b�∈ℤm. By definition, ½a�+m½b�= ½a+ b� and ½b�+m½a�= ½b+ a� Since addition of numbers is a
commutative operation, a+ b= b+ a:Thus,

½a�+m½b�= ½a+ b�= ½b+ a�= ½b�+m½a�:
To prove that ×m is a commutative operation, we need to prove that ½a�×m½b�= ½b�×m½a� for all
½a�, ½b�∈ℤm. By definition, ½a�×m½b�= ½a× b� and ½b�×m½a�= ½b× a�. Since multiplication of numbers
is a commutative operation, a× b= b× a. Thus,

½a�×m½b�= ½a× b�= ½b× a�= ½b�×m½a�:
28. The class [1] is the identity element if ½a�×m½1�= ½1�×m½a�= ½a� for all ½a�∈ℤm. Since this operation

is commutative, it is enough to check that ½a�×m½1�= ½a�. By definition, ½a�×m½1�= ½a× 1�= ½a�:Thus
the class [1] is the identity element for this operation.

29. Let’s start with the operation table:

×7 ½1� ½2� ½3� ½4� ½5� ½6�
½1�j ½1� ½2� ½3� ½4� ½5� ½6�
½2�j ½2� ½4� ½6� ½1� ½3� ½5�
½3�j ½3� ½6� ½2� ½5� ½1� ½4�
½4�j ½4� ½1� ½5� ½2� ½6� ½3�
½5�j ½5� ½3� ½1� ½6� ½4� ½2�
½6�j ½6� ½5� ½4� ½3� ½2� ½1�

The operation is known to be associative (and commutative). The table shows that the operation is
closed on ℤ+

7 . The identity is the element [1]. Every element of ℤ+
7 has an inverse in ℤ+

7 , as shown
in the following table:

element ½1� ½2� ½3� ½4� ½5� ½6�
inverse ½1� ½4� ½5� ½2� ½3� ½6� :

Therefore, ðℤ+
7 , ×7Þ is a group.
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30. The operation ×m is known to be associative and [1] is the identity element, and it is an element of
ℤ+

m . Moreover ×m is closed on ℤ+
m . Indeed if [a] and [b] are elements of ℤ+

m (with 1≤ a≤m− 1 and
1≤ b≤m− 1), ½a�×m½b�= ½a× b�, and since m is prime, GCDða,mÞ= 1 and GCDðb,mÞ= 1. Thus,
GCDðab,mÞ= 1: Therefore ab is not divisible by m. So ½a�×m½b�≠ ½m�= ½0�. All that is left to prove
is that every class in ℤ+

m has an inverse in ℤ+
m .

Let [a] be an element of ℤ+
m . Then a and m are relatively prime, so GCDða,mÞ= 1. By the properties

of the greatest common divisor, there exist two integers k and t such that

1= ka+ tm:

By definition of the operations between classes,

½1�= ½ka+ tm�= ½ka�+ ½tm�= ½k�×m½a�+ ½0�:
Thus [k] is the inverse of [a].

31. By definition

f ∘ g=
1 2 3 4 5 6
4 5 6 1 2 3
3 2 1 6 5 4

0
@

1
A and g ∘ f =

1 2 3 4 5 6
6 5 4 3 2 1
3 2 1 6 5 4

0
@

1
A:

In this case f ∘ g= g ∘ f .

32. Given f =
1 2 3 4 5 6
6 5 4 3 2 1

� �
, we have

f −1 =
6 5 4 3 2 1
1 2 3 4 5 6

� �
=

1 2 3 4 5 6
6 5 4 3 2 1

� �
:

So, it seems that f is its own inverse, i.e., f = f −1. Let’s check this result:

f ∘ f −1 =
1 2 3 4 5 6
6 5 4 3 2 1
1 2 3 4 5 6

0
@

1
A= ι and f −1∘ f =

1 2 3 4 5 6
6 5 4 3 2 1
1 2 3 4 5 6

0
@

1
A= ι:

33. There are only two permutations on two elements: ι=
1 2
1 2

� �
and f =

1 2
2 1

� �
. This is the table:

∘ ι f
ιj ι f
f j f ι

34. See the table for S3 in the text.
35. The groups ðℤ2, +2Þ and ðℤ+

3 , ×3Þ have the following operation tables:

+2 ½0�2 ½1�2 ×3 ½1�3 ½2�3
½0�j2 ½0�2 ½1�2
½1�j2 ½1�2 ½0�2

Table for ℤ2

and ½1�j3 ½1�3 ½2�3
½2�j3 ½2�3 ½1�3

Table for ℤ�
3

We know that every isomorphism μ:ℤ2 →ℤ+
3 has to change the identity element into the identity

element. So, we don’t have too many choices: μð½0�Þ= ½1�3 and μð½1�Þ= ½2�3. Check four equalities as
done in Example 4.4.28 to make sure that this is indeed a group isomorphism.
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36. The statement “If (A, ∗) is an abelian group, then (B, •) is also abelian” has already been proved as part
of the theorem in this section. We need to prove the converse of this statement, namely “If (B, •) is an
abelian group, then (A, ∗) is also abelian.” The proof is identical to that of the first statement, the roles
of the two groups are exchanged. We will repeat it to have one more occasion for practice.
Let η:B→A be an isomorphism. To prove that (A, ∗) is abelian, we need to prove that a ∗ b= b ∗ a
for all a, b∈A. The hypothesis is about the operation defined on B, thus we need to involve the ele-
ments of B. The fact that η is bijective guarantees that there are two unique elements in B that corre-
spond to a and b, call them α and β. Thus, ηðαÞ= a and ηðβÞ= b. Using the properties of η and the
commutative property of * yields the following result:

a ∗ b= ηðαÞ ∗ ηðβÞ= ηðα . βÞ= ηðβ . αÞ= ηðβÞ ∗ ηðαÞ= b ∗ a:

Thus, (A, ∗) is an abelian group.
37. The sets p3 and ℤ6 have 6 elements. When we construct a bijective function μ:P3 →ℤ6 there are 6

choices for the first element, 5 choices for the second element (since there cannot be repeated
outcomes), 4 choices for the third, and so on, until there is only one choice left for the last element.
Therefore there are 6× 5× 4× 3× 2× 1= 6! choices for a bijective function. But, for a bijective
function to have a chance to be an isomorphism, it has to change the identity into identity. If we use
this requirement, there is only one choice for μðιÞ. Then there are 5 choices for the second element,
4 for the third, and so on. So, just by imposing this condition, the number of choices is 5! = 120.
The number of choices decreases as one more requirements are used. For example, the choice of
μðhÞ determines the choice of μðyÞ since these two elements have to be inverses of each other.

38. Consider the function v:ℤ2 →P2 defined as vð½0�Þ= ι (the identity is matched with the identity) and
vð½1�Þ= f . Use Example 4.4.28 as a guideline of items to check.

39. Is the operation closed on ℑ? If An and Am are elements of ℑ, is their sum an element of ℑ? Since

An +Am =
n 0
0 n

� �
+

m 0
0 m

� �
=

n+m 0
0 n+m

� �
,

we can conclude that An +Am ∈ℑ. The number n + m is an integer because it is the sum of two
integers. So the operation is well defined on ℑ. Addition of matrices is an associative operation. The

matrix A0 =
0 0
0 0

� �
is the identity element, and it is an element of ℑ. The inverse of the matrix

An =
n 0
0 n

� �
is the matrix A−n =

−n 0
0 −n

� �
, still an element of ℑ. Thus (ℑ, ⊕) is a group.

40. The two groups are not isomorphic. Assume that there exists an isomorphism μ: ðA, ∗Þ→ ðA,×Þ.
Then by the properties of an isomorphism, μðeÞ= e. Also

μðaÞ× μðaÞ= μða ∗ aÞ= μðeÞ= e
μðbÞ× μðbÞ= μðb � bÞ= μðeÞ= e
μðcÞ× μðcÞ= μðc ∗ cÞ= μðeÞ= e:

This implies that μ(a), μ(b), and μ(c) are their own inverses. But in the table for × there is only one ele-
ment (in addition to e) with the property of being its own inverse, namely a. The function μ has to be
bijective, so a, b, and c cannot be all mapped into the same element. This creates a contradiction.

41. Here is the table for the pair (H, ∘):

∘ ι f
ιj ι f
f j f ι
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The operation is well defined on H, it is associative, the element ι is the identity, and f is its own
inverse. Thus the pair (H, ∘) is a group, and therefore a subgroup of S3.

42. Here is the table for the pair (T, ∘):

∘ ι g
ιj ι g
gj g ι

The operation is well defined on T, it is associative, the element ι is the identity, and g is its own
inverse. Thus the pair (T, ∘) is a group, and therefore a subgroup of S3.

43. We need to prove that a ∗ b= b ∗ a for all a, b∈ S. Since S ⊆ A, the fact that a, b∈ S implies that
a, b∈A. By hypothesis G= ðA, ∗Þ is an abelian group. So the commutative property holds true for
all elements of A. Thus a ∗ b= b ∗ a for all a, b∈ S because a, b∈A.

44. Use the function μ:ℤ2 →H defined as μð½0�Þ= ι and μð½1�Þ= f . This is a group isomorphism.
45. Suppose that μð½0�Þ= ι, μð½1�Þ= y, and μð½2�Þ= h. We need to perform checks similar to those in

Example 4.4.33. To check that this function is operation compatible we need to prove that

μð½a�+3½b�Þ= μð½a�Þ ∘ μð½b�Þ for all ½a�, ½b�∈ℤ3:

The equality is trivially true when either one of the two classes is [0]. Thus we will consider the
cases that do not involve the identity. This leaves only four cases to check.
1. Is μð½1�+3½1�Þ= μð½1�Þ ∘ μð½1�Þ?

μð½1�+3½1�Þ= μð½2�Þ= h μð½1�Þ ∘ μð½1�Þ= y ∘ y= h

Thus the equality holds true.
2. Is μð½1�+3½2�Þ= μð½1�Þ ∘ μð½2�Þ?

μð½1�+3½2�Þ= μð½0�Þ= ι μð½1�Þ ∘ μð½2�Þ= y ∘ h= ι

Thus the equality holds true.
3. Is μð½2�+3½1�Þ= μð½2�Þ ∘ μð½1�Þ?

μð½2�+3½1�Þ= μð½0�Þ= ι μð½2�Þ ∘ μð½1�Þ= h ∘ y= ι

Thus the equality holds true.
4. Is μð½2�+3½2�Þ= μð½2�Þ ∘ μð½2�Þ?

μð½2�+3½2�Þ= μð½1�Þ= y μð½2�Þ ∘ μð½2�Þ= h ∘ h= y

Thus the equality holds true. The function μ is a group isomorphism.
46. To prove that (T, ×) is a group, we will produce its operation table:

× 1 −1 i −i
1j 1 −1 i −i

−1j −1 1 −i i

ij i −i −1 1

−ij −i i 1 −1

The operation is known to be associative, it is closed on T; the element 1 is the identity, and every
element has an inverse: 1 and −1 are their own inverses, while i and −i are inverse of each other.
Thus the pair (T, ×) is an abelian group, and a subgroup of (ℂ*, ×).
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To prove that (S, ∘)is a group, we will produce its operation table:

∘ ι f h y
ιj ι f h y
f j f ι y h
hj h y ι f
yj y h f ι

The operation is known to be associative, it is closed on S, ι is the identity, and every element has an
inverse, itself. Thus the pair (S, ∘) is a group, and a subgroup of S4.
The two groups are not isomorphic. In the first group only two elements are inverses of each other.
In the second group every element is its own inverse.

Limits
1. We can prove this statement using the Principle of Mathematical Induction. The statement is true

for n = 2 because the sequence is decreasing, and thus a2 < a1. Assume that the statement is true
for an arbitrary number k > 2. Thus, ak < a1 (inductive hypothesis). By definition of decreasing
sequence, ak+1 < ak. Thus, ak+1 < ak < a1. So, ak+1 < a1. Thus by the Principle of Mathematical
Induction, an < a1 for all n ≥ 2.

2. We can prove this statement using the Principle of Mathematical Induction. The statement is true
for n = 2 because the sequence is increasing, and thus a2 > a1. Assume that the statement is true
for an arbitrary number k > 2. Thus, ak > a1 (inductive hypothesis). By definition of increasing
sequence, ak+1 > ak. Thus, ak+1 > ak > a1. So, ak+1 > a1. Thus by the Principle of Mathematical
Induction, an > a1 for all n ≥ 2.

3. The number M is a bound for the sequence fang∞n=1 if −M ≤ an ≤M for all n. Since N≥M, it follows
that –N≤ –M. Therefore, −N ≤−M ≤ an ≤M ≤N, i.e., janj ≤N for all n.

4. We can start by finding the values of a few terms of the sequence:

a1 = 1:5 a9 = 1:1 a19 = 1:05
a25 = 1:04 a49 = 1:02 a99 = 1:01

The values of the terms seem to decrease slowly, getting closer and closer to 1.
Claim: The sequence is decreasing.
Direct proof: Is the quantity an − an+1 positive for all n? Let’s use the definitions of the terms of the
series and simplify the expressions obtained:

an − an+1 =
n+ 2
n+ 1

−
ðn+ 1Þ+ 2
ðn+ 1Þ+ 1

= n+ 2
n+ 1

− n+ 3
n+ 2

=
ðn+ 2Þ2 − ðn+ 3Þðn+ 1Þ

ðn+ 1Þðn+ 2Þ =
ðn+ 2Þ2 − ðn+ 3Þðn+ 1Þ

ðn+ 1Þðn+ 2Þ
= 1

ðn+ 1Þðn+ 2Þ > 0:

Since an − an+1 > 0 for all n, an > an+1 for all n, and the sequence is decreasing. (We can also prove
that an/an+1 is larger than 1 for all positive n.)
Indirect proof: Assume there exists a number k ≥ 1 for which ak < ak+1. So, we are assuming that
k+ 2
k+ 1 <

ðk + 1Þ+ 2
ðk + 1Þ+ 1 : Simplifying the inequality yields ðk+ 2Þ2 < ðk+ 1Þðk+ 3Þ, which is equivalent to

k2 + 4k+ 4< k2 + 4k+ 3:
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This statement is false since it implies that 4 < 3. Therefore the statement that there exists a number
k ≥ 1 for which ak < ak+1 is false. So we can conclude that an > an+1 for all n and the sequence is
decreasing.
Since the sequence is decreasing, by the result in Exercise 1, an < a1 for all n ≥ 2. The sequence is
also positive. Thus 0≤ an < a1 = 1:5 for all n ≥ 2. So the sequence is bounded by M = 1.5 (and any
number larger than or equal to 1.5).
A possible recursive formula for the sequence is an+1 = an − 1

ðn+ 1Þðn+ 2Þ with a1 = 1:5
n o∞

n=1
:

5. We can start by finding the values of a few terms of the sequence:

a1 = 0 a2 =−1 a3 = 0
a4 = 1 a5 = 0 a6 =−1

The sequence is neither increasing nor decreasing since the values of its terms keep oscillating
between 0, −1, and 1. The sequence is bounded by 1 (and every number larger than 1) because
janj= jcos πn

2 j≤ 1:
6. If the sequence fang∞n=1 has terms that are all integer numbers, the smallest distance between two

terms is 1. Therefore the terms of the sequence cannot get closer than an ε> 0 to any number when
ε< 1. So the terms of the sequence cannot “cluster” around any number.

7. To prove that lim
n→∞

n+ 1
n+ 2 = 1 means proving that for every given ε > 0 there exists an N such that

j n+ 1
n+ 2 − 1j< ε for all n > N. This will prove that ultimately the terms of the sequence are clustering

around 1. Let’s see what we can find out about the expression j n+ 1
n+ 2 − 1j if we use some algebra to

simplify it. We have j n+ 1
n+ 2 − 1j= j n+ 1− n− 2

n+ 2 j= j − 1
n+ 2 j= 1

n+ 2 :

Can we find large enough values of n that make 1
n+ 2 < ε? Solving this inequality yields n> 1

ε − 2: So, we
can choose N = 1

ε − 2 and we will have j n+ 1
n+ 2 − 1j< ε for all n>N. This proves that lim

n→∞
n+ 1
n+ 2 = 1:

8. Let’s simplify the expression j 3n
2n− 1 −

3
2 j first, to obtain

3n
2n− 1

− 3
2

��� ���= 6n− 6n+ 3
2ð2n− 1Þ
����

����= 3
2ð2n− 1Þ :

The expression 2n – 1 is positive for all n ≥ 1, so it is equal to its absolute value. So we have to
prove that if n>Nε, then 3

2ð2n− 1Þ < ε:

The value of a fraction increases when its denominator decreases. Thus

3
2ð2n− 1Þ =

3
4n− 2

< 3
4Nε − 2

:

If we now substitute the formula for Nε, we obtain

3
2ð2n− 1Þ <

3
4Nε − 2

= 3

4 1
2

3
2ε

+ 1
� �

− 2
= 3

2 3
2ε

+ 1− 1
� � = 3

3
ε

= ε:

Thus, if n>Nε, then j 3n
2n− 1 −

3
2 j< ε:

9. To prove that lim
n→∞

1
3n+ 1 = 0 means proving that for every given ε > 0 there exists an N such that if

n> N, then j 1
3n+ 1 − 0j< ε: As j 1

3n+ 1 − 0j= j 1
3n+ 1 j= 1

3n+ 1 , we need to find values of n that satisfy the

inequality 1
3n+ 1 < ε: This yields 3n+ 1> 1

ε , or n> 1
3

1
ε − 1
 �

: Thus, let N = 1− ε
3ε :
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Check: Let n>N = 1− ε
3ε : What estimate can we obtain for j 1

3n+ 1 − 0j? This expression can be simpli-
fied to obtain j 1

3n+ 1 − 0j= j 1
3n+ 1 j= 1

3n+ 1 : If 0 < ε < 1, we can decrease the denominator of this frac-
tion, thus increasing its value. Therefore

1
3n+ 1

− 0
��� ���= 1

3n+ 1
< 1

3N + 1
= 1

3 1− ε
3ε

+ 1
= ε:

If ε≥ 1, j 1
3n+ 1 − 0j= 1

3n+ 1 < 1≤ ε for all n.

So, in any case j 1
3n+ 1 − 0j< ε when n>N = 1− ε

3ε :
10. To prove that lim

n→∞
1

n2 + 1 = 0 means proving that for every given ε > 0 there exists an Nε such that

j 1
n2 + 1 − 0j< ε for all n > Nε. As j 1

n2 + 1 − 0j= j 1
n2 + 1 j= 1

n2 + 1 , we need to find values of n that satisfy

the inequality 1
n2 + 1 < ε: This yields n2 + 1> 1

ε , or n2 > 1
ε − 1: This is a second-degree inequality, and

its solution set is n<−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/ε− 1

p
or n>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/ε− 1

p
: Since n≥ 1, we will only choose n>Nε =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1/ε− 1

p
:

Note that Nε is a real number only when 1 ≥ ε > 0. In any case, when ε > 1, the inequality
j 1
n2 + 1 − 0j< ε will be true for all values of n. Indeed 1

n2 + 1 < 1 for all values of n ≥ 1. The checking
part is a straightforward calculation.

11. When n is very large, the terms 5n and 3n are also very large. Therefore, adding 1 or subtracting 2
will not change their values in a significant way. This means that for n very large, 5n+ 1

3n− 2 ≈
5n
3n =

5
3 :

Thus, we can claim that lim
n→∞

5n+ 1
3n− 2 =

5
3 : If you wish to do so, you can also find the values of several

terms of the sequence. Let’s now prove our claim.
To prove that lim

n→∞
5n+ 1
3n− 2 =

5
3 means proving that for every given ε > 0 there exists an Nε such that

j 5n+ 1
3n− 2 −

5
3 j< ε for all n> Nε. Simplification of the difference between the terms of the series and 5/3

yields j 5n+ 1
3n− 2 −

5
3 j= j 3ð5n+ 1Þ− 5ð3n− 2Þ

3ð3n− 2Þ j= j 13
3ð3n− 2Þ j= 13

3j3n− 2j : As n ≥ 1, the expression 3n− 2> 0: Thus,

j 5n+ 1
3n− 2 −

5
3 j= 13

3ð3n− 2Þ , and we need to find values of n that satisfy the inequality 13
3ð3n− 2Þ < ε: There-

fore, we obtain n>Nε = 1
3

13
3ε + 2
 �

:

Check: If we know that n>Nε = 1
3

13
3ε + 2
 �

, what estimate do we have for j 5n+ 1
3n− 2 −

5
3 j?

Simplifying this expression yields

5n+ 1
3n− 2

− 5
3

��� ���= 3ð5n+ 1Þ− 5ð3n− 2Þ
3ð3n− 2Þ

����
����= 13

3ð3n− 2Þ
����

����= 13
3j3n− 2j =

13
3ð3n− 2Þ :

Using a smaller denominator generates a larger fraction. So,

5n+ 1
3n− 2

− 5
3

��� ���= 13
3ð3n− 2Þ <

13
3ð3Nε − 2Þ =

13

3 3 1
3

13
3ε

+ 2
� �

− 2
� � = 13

3 13
3ε

+ 2− 2
� � = 13

13
ε

= ε:

12. Intuitively this conclusion seems to make sense, as a positive number would not be “very close” to
negative terms, and so it would not be a good candidate for the limit. By contradiction, let’s assume
that there exists a negative sequence fang∞n=1 that has a positive limit. So an < 0 for all n and
lim
n→∞

an =L with L> 0. By definition of limit, for every ε> 0 there exists an Nε such that jan − Lj < ε

for all n>Nε. If we suspect that there might be a problem with the limit, we need to prove that there
exists at least one ε> 0 for which this property fails.
The number an −L= an + ð−LÞ is negative because it is the sum of two negative numbers. Thus, for
all n, jan − Lj= − ðan −LÞ= L− an =L+ ð−anÞ>L: We used the fact that L+ ð−anÞ>L because
−an > 0. Choose ε= 1

2 L> 0: Then jan − Lj > ε for all n. This creates a contradiction. Thus, L cannot
be positive.
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13. Consider again the calculation performed in Example 4.5.3:

j 2n− 1
n+ 1 − 2j= j ð2n− 1Þ− 2ðn+ 1Þ

n+ 1 j= j −3
n+ 1 j= j−3j

jn+ 1j =
3

n+ 1 : If n>M4/5 = 16, then n+ 1> 17: Therefore,

j 2n− 1
n+ 1 − 2j= 3

n+ 1 <
3
17 <

4
5 :

14. Let’s start by observing that

n+ 1
n2

− 0
��� ���= n+ 1

n2
= 1

n
+ 1

n2
= 1

n
1+ 1

n

� �
:

Case 1. Assume that n>Nε = 1
2ε ð1+

ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p Þ:
As n>Nε = 1

2ε ð1+
ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p Þ, 1
n <

2ε
1+
ffiffiffiffiffiffiffiffi
1+ 4ε

p :

Therefore, j n+ 1
n2 − 0j= 1

n 1+ 1
n

 �
< 2ε

1+
ffiffiffiffiffiffiffiffi
1+ 4ε

p 1+ 2ε
1+
ffiffiffiffiffiffiffiffi
1+ 4ε

p
� �

: Thus,

n+ 1
n2

− 0
��� ���< 2ε

1+
ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p 1+
ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p
+ 2ε

1+
ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p
� �

=
2εð1+ ffiffiffiffiffiffiffiffiffiffiffiffi

1+ 4ε
p

+ 2εÞ
ð1+ ffiffiffiffiffiffiffiffiffiffiffiffi

1+ 4ε
p Þ2 =

2εð1+ ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p
+ 2εÞ

ð2+ 4ε+ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p Þ

=
εð1+ ffiffiffiffiffiffiffiffiffiffiffiffi

1+ 4ε
p

+ 2εÞ
ð1+ 2ε+

ffiffiffiffiffiffiffiffiffiffiffiffi
1+ 4ε

p Þ = ε:

Case 2. Assume n>Mε = 1+ ε
ε :

As 1
n <

ε
1+ ε , we have j n+ 1

n2 − 0j= 1
n 1+ 1

n

 �
< ε

1+ ε 1+ ε
1+ ε

 �
= ε

ð1+ εÞ2 ð1+ 2εÞ:
Moreover, ð1+ 2εÞ< ð1+ 2ε+ ε2Þ= ð1+ εÞ2: Therefore,

n+ 1
n2

− 0
��� ���< ε

ð1+ εÞ2 ð1+ 2εÞ< ε

ð1+ εÞ2 ð1+ 2εÞ2 = ε:

15. Let ε > 0 be given. We need to prove the existence of a number δ > 0 such that if jx− 3j< δ, then
jð2x+ 2Þ− 8j< ε: To make it easier to investigate the expression jð2x+ 2Þ− 8j we will simplify it.
Thus we obtain jð2x+ 2Þ− 8j= j2x− 6j= 2jx− 3j:
We can now impose the requirement jð2x+ 2Þ− 8j= j2x− 6j= 2jx− 3j< ε: For this requirement to be
satisfied we need to have jx− 3j< ε

2 : We can choose δ= ε
2 :

16. Let ε > 0 be given. We need to prove the existence of a number δ > 0 such that if jx− 1j< δ
then jð3x2 + 2Þ− 5j< ε: As jð3x2 + 2Þ− 5j= j3x2 − 3j= 3jx2 − 1j= 3jx+ 1jjx− 1j, we need to estimate
how large the value of the factor jx+ 1j can be. Since x has to be in an interval centered at 1, we
can choose 0< x< 2, i.e., an interval centered at 1 of radius 1. (This is a completely arbitrary
choice. Other choices will work as well; they will just yield different results for δ > 0. For example,
check what would happen when one uses −1< x< 3:) Therefore, 1< x+ 1< 3, that is, 1< jx+ 1j< 3:
Thus,

jð3x2 + 2Þ− 5j= 3jx+ 1jjx− 1j< 3× 3jx− 1j= 9jx− 1j:

As we want 9jx− 1j< ε, we need jx− 1j< ε/9: In conclusion, choose δ=minimum f1, ε/9g. Because
ε> 0, we have δ> 0.
Let’s now check our answer. If jx− 1j< δ, where δ = minimum f1, ε/9g, what estimate can we
obtain for jð3x2 + 2Þ− 5j? Will this quantity be smaller than ε > 0? Using algebra we have
jð3x2 + 2Þ− 5j= j3x2 − 3j= 3jx2 − 1j= 3jx+ 1jjx− 1j: Thus,

jð3x2 + 2Þ− 5j= 3jx+ 1jjx− 1j< 3δjx+ 1j≤ 3 ε
9
jx+ 1j:
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We still need to estimate the factor jx+ 1j: We know that jx− 1j< δ≤ 1: This implies that
−1< x− 1< 1, i.e., 0< x< 2: Therefore 1< x+ 1< 3, or jx+ 1j< 3: So we can conclude that

jð3x2 + 2Þ− 5j= 3jx+ 1jjx− 1j< 3δjx+ 1j≤ 3 ε
9
jx+ 1j< 3 ε

9
3= ε:

Thus our choice of δ=minimum f1, ε/9g is correct.
17. Let’s go back to the proof we were working on in Example 4.5.11 and follow it up to the part we

want to change. “The goal is to prove that for every given positive number ε there exists a positive
number δ such that if x satisfies the inequality jx− ð−2Þj< δ, then jðx2 + 3x+ 1Þ− ð−1Þj< ε:
Thus we need to determine how the requirement jðx2 + 3x+ 1Þ− ð−1Þj< ε will influence
jx− ð−2Þj= jx+ 2j: Let’s start by performing some algebra:

jðx2 + 3x+ 1Þ− ð−1Þj= jx2 + 3x+ 2j= jðx+ 2Þðx+ 1Þj= jx+ 2jjx+ 1j= jx− ð−2Þjjx+ 1j:
This product must be smaller than the given positive number ε. Clearly the size of a product depends
on the sizes of its factors. We want to get information about the factor jx− ð−2Þj, so we need to esti-
mate the size of the other factor. How large can jx+ 1j be when x is close to –2 (either from its left
or right)? We can arbitrarily limit the calculation to values of x that are less than ½ unit from –2. So
we will use x∈ ð−2−1/2, −2+ 1/2Þ, that is, x∈ ð−5/2, −3/2Þ or jx− ð−2Þj< 1

2 :”
Instead we are now going to use values of x that are less than 1 unit from –2, so we will
use x∈ ð−2 −1,−2 + 1Þ, i.e., x∈ ð−3,−1Þ or jx− ð−2Þj< 1: Since −3< x < −1, we have that
−2< x +1< 0: Therefore, jx+ 1j< 2: This implies that

jðx2 + 3x+ 1Þ− ð−1Þj= jx+ 2jjx+ 1j= jx− ð−2Þjjx+ 1j< jx− ð−2Þj2:
The condition jðx2 + 3x+ 1Þ− ð−1Þj< jx− ð−2Þj2< ε implies

jx− ð−2Þj< 1
2
ε:

Since this inequality holds true under the condition that jx− ð−2Þj< 1, we need to choose the inter-
section of the two intervals around –2, so that both conditions hold true. Let δ=min 1, 1

2 ε
	 


:

18. Let ε > 0 be given. We need to prove the existence of a number δ > 0 such that if jx− 2j< δ, then
j 1
x2 + 1 −

1
5 j< ε:

Algebraic steps yield j 1
x2 + 1 −

1
5 j= j 5− ðx2 + 1Þ

5ðx2 + 1Þ j= j 4− x2

5ðx2 + 1Þ j= j4− x2j
j5ðx2 + 1Þj : The quantity 5ðx2 + 1Þ is always

positive (because x2 + 1 is always positive). So, 5ðx2 + 1Þ= j5ðx2 + 1Þj. Moreover, we need to keep in
mind that we want to estimate the value of jx− 2j in terms of ε. Thus, we can consider the following

equality: j4− x2j= jx2 − 4j= jx+ 2jjx− 2j: Therefore, j 1
x2 + 1 −

1
5 j= jx+ 2j

5ðx2 + 1Þ jx− 2j and we need to esti-

mate the largest value that the fraction jx+ 2j
5ðx2 + 1Þ can have for x in an interval centered at 2. We can do

this by finding the largest value of its numerator and the smallest value of its denominator.
As x has to be in an interval centered at 2, we can choose 0:5< x< 3:5, that is, an interval of radius
1.5. (This is a completely arbitrary choice. Other choices will work as well, they will just yield
different results for δ > 0. For example, check what would happen when one uses 1 < x < 3 or
0 < x < 4.) Therefore, 2:5<x+2<5:5, that is, 2:5< jx+2j<5:5: Moreover, 0:25<x2<12:25: Thus,
1:25<x2+1<13:25, and 6:25<5ðx2+1Þ<66:25:
Combining these estimates with the ones for jx+ 2j yields jx+ 2j

5ðx2 + 1Þ <
5:5
6:25 =

22
25 : Thus,

j 1
x2 + 1 −

1
5 j= jx+ 2j

5ðx2 + 1Þ jx− 2j< 22
25 jx− 2j: To have this expression be smaller than ε, one needs

jx− 2j< 25
22 ε: Therefore, let δ=minimum 1:5, 25

22 ε
	 


:
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Let’s check that the choice of δ just made is indeed correct. If jx− 2j< δ with
δ=minimum 1:5, 25

22 ε
	 


, what estimate can we obtain for j 1
x2 + 1 −

1
5 j? Is j 1

x2 + 1 −
1
5 j< ε? Let’s start

by simplifying the expression j 1
x2 + 1 −

1
5 j to obtain

1
x2 + 1

− 1
5

��� ���= 5− ðx2 + 1Þ
5ðx2 + 1Þ

����
����= 4− x2

5ðx2 + 1Þ
����

����= j4− x2j
j5ðx2 + 1Þj =

jx2 − 4j
5ðx2 + 1Þ =

jx+ 2j
5ðx2 + 1Þ jx− 2j:

Thus

1
x2 + 1

− 1
5

��� ���< jx+ 2j
5ðx2 + 1Þ jx− 2j< jx+ 2j

5ðx2 + 1Þ δ: ( � )

We need to work on obtaining an estimate for jx+ 2j
5ðx2 + 1Þ : We chose δ=minimum 1:5, 25

22 ε
	 


, so δ ≤ 1.5

and δ≤ 25
22 ε: Since jx− 2j< δ≤ 1:5, −1:5< x− 2< 1:5: Thus 0:5< x< 3:5: This implies that

2:5< x+ 2< 5:5: So jx+ 2j< 5:5: So we have an estimate for the numerator. Let’s now get an estimate
for the denominator. From 0:5< x< 3:5, we obtain 0:52 < x2 < 3:52, or 1+ 0:52 < x2 + 1< 3:52 + 1:

Therefore jx+ 2j
5ðx2 + 1Þ <

5:5
5ð1+ 0:52Þ =

1:1
1:25 =

22
25 :

We can use this estimate in equation (*), and it yields

1
x2 + 1

− 1
5

��� ���< jx+ 2j
5ðx2 + 1Þ jx− 2j< jx+ 2j

5ðx2 + 1Þ δ<
22
25

δ< 22
25

× 25
22

ε= ε:

This is the conclusion we were hoping to reach.
19. Let ε > 0 be given. We need to prove the existence of a number δ > 0 such that if jx− 1j< δ, then

j x3 − 1
x2 − 1 −

3
2 j< ε:

Note that the function x3 − 1
x2 − 1 is undefined at 1 and −1. Anyhow, it can be rewritten as

x3 − 1
x2 − 1 =

ðx− 1Þðx2 + x+ 1Þ
ðx− 1Þðx+ 1Þ = x2 + x+ 1

x+ 1 when x≠ 1 and x≠ −1: Thus, additional algebraic steps yield

j x3 − 1
x2 − 1 −

3
2 j= j x2 + x+ 1

x+ 1 − 3
2 j= j 2x2 + 2x+ 2− 3x− 3

2ðx+ 1Þ j= j 2x2 − x− 1
2ðx+ 1Þ j:

As 2x2 − x− 1= ð2x+ 1Þðx− 1Þ, we have j x3 − 1
x2 − 1 −

3
2 j= j2x+ 1j

2jx+ 1j jx− 1j: Therefore, an estimate for the lar-

gest value of j2x+ 1j
2jx+ 1j is needed, knowing that x is in an interval centered at 1. Since x has to be in an

interval centered at 1, we can choose 0< x< 2, i.e., an interval of radius 1. (This is a completely
arbitrary choice. Other choices will work as well, they will just yield different results for δ > 0. For
example, check what would happen when one uses −1< x< 3:) Therefore, 1< x+ 1< 3, that is,
1< jx+ 1j< 3: Then 1

3 <
1

jx+ 1j < 1, and 1
6 <

1
2jx+ 1j <

1
2 : Let us now consider the factor j2x+ 1j: As

1< 2x+ 1< 5, 1< j2x+ 1j< 5: Thus, j2x+ 1j
2jx+ 1j <

5
2 , and j x3 − 1

x2 − 1 −
3
2 j< 5

2 jx− 1j: For this quantity to be

smaller than the given ε> 0, one needs jx− 1j< 2
5 ε: Therefore, let δ=minimum 1, 2

5 ε
	 


:

Let’s check the answer just obtained. If jx− 1j< δ, with δ=minimum 1, 2
5 ε

	 

, what estimate can we

obtain for j x3 − 1
x2 − 1 −

3
2 j? Let’s simplify this expression as much as possible:

x3 − 1
x2 − 1

− 3
2

����
����= x2 + x+ 1

x+ 1
− 3

2

����
����= 2x2 + 2x+ 2− 3x− 3

2ðx+ 1Þ
����

����
= 2x2 − x− 1

2ðx+ 1Þ
����

����= ð2x+ 1Þðx− 1Þ
2ðx+ 1Þ

����
����

=
j2x+ 1j
2jx+ 1j jx− 1j:
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Since jx− 1j< δ, we have j x3 − 1
x2 − 1 −

3
2 j< j2x+ 1j

2jx+ 1j δ: We need to estimate the fraction j2x+ 1j
2jx+ 1j : The choice of

δ=minimum 1, 2
5 ε

	 

implies that δ≤ 1 and δ≤ 2

5 ε: Thus jx− 1j< δ≤ 1: So, −1< x− 1< 1, that is,
0< x< 2: To get an estimate for the numerator, we notice that 0< 2x< 4 and 1< 2x+ 1< 5: As an

estimate for the numerator, we have 1< x+ 1< 3: Therefore, j2x+ 1j
2jx+ 1j <

5
2× 1 =

5
2 : This allows us to

conclude that

x3 − 1
x2 − 1

− 3
2

����
����< j2x+ 1j

2jx+ 1j δ<
5
2
δ≤ 5

2
× 2
5
ε= ε:

This inequality implies that the choice of δ=minimum 1, 2
5 ε

	 

is indeed correct.

20. Let δ= 0:9: Then jx− 2j< δ= 0:9: This implies −0:9< x− 2< 0:9, that is, 1:1< x< 2:9: Therefore,
3:3< 3x< 8:7: Subtracting 6 yields −2:7< ð3x− 5Þ−1< 2:7: So, jð3x− 5Þ−1j< 2:7< 4:5:
Assume that jx− 2j< δ≤ 1:5: Then −1:5≤ − δ< x−2< δ≤ 1:5: Adding 2 to all the parts of the
inequality yields 0:5≤ 2− δ< x< 2+ δ≤ 3:5: In turn, multiplying these inequalities by 3 implies that
1:5 ≤ 3ð2− δÞ < 3x < 3ð2 + δÞ≤ 10:5: Subtracting 6 yields 1:5− 6 < 3x− 6 < 10:5− 6, i.e., −4.5<
3x− 6< 4.5. Therefore, jð3x− 5Þ− 1j< 4:5 whenever jx− 2j< δ ≤ 1:5:

Sizes of Infinity
1. The set B is a proper subset of A if it has at most n− 1 of the elements of A. Let f :B→A be a one-

to-one function. Then f ðBÞ=Range f has exactly as many elements as B. Therefore, f ðBÞ=Range f
has at most n− 1 elements. This implies that f is not onto because at least one element of A is not in
f ðBÞ: Thus it cannot be a bijective function between A and B.

2. We want to construct a bijective function f :O→E: One of the easiest functions is the one that
associates every odd number with the even number 1 unit larger (or smaller) than the original
number. Thus, if n∈O, we can define the function f as f ðnÞ= n+ 1:
This function is well defined because if n∈O, then ðn+ 1Þ∈E: It is also easy to check that it is
one-to-one and onto.

3. We can prove that the set of the even integers E is countable in two ways, indirectly and directly.
Indirectly: We proved that the set O is countable. By the previous exercise, O and E have the same
size. Thus E is also countable.
Directly: We can construct a bijective function between E and ℤ (or ℕ). Let f :E→ℤ be defined as
f ðtÞ= t/2:
This function is well defined because if t∈E, then t= 2n for some n∈ℤ: Therefore, f ðtÞ=
t/2= 2n/2= n∈ℤ: It is easy to check that it is one-to-one and onto.

4. Let’s consider the function f :ℕ→ℤ defined as f ðxÞ=
(
x/2
−ðx− 1Þ/2

if x is even
if x is odd

:

We need to prove that this function is one-to-one and onto. To prove that it is one-to-one, assume
that x1 ≠ x2: Is f ðx1Þ≠ f ðx2Þ? Since f is a piecewise function, we need to consider several cases.
Assume that x1 and x2 are both even and x1 ≠ x2: Then x1/2≠ x2/2: So f ðx1Þ≠ f ðx2Þ: Assume that x1
and x2 are both odd and x1 ≠ x2: Then x1 − 1≠ x2 − 1, and therefore −ðx1 − 1Þ/2≠ −ðx2 − 1Þ/2: So
f ðx1Þ≠ f ðx2Þ:
Assume that x1 is even and x2 is odd (or vice versa). By contradiction assume also that f ðx1Þ= f ðx2Þ:
Then x1

2 = − ðx2 − 1Þ
2 : This implies x1 = −ðx2 − 1Þ: Therefore, x1 + x2 = 1: This is a false statement

because x1 ≥ 2 and x2 ≥ 1: Therefore, f ðx1Þ≠ f ðx2Þ: So, f is a one-to-one function.
Is f onto? Let y∈ℤ: Is there an n∈ℕ such that f ðnÞ= y? If y= 0, then f ð1Þ= −ð1− 1Þ/2= 0: If
y≥ 1, then we can choose n= 2y: So n is an even natural number and f ðnÞ= n/2= y: If y≤ −1, then
we need to change its sign, multiply it by 2, and add 1 to obtain an odd number. So, we can choose
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n= −2y+ 1: Since y≤ −1, −2y≥ 2, and therefore n is a natural number. Moreover n is odd, so
f ðnÞ= −ðn−1Þ/2= − ð−2y+ 1− 1Þ/2= y: The function f is onto, and therefore it is a bijective
function.

5. Let g:ℤ→ℕ be the inverse function of f. We can define g as gðyÞ= 2y if y> 0

−2y+ 1 if y≤ 0
:

�
We need to check that f and g are inverse functions.
Is f ðgðyÞÞ= y for all y∈ℤ?

f ðgðyÞÞ=

f ð2y|{z}
even

Þ if y> 0

f ð−2y+ 1|fflfflfflffl{zfflfflfflffl}
odd

Þ if y≤ 0
=

(
2y/y

−ðð−2y+ 1Þ− 1Þ/2
if y> 0

if y≤ 0
= y

8>>><
>>>:

Is gð f ðnÞÞ= n for all n∈ℕ?

gð f ðnÞÞ=
gðn/2|{z}

> 0

Þ if n is even

gð−ðn−1Þ/2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
≤ 0

Þ if n is odd =

(
2ðn/2Þ
−2ð−ðn−1Þ/2ÞÞ+ 1

if n is even
if n is odd

= n

8>><
>>:

Thus f and g are inverse functions.
6. Let T be a subset of the countable subset S. By definition of countable set, there exists a bijective

function f : S→ L⊆ℕ: Let’s use f to construct a bijective function between T and a subset of ℕ: We
are going to keep the rule that defines f as is, but we are going to change the domain and the range
to fit the set T. So, we are considering a “restriction” of f to T. Automatically this is still a one-to-
one function. To make sure that the function is onto, we are going to consider the set
L1 = fn∈ Ljn= f ðtÞ for a t∈Tg: Then f : T→ L1 is a bijective function between T and a subset of ℕ:
Thus T is countable. (Idea for another possible proof: If we can order all the elements of S in a
sequence, we can also order the elements of T. Complete the details.)

7. The statement of Exercise 6 can be rewritten as: “Let T be a subset of S. If S is a countable set, then
T is a countable set.” This statement is logically equivalent to its contrapositive: “Let T be a subset
of S. If T is not a countable set, then S is a not countable set.” Therefore the statement in Exercise 7
is true. (From another point of view, if we cannot order in a sequence the element of the subset T,
we will not be able to order all the elements of S.)

8. The intersection of several sets is a subset of each one of them. If one of the sets used to construct
the intersection is countable, the intersection is countable because it is a subset of a countable set
(see Exercise 7).

9. We will use mathematical induction on the number of sets involved. Base case: when k= 2: We have
already established this result. For its proof see Example 4.6.5.
Inductive hypothesis: Assume that the statement is true for an arbitrary number, s, of sets, that is, we
are assuming that the union of any s countable sets is a countable set. Will the statement be true for
s+ 1 countable sets?
Let A1,A2,…::,As,As+1 be countable sets. Is the set A1 ∪A2 ∪…::∪As ∪As+1 countable? We can use
the associative property of union to separate any block of s sets from this union. Thus
A1 ∪A2 ∪…::∪As ∪As+1 = ½A1 ∪A2 ∪…::∪As�∪As+1: The set represented by the union in the brack-
ets is countable by the inductive hypothesis. Therefore, the union of this set with As+1 is countable
because it is the union of two countable sets (see base case and Example 4.6.5). Thus, by the Princi-
ple of Mathematical induction the statement holds true for all k≥ 2:
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10. By contradiction, assume that I is countable. Since ℝ=ℚ∪ I, this implies that ℝ is countable
because it is the union of two countable sets. This is impossible and therefore I is uncountable.

11. a. Using the definition of f we have

f ð3Þ= f 31

1

� �
= 32×1 = 32 = 9,

f ð4Þ= f 22

1

� �
= 22×2 = 24 = 16,

f ð10Þ= f 2151

1

� �
= 22×152×1 = 2252 = 100:

b. The results from part a. seem to support this claim. To prove it, let m= pa11 p
a2
2 p

a3
3 ……:: parr : Then,

using the definition of f and the basic properties of exponents we have

f ðmÞ= f ðpa11 pa22 pa33 ……:: parr Þ= p2a11 p2a22 p2a33 ……:: p2arr = ðpa11 pa22 pa33 ……:: parr Þ2 =m2:

c. Let n= qb11 q
b2
2 q

b3
3 ……… qbss : Then

f 1
n

� �
= f 1

qb11 q
b2
2 q

b3
3 ……… qbss

 !
= q2b1−11 q2b2−12 q2b3−13 ……… q2bs−1s =

ðqb11 qb22 qb33 ……… qbss Þ2
q1q2q3……… qs

:

This result can be rewritten as f 1
n

 �
= n2

q1q2q3……… qs
.

d. We want to find the rational number x such that f ðxÞ= t= t1: Since t is a prime number, we
cannot factor it any further. The exponent of t is odd, so t is a prime factor of the denominator.
Then we need to find an exponent b such that 2b− 1= 1: So, b= 1: Therefore x= 1

t : Note that
this result agrees with the result in part c. Indeed, according to part c, f 1

t

 �
= t2

t = t:
e. To prove that f is one-to-one, assume that m

n ≠ ℓ
s : Are we going to be able to conclude that

f m
n

 �
≠ f ℓ

s

 �
? Let’s use contradiction, and using the prime factorizations of these numbers and the

fact that the two fractions are already in reduced form, we assume that

f ðpa11 pa22 pa33 ……:: parr /q
b1
1 q

b2
2 q

b3
3 ……… qbss Þ= f ðℓd1

1 ℓ
d2
2 ℓ

d3
3 ………ℓdt

t /s
c1
1 s

c2
2 s

c3
3 ……:: sckk Þ:

Then

p2a11 p2a22 p2a33 … p2arr q2b1−11 q2b2−12 q2b3−13 … q2bs−1s =ℓ
2d1
1 ℓ

2d2
2 ℓ

2d3
3 …ℓ2dt

t s2c1−11 s2c2−12 s2c3−13 … s2ck−1k :

Thus we have two different prime number factorizations for the same product. But every number
has a unique representation in prime factors, except for their order. Thus p1 is equal to one of the
factors on the right-hand side of the equality. Because it has an even exponent, it will be equal to
one of the factors with the even exponent. Let’s assume that p1 =ℓ1: Then their exponents have
to be equal also, since all prime factors are distinct. Thus p2a11 =ℓ2d1

1 , and pa11 =ℓd1
1 : If we simplify

these two factors we have

p2a22 p2a33 … p2arr q2b1−11 q2b2−12 q2b3−13 … q2bs−1s =ℓ
2d2
2 ℓ

2d3
3 … ℓ2dt

t s2c1−11 s2c2−12 s2c3−13 … s2ck−1k :

Repeating this procedure over and over, we will conclude that all p
aj
J ′s are equal to all the ℓdJ

J ′s, and
r= t: Therefore, m=ℓ: Again, the procedure can be repeated for the prime factors with odd exponents
to conclude that n= s: Therefore, mn = ℓ

s , which is a false statement. Thus f is one-to-one.
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To prove that f is onto, let α∈ℕ− f1g: Then we can use its prime number factorization and place
all factors with even exponents first, if any. Then

α= α2c11 α2c2
2 …α2ck

k α2ck+1−1
k+1 α2ck+2−1

k+2 …α2ck+r−1k+r :

Then

α= α2c1
1 α2c2

2 … α2ck
k α2ck+1−1

k+1 α2ck+2−1
k+2 … α2ck+r−1

k+r = f ðαc1
1 α

c2
2 … αck

k /α
ck+1
k+1α

ck+2
k+2 … αck+rk+r Þ= f ðm/nÞ,

with m= αc11 α
c2
2 …αckk and n= αck+1

k+1α
ck+2
k+2…αck+r

k+r : If there are no factors with even exponents, then m= 1:
If there are no factors with odd exponents, then n= 1: So, the function f is one-to-one and onto.

SOLUTIONS FOR THE REVIEW EXERCISES
1. We are assuming that the two points, P and Q are distinct. Therefore, either the values of their

x-coordinates or the values of their y-coordinates are different, that is, either x1 ≠ x2 or y1 ≠ y2:
Assume that x1 ≠ x2 (geometrically this means that the points are not on the same vertical line). As
this implies that x1 − x2 ≠ 0, we know that ðx1 − x2Þ2 > 0:
The quantity ðy1 − y2Þ2 is always nonnegative (because it is the second power of a real number). There-
fore, ðx1 − x2Þ2 + ðy1 − y2Þ2 ≥ ðx1 − x2Þ2 > 0: This implies that d itself is a positive number. Thus the given
statement is true under the assumption that x1 ≠ x2: Similarly, we can prove that the statement is true
under the assumption y1 ≠ y2 (geometrically this means that the points are not on the same horizontal line).
The part of the proof for the y-coordinates is not a “must” if one observes that the formula used to
evaluate the distance is symmetric with respect to the x- and y-coordinates (that means that we could
switch the two coordinates and the formula would not change); therefore whatever was proved for
one of the coordinates is true for the other one as well.
There is a third part of the proof that is not needed, but we want to mention, for completeness sake.
It is possible to assume that x1 ≠ x2 and y1 ≠ y2 at the same time. The given statement is still true in
this case, because we have proved that it holds true when only one pair of coordinates has different
values, which is a much weaker assumption than this last one.

2. Let a be any real number and a′ be an opposite of a. Then

a+ a′= a′+ a= 0: (1)

Let b be another number such that

a+ b= b+ a= 0: (2)

(Since we have two distinct numbers acting similarly on the number a, we should wonder how they
interact with each other. The answer to this question is not evident because we only know Equations
1 and 2, and both sets of equalities involve a. Then let us try to construct some algebraic expression
that uses all the numbers we are considering, namely a, a′, and b.
It makes sense to keep using addition since this is the only operation used to define the opposite of a num-
ber. These are some of the reasons for trying to start from a+ a′+ b. Which conclusion can we reach?)
If we use the associative property of addition and Equation 1, we obtain

a+ a′+ b= ða+ a′Þ+ b= 0+ b= b:

If we use the associative and commutative property of addition and Equation 2, we obtain

a+ a′+ b= a′+ ða+ bÞ= a′+ 0= a′:
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Therefore, we have

b= a+ a′+ b= a′:

Thus b= a′, and the opposite of a is unique.
3. a. Proof by induction.

– The smallest positive integer number to use is 1. Since ln1= 0, it is true that ln1<1.
– Let us assume that the inequality is true for n. Thus ln n< n.
– We have to prove that ln (n + 1)< (n + 1). (Remember: ln (n + 1)≠ ln n+ ln1.) We have to try

to use what we know about n and n+ 1. One possible relation between these two numbers is

n+ 1= n+ 1
n

n:

Therefore, using the properties of the natural logarithm, we have

lnðn+ 1Þ= ln n+ 1
n

n
� �

= ln n+ 1
n

� �
+ ln n

= lnð1+ 1/nÞ+ ln n:

By the inductive hypothesis, ln n< n. Thus we have

lnðn+ 1Þ= lnð1+ 1/nÞ+ ln n< lnð1+ 1/nÞ+ n: ð#Þ
To show that the conclusion is true, we need to prove that

lnð1+ 1/nÞ≤ 1:

Since n≥ 1, 1/n≤ 1: Therefore 1+ 1/n≤ 1+ 1= 2≤ e= 2:72…. So 1+ 1/n≤ e: The natural logarithm
function is an increasing function; thus the larger its input, the larger the corresponding output. Thus
ln 1+ 1

n

 �
≤ ln e= 1:

If we use this information in the chain of inequalities (#), we obtain

lnðn+ 1Þ< lnð1+ 1/nÞ+ n≤ 1+ n,

or, equivalently lnðn+ 1Þ< n+ 1: By the Principle of Mathematical Induction the proof is now
complete.

b. By graphing

1

25

20

15

10

5

0
3 5 7 9 11 13 15 17 19
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The straight line is the graph of g(x) = x, the other is the graph of f (x) = ln x. From the graph we
can say that it seems plausible that ln n< n for all positive integers.

c. Consider the function h(x) = ln x/x for x≥ 1.
This function is never negative because ln x≥ 0 for x≥ 1. Moreover, h(1)= 0. We can either graph
the function or use the first derivative test to check whether the function is increasing or decreasing
and to find its critical point(s).

h′ðxÞ= x/x− ln x
x2

= 1− ln x
x2

:

The function h has a critical point for the value of x such that

1− ln x= 0:

Because ln x = 1 when x = e, this is the only critical value for the function h. We will use the
second derivative test to decide what kind of critical point this is.

h″ðxÞ= ð−1/xÞx2 − 2xð1− ln xÞ
x4

= 2 ln x− 3
x3

:

Therefore,

h″ðeÞ= 2 ln e− 3
e3

= 2− 3
e3

= − 1
e3
:

This is a negative number. So the value x = e corresponds to a local maximum of the function.
Thus h(x) ≤ h(e) for all x ≥ 1, that is, h(x) ≤ h(e) = (ln e)/e ≈ 0.36…. Therefore, h(x) < 1 for all
x≥ 1. Since (ln x)/x< 1 for all x≥ 1, we can conclude that

ln x< x for all x≥ 1:

In particular ln n< n for all positive integers, as they are just real numbers larger than or equal to 1.
d. We will consider the function g(x) = ln x – x for x ≥ 1. We know that g(1) = −1. Let’s study the

behavior of this function using the first derivative test.
Since g′(x)= –1+ 1/x, it follows that g′ is always negative for x >1 and that g′(1) = 0.
Thus g(1)= –1 is the maximum value of g. This implies that g(x) ≤ g(1)< 0 for all x≥ 1.
This proves that ln x< x for all x ≥ 1. In particular, ln n< n for all positive integers, as they are
just real numbers larger than or equal to 1.

4. a. A solution exists. Since the number a is not equal to 0, it has a reciprocal, a−1: Then we can
multiply both sides of the equation ax= b by a−1, and we obtain

a−1ðaxÞ= a−1b:

So, the solution is

x= a−1b:

b. We can prove that the solution t= a−1b is unique in two ways.
– The solution is unique because of the algebraic procedure used to find it and the fact that the

reciprocal of a number is unique.
– Let s be another solution of the equation. Then as = b and at = b. This implies that as = at. If

we multiply both sides of the equation by a−1, we obtain s = t. This means that there is only
one solution.

5. Part 1. If n3 is an odd number, then n is an odd number.
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(As n3 is an odd number, we can write n3 = 2q+ 1 for some integer number q. To find any informa-
tion about n we need to calculate the cubic root of 2q + 1. However this is no easy task, because
there is no easy formula to calculate the cubic root of a sum. Therefore, the fact that n3 is an odd
number does not seem to give us an effective starting point for the proof. Therefore, we could try to
use the contrapositive of the statement to be proved.)
Prove the statement “If n is not an odd number, then n3 is not an odd number.” Since n is not an odd
number, it must be even. Therefore, we can write n= 2p for some integer number p. Then

n3 = ð2pÞ3 = 8p3 = 2ð4p3Þ:
Since 4p3 is an integer number, the equality above proves that n3 is an even number, i.e., n3 is not an
odd number. Since the contrapositive of the original statement is true, the original statement is true.
Part 2. If n is an odd number, then n3 is an odd number.
Because n is an odd number, we can write n= 2q+ 1 for some integer q. Therefore,

n3 = 8q3 + 12q2 + 6q+ 1= 2ð4q3 + 6q2 + 3qÞ+ 1:

The number t= 4q3 + 6q2 + 3q is an integer. Thus we have n3 = 2t+ 1 with t an integer number. This
means that n3 is an odd number. So the statement is true.

6. Part 1. Statement 1 implies statement 2.
Suppose that the two inequalities in statement 1 hold true. We can combine them and we obtain

a≤ b≤ a: ð�Þ
As the number a cannot be strictly smaller than itself, the chain of inequalities (*) can be true only if
the two relations are equalities. Therefore, we have

a= b= a:

Since a= b, we conclude that a – b= 0.
Part 2. Statement 2 implies statement 1.
Since a – b = 0, we know that a and b are indeed equal. Thus the inequalities a ≤ b and b ≤ a are
trivially true. The proof is now complete.

7. This is an existence and uniqueness theorem. Indeed the statement can be read as:
1. Any nonzero number has a reciprocal. (This is an axiom.)
2. Such reciprocal is unique. (This has to be proved.)
We assume that there are at least two numbers, a−1 and s, with the properties

as= sa= 1 aa−1 = a−1a= 1:

We want to prove that a−1 = s: Therefore we need to use the properties of these two numbers to com-
pare them. We can obtain the following chain of equalities:

s= s1= sðaa−1Þ= ðsaÞa−1 = 1a−1 = a−1:

Thus a−1 = s: Therefore, a has a unique reciprocal.
8. As the statement mentions “factors” and “division,” we might consider p and q as products of their

prime factors. Thus

p= p1p2… pr−1pr q= q1q2… qs−1qs:
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The pi′s need not be distinct. Similarly the qj′s need not be distinct, but no pi can equal any qj. Using
the factorization of p above and the properties of multiplication, we have

pn = ðp1Þnðp2Þn… ðpr−1ÞnðprÞn:
As the prime factors of pn are the same as the prime factors of p, pn and q have no common factors.
Therefore, q cannot divide pn.

9. Step 1. Is the formula true for n = 1, the smallest number we can use? When n= 1, we obtain

1
1
1
2
= 1

1+ 1
:

Therefore the formula is true in this case.
Step 2. Assume that the formula is true for an arbitrary number n, that is,

1
1
1
2
+ 1

2
1
3
+ 1

3
1
4
+……+ 1

n
1

n+ 1
= n

n+ 1
:

Step 3. Show that the formula is true when we use it for the next integer number, namely n + 1. So,
we need to prove that

1
1
1
2
+ 1

2
1
3
+ 1

3
1
4
+……+ 1

n
1

n+ 1
+ 1

ðn+ 1Þ
1

ðn+ 2Þ =
n+ 1

ðn+ 1Þ+ 1
,

or, equivalently,

1
1
1
2
+ 1

2
1
3
+ 1

3
1
4
+ :::…+ 1

n
1

n+ 1
+ 1

ðn+ 1Þ
1

ðn+ 2Þ =
n+ 1
n+ 2

:

We will manipulate the expression on the left-hand side of the equation using first the associative
property of addition, then the inductive hypothesis, and then some algebraic steps:

1
1
1
2
+ 1

2
1
3
+ 1

3
1
4
+ :::…+ 1

n
1

n+ 1
+ 1

ðn+ 1Þ
1

ðn+ 2Þ

= 1
1
1
2
+ 1

2
1
3
+ 1

3
1
4
+ :::…+ 1

n
1

n+ 1

� �
+ 1

ðn+ 1Þ
1

ðn+ 2Þ

= n
n+ 1

+ 1
ðn+ 1Þðn+ 2Þ =

nðn+ 2Þ+ 1
ðn+ 1Þðn+ 2Þ

= n+ 1
n+ 2

:

Because this is exactly the equality we were trying to prove, the formula is indeed true for all posi-
tive integer numbers by the Principle of Mathematical Induction.

10. (The statement has only implicit hypotheses. Before proceeding we must be sure that we are familiar
with the definition of rational numbers and their operations and properties. We can reformulate the
statement in the following way: If q is a rational number, then q≠

ffiffiffi
5

p
: This statement is equivalent

to: If q is a rational number, then q2 ≠ 5: As we cannot directly check that the square of each
rational number is not equal to 2, we will use proof by contradiction.)
We will assume that there exists a rational number q such that q2 = 5: As q is a rational number, it
can be written as q = a/b, with a and b relatively prime integer numbers, b ≠ 0, and a ≠ 0 (because
q≠ 0 since 02 ≠ 5). Because q2 = 5, we have a2

b2 = 5: This is equivalent to

a2 = 5b2: ð�Þ
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Thus a2 is a multiple of 5. This implies that a is a multiple of 5 (This statement can easily be
proved.). Therefore, a= 5k for some integer number k. If we substitute into equation (*), we obtain

25k2 = 5b2:

Thus, 5k2 = b2: This implies that b2 is a multiple of 5. Therefore b is a multiple of 5, that is, b = 5s
for some integer number s.
Our calculations show that a and b have at least 5 as a common factor. However, by hypothesis a
and b are relatively prime integer numbers. As it is impossible to find two numbers that satisfy both
these conditions at the same time, we cannot find a rational number such that q2 = 5:

11. Let y = ax + b and y = cx + d be the equations of the two lines. Since the lines are distinct by
hypothesis, we know that either a≠ c or b≠ d.
The coordinates of the intersection point are the solutions of the system

y= ax+ b
y= cx+ d

:

�
Therefore, we obtain ax+ b= cx+ d or

ða− cÞx= d− b:

If a – c = 0, the system has no solutions since b ≠ d. (We can explain this result geometrically. The
two lines have the same slope. Therefore they are parallel and distinct. Thus, they have no points in
common.)
If a – c ≠ 0, we obtain the only solution x= d− b

a− c : Therefore, the unique intersection point is the one
having coordinates d− b

a− c ,
ad − bc
a− c

� 
: (This statement can be proved using contradiction as well. In this

case, start by assuming that the two lines have two points in common, and use algebraic steps to
obtain the conclusion that a= c and b= d.)

12. (Since it impossible to check directly all negative numbers, we have to find a different way to prove
that the statement is true. Try using contradiction.) Assume that there exists a negative number z
whose reciprocal, z−1, is not negative. By definition of reciprocal of a number, z× z−1 = 1: By the
rules of algebra z−1 ≠ 0: Therefore, z−1 must be a positive number. However, the product of a
negative and a positive number is a negative number. This conclusion generates a contradiction
because 1 is positive.

13. Let ε> 0 be given. Is it possible to find an N > 0 such that jan − 3j< ε for all n>N? Observe that

jan − 3j= 3n+ 2
n

− 3
��� ���

= 3n+ 2− 3n
n

��� ���= 2
n
:

To have 2
n < ε one must have 2

ε< n: Therefore, let N = 2
ε :

14. The conclusion has two parts:
1. The remainder is a number.
2. The remainder is the number P(a).
Because we want to evaluate the remainder of the division between P(x) and x – a, we need to start
from the division algorithm. If we are performing long division, we have the following diagram:

qðxÞ
x− ajPðxÞ

rðxÞ
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The polynomial q(x) represents the quotient, and the polynomial r(x) the remainder of the division.
Then we can write PðxÞ= ðx− aÞqðxÞ+ rðxÞ:
The degree of the remainder must be smaller than the degree of the divisor, x – a, otherwise the
division is not complete. As the degree of x – a is 1, the degree of r(x) must be 0. Thus, r(x) is a
number, and we can write r(x) = r. Therefore, PðxÞ= ðx− aÞqðxÞ+ r: This equality is true for all
values of the variable x; in particular we can evaluate it for x = a, and we obtain

PðaÞ= ða− aÞqðaÞ+ r= r:

The proof is now complete.
15. There are several ways of proving that these statements are equivalent. We will show that statement 1

implies statement 2, statement 2 implies statement 3, and statement 3 implies statement 1.
Part 1. Statement 1 implies statement 2.
Since degree P(x) ≥ degree (x – a) = 1, the polynomial P(x) can be divided by the polynomial x – a.
Therefore (see Exercise 14),

PðxÞ= ðx− aÞqðxÞ+ r:

However, P(a) = 0. So 0=PðaÞ= ða− aÞqðaÞ+ r= r: Thus, the remainder of the division is 0 and
PðxÞ= ðx− aÞqðxÞ: This means that the polynomial P(x) is divisible by the monomial x – a.
Part 2. Statement 2 implies statement 3.
By hypothesis the remainder of the division of P(x) by the polynomial x – a is zero. So,
PðxÞ= ðx− aÞqðxÞ: By definition this means that x – a is a factor of P(x).
Part 3. Statement 3 implies statement 1.
Because x – a is a factor of P(x), we can write PðxÞ= ðx− aÞqðxÞ: Therefore, PðaÞ= ða− aÞqðaÞ= 0:
This proves that the number a is a root of the polynomial P(x).

16. By hypothesis the number

lim
x→a

f ðxÞ− f ðaÞ
x− a

= f ′ðaÞ ð�Þ

exists and it is finite. (If a function is differentiable, its derivative exists.) We want to show that
lim
x→a

f ðxÞ= f ðaÞ or equivalently, by the properties of limits, that

lim
x→a

½ f ðxÞ− f ðaÞ�= 0:

To reconstruct the fraction in (*) and thus to be able to use the hypothesis, divide and multiply the
expression in the brackets by x – a. Observe that it is algebraically correct to do so because x ≠ a,
and therefore x – a≠ 0. In this way we obtain

lim
x→a

½ f ðxÞ− f ðaÞ�= lim
x→a

f ðxÞ− f ðaÞ
x− a

ðx− aÞ

= lim
x→a

f ðxÞ− f ðaÞ
x− a

lim
x→a

ðx− aÞ:

Therefore,

lim
x→a

½ f ðxÞ− f ðaÞ�= f ′ðaÞ lim
x→a

ðx− aÞ
= f ′ðaÞ× 0= 0:
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Thus,

lim
x→ a

½ f ðxÞ− f ðaÞ�= 0

and

lim
x→a

f ðxÞ= f ðaÞ:

17. (This statement can be rewritten as: Let p be a number larger than 2. If p is prime, then p is odd. As
there are infinitely many prime numbers larger than 2, we cannot check directly that they are indeed
all odd numbers.) Let p be a number larger than 2. We will assume that p is not odd. Then p must
be even. Thus, p = 2n where n is some natural number. Therefore, 2 is a divisor of p, and 2 ≠ p.
This contradicts the fact that p is a prime number. (Be careful. The converse of this statement is
false. Not all odd numbers larger than 2 are prime.)

18. We can show that statement 1 is equivalent to statement 2, and that statement 2 is equivalent to
statement 3. The proof will have four parts.
Part 1. Statement 1 implies statement 2.
Let A−1 be the inverse of the matrix A. Let I2×2 be the 2×2 identity matrix i.e., I2×2 =

1 0
0 1

� �� �
.

Then A×A= I2×2: By the properties of the determinant

detðA×AÞ= det A× det A−1 = det I2×2 = 1:

Therefore, det A≠ 0.
Part 2. Statement 2 implies statement 1.
We will explicitly find the matrix A−1 using the coefficients of the matrix A. Let

A=
a b
c d

� �
and A−1 =

x y
z t

� �
:

We want to construct A−1 such that A×A= I2×2: From this we obtain a system with four equations in
the four unknowns x, y, z, and t:

ax+ bz= 1
cx+ dz= 0
ay+ bt= 0
cy+ dt= 1

:

8>><
>>:

This system can be separated into two parts:(
ax+ bz= 1

cx+ dz= 0

(
ay+ bt= 0

cy+ dt= 1
:

The solutions can be found because det A = ad – bc≠ 0. Performing the calculation we obtain

A−1 =

d
det A

−b
det A

−c
det A

a
det A

8><
>:

9>=
>; = 1

det A
d −b

−c a

� �
:

So A−1 is the inverse matrix of A.
Part 3. Statement 2 implies statement 3.
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The system is formed by the two equations

ax+ by= 0 and cx+ dy= 0:

If we solve it, we obtain

ðad− bcÞx= 0 and ðad− bcÞy= 0 :

Obviously, x= 0 and y= 0 is a solution. As det A = ad – bc≠ 0, each one of these two equations has
only one solution. Therefore, the system’s only solution is x= 0 and y= 0.
Part 4. Statement 3 implies statement 2.
The system is formed by the two equations

ax+ by= 0 and cx+ dy= 0 :

As the system has a unique solution, either a ≠ 0 or c ≠ 0. Indeed if a = 0 and c = 0 the system
would have an infinite number of solutions of the form (x, 0), where x is any real number. We
assume that a≠ 0. Then x=−by/a. Substituting this expression into the second equation, we obtain

ðad− bcÞy
a

= 0:

This means that ðad− bcÞy= 0:
In order for y = 0 to be the only solution of this equation, we must have ad – bc ≠ 0. Therefore,
det A≠ 0.

19. Let ε> 0 be given. Is it possible to find a δ> 0 such that j f ðxÞ− 10j< ε for all x with jx− 1j< δ?
Observe that

j f ðxÞ− 10j = j3x2 + 7x− 10j = jx− 1jj3x+ 10j:
How large can the quantity j3x+ 10j be, if x is sufficiently close to 1? Start by using values of x
closer than 2 units to 1 (this is a completely arbitrary choice), that is, −1 < x < 3. Then −3 < 3x < 9,
and 7< 3x+ 10< 19. Therefore, for these values of x one has

j f ðxÞ− 10j = jx− 1jj3x+ 10j< 19jx− 1j:
This quantity is smaller than ε when jx− 1j< ε/19: Thus choose δ=min f2, ε/19g: When jx− 1j< δ,
it will follow that j f ðxÞ− 10j< ε: Note that different choices of the interval around 1 will produce
different choices for δ. You might want to check that this choice of δ=min f2, ε/19g is correct.

20. This statement will be proved using mathematical induction.
a. We will show that the formula holds true when k= 1, the smallest number we are allowed to use.

13 = ?=
12ð1+ 1Þ2

4

Therefore the equality is true for k= 1.
b. The inductive hypothesis states that the formula holds true for an arbitrary number n, i.e.,

13 + 23 + 33 +……+ n3 =
n2ðn+ 1Þ2

4
:

c. We want to prove that

13 + 23 + 33 +……+ n3 + ðn+ 1Þ3 = ðn+ 1Þ2½ðn+ 1Þ+ 1�2
4

:
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Using the associative property of addition and the inductive hypothesis we obtain

13 + 23 + 33 + :::…+ n3 + ðn+ 1Þ3

=
h
13 + 23 + 33 + :::…+ n3

i
+ ðn+ 1Þ3

=
n2ðn+ 1Þ2

4
+ ðn+ 1Þ3:

Performing several simplifications yields

13 + 23 + 33 + :::…+ n3 + ðn+ 1Þ3 = ðn+ 1Þ2 n2

4
+ ðn+ 1Þ

� �

= ðn+ 1Þ2 ðn
2 + 4n+ 4Þ

4
=

ðn+ 1Þ2½ðn+ 1Þ+ 1�2
4

:

Therefore, by the Principle of Mathematical Induction the given formula holds true for all positive
integer numbers.

21. (The two numbers, a and b, appear in a formula. Therefore, we can try to manipulate the formula to
obtain explicit information about them.) From ab= ða2 + 2ab+ b2Þ/4, we obtain

4ab= a2 + 2ab+ b2:

Thus

0= a2 − 2ab+ b2:

The right-hand side of the equality is equal to ða− bÞ2: Therefore, we obtain

ða− bÞ2 = 0:

This implies that a – b= 0. Thus, we can conclude that a= b.
22. (We can start working on the given equation, which involves the two numbers a and b, in the hope

to obtain useful clues about them.) From the equality ab= ða+ bÞ2
2 , we obtain

2ab= a2 + 2ab+ b2:

Therefore,

0= a2 + b2:

Since a2 and b2 are both nonnegative numbers, their sum can be equal to zero if and only if they are both
equal to zero (because cancellation is not possible). However, a2 = 0 and b2 = 0 implies a= b= 0. There-
fore the statement is true.

23. We are going to prove the given statement using mathematical induction.
a. The smallest number we can use is k= 2.

We have to add fractions whose denominators are integer numbers between 3 (which corresponds
to k +1) and 4 (which corresponds to 2k). Therefore, the left-hand side of the equation becomes

1
3
+ 1

4
= 7

12
:

As 7/12 > 1/2, the statement is true in this case.
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b. We assume that the inequality is true for an arbitrary number n. Thus

1
n+ 1

+ 1
ðn+ 1Þ+ 1

+ ::::+ 1
2n

> 1
2
:

c. We need to prove that the inequality holds true for n + 1. We will add fractions with
denominators between (n+ 1)+ 1 and 2(n+ 1). So, we want to prove that

1
ðn+ 1Þ+ 1

+ 1
ðn+ 1Þ+ 2

+ ::::+ 1
2n+ 1

+ 1
2ðn+ 1Þ >

1
2
:

One thing to notice is that the smallest denominator of the fractions in the inductive hypothesis is
n + 1, while the smallest denominator in this step is n + 2. Thus, to make the inequality in the
inductive hypothesis and the left-hand side of the inequality to be proved start with fractions
having the same denominator, we could rewrite the inductive hypothesis as

1
n+ 2

+ 1
ðn+ 2Þ+ 1

+ ::::+ 1
2n

> 1
2
− 1

n+ 1
:

Using the associative property of addition and the rewritten inductive hypothesis, we obtain

1
ðn+ 1Þ+ 1

+ 1
ðn+ 1Þ+ 2

+ ::::+ 1
2n+ 1

+ 1
2ðn+ 1Þ

= 1
ðn+ 1Þ+ 1

+ 1
ðn+ 1Þ+ 2

+ ::::+ 1
2n

� �
+ 1

2n+ 1
+ 1

2ðn+ 1Þ

> 1
2
− 1

n+ 1

� �
+ 1

2n+ 1
+ 1

2ðn+ 1Þ
= 1

2
+ 1

ð2n+ 1Þð2n+ 2Þ >
1
2
:

The statement is now proved. Therefore, by the Principle of Mathematical Induction the inequal-
ity holds true for all integers k≥ 2:

24. As a is a multiple of b, we can write a= bn for some integer n. As b is a multiple of c, we can write
b= cm for some integer m. We will now combine this information to find a direct relation between a
and c. Thus we obtain

a= bn= ðcmÞn= cðmnÞ:
Since the number mn is an integer, because it is the product of two integers, we can conclude that a
is a multiple of c.

25. The proof of this statement has two components, namely the proofs of the following statements:
a. If p is a nonzero rational number, then its reciprocal is a rational number.
b. If the reciprocal of a nonzero number p is a rational number, then the number itself is a rational

number.
The reciprocal of a nonzero number p is the number q such that pq= 1.
Proof of part a: Since the number p is rational and nonzero, we can write p = a/b, with a and b
relatively prime numbers, both not equal to zero. Therefore

ða/bÞq= 1:

If we multiply both sides of the equation by b and divide them by a, we obtain q = b/a. This means
that q is a rational number.
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Proof of part b: Since the inverse of the nonzero number p, which we will indicate with p−1, is a
rational number, we can write it as p−1 = c/d, with c and d relatively prime numbers, both not
equal to zero. Thus,

pp−1 = p c
d
= 1:

If we multiply the equality by d and divide it by c, we obtain p = d/c, with c and d relatively prime
numbers, both not equal to zero. Thus, p is a rational number. (Note: In this proof we assume that
both p and q are in reduced form, by stating that a and b are relatively prime, and c and d are rela-
tively prime. While it is correct to make these assumptions, in this case there is no need for them.
The proof is still correct if the “relatively prime” requirement is removed.)

26. Let ε> 0 be given. Is there an N > 0 such that jan − 0j< ε for all n> N? Observe that

jan − 0j= −1
2

� �n
− 0

��� ���= −1
2

� �n��� ���= 1
2

� �n
= 1

2n
:

In order for 1/2n to be smaller than ε one needs 1/ε< 2n or n> ðln 1/εÞ/ln 2: To be sure that N > 0,
choose N =max f1, ðln 1/εÞ/ln 2g:

27. As a, b, and c are three consecutive integers, without loss of generality we can assume that a is the
smallest of them and write b= a+ 1 and c= a+ 2. Then

a+ b+ c= a+ ða+ 1Þ+ ða+ 2Þ= 3a+ 3= 3ða+ 1Þ= 3b:

As b is an integer number, the equality proves that a + b + c is divisible by 3. Note: We cannot use
proof by induction for this statement because the three numbers could be negative. Therefore there is
no smallest number for which to check that the statement is true. The statement “Let a, b, and c be
three consecutive positive integer numbers. Then 3 divides the sum a + b + c.” could be proved by
induction. Try this method, and see what happens. (Does this result relate in any way to finding the
average of three consecutive integer numbers?)

28. The proof is constructed by induction.
a. We need to check whether the statement is true for k= 0. As k3 − k= 0− 0= 0, and 0 is divisible

by 3, the statement is indeed true.
b. Let us assume that the statement is true for a generic number n≥ 1, that is, n3 − n= 3p for some

integer number p.
c. We now need to prove that

ðn+ 1Þ3 − ðn+ 1Þ= 3t

for some integer number t. Performing some algebraic steps we obtain

ðn+ 1Þ3 − ðn+ 1Þ= n3 + 3n2 + 3n− n

= ðn3 − nÞ+ 3ðn2 + nÞ:
The number n2 + n is an integer. Call it q. Then, using the inductive hypothesis yields

ðn+ 1Þ3 − ðn+ 1Þ= 3p+ 3q= 3ðp+ qÞ:
As the number p + q is an integer, we have proved that the statement is true. Therefore, by the Prin-
ciple of Mathematical Induction the statement is true for all whole numbers.
(Note: There is another way of proving this statement without using mathematical induction. Indeed
n3 − n= nðn2 − 1Þ= nðn− 1Þðn+ 1Þ: The three numbers n, n + 1, and n – 1 are consecutive. So to
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complete the proof, we could prove that one of them is divisible by 3. In Exercise 27 we proved that
the sum of three consecutive integers is divisible by 3. Part of this exercise is to prove that the pro-
duct of three consecutive numbers is also divisible by 3.)

29. The definition of limit states that for every ε> 0 there exists an Nε such that jan − Lj< ε for all
n>Nε: So, in this case for every ε> 0 there exists an Nε such that jan − 1j< ε for all n>Nε: Using
the definition of absolute value we can rewrite this statement as for every ε> 0 there exists an Nε

such that −ε< an − 1< ε for all n>Nε, that is, 1− ε< an < 1+ ε for all n>Nε: Choose ε= 1/2: Then
there exists an N1/2 such that 1− 1/2< an < 1+ 1/2 for all n>N1/2: Thus, an > 1/2 for all n>N1/2:

30. To prove that lim
x→3

f ðxÞ=
ffiffiffi
3

p
, one needs to prove that for every given ε> 0 there exists a δ> 0 such

that jf ðxÞ− ffiffiffi
3

p j< ε for all x with jx− 3j< δ: Observe that

j f ðxÞ−
ffiffiffi
3

p
j= j ffiffiffixp

−
ffiffiffi
3

p
j= ð ffiffiffi

x
p

−
ffiffiffi
3

p Þð ffiffiffi
x

p
+

ffiffiffi
3

p Þ
ð ffiffiffi

x
p

+
ffiffiffi
3

p Þ

�����
�����:

Therefore, jf ðxÞ− ffiffiffi
3

p j= jx− 3j 1ffiffi
x

p
+
ffiffi
3

p :

How large is the factor 1ffiffi
x

p
+
ffiffi
3

p for x relatively close to 3? If jx− 3j< 1 (this is an arbitrary choice),

then 2 < x < 4 and
ffiffiffi
2

p
<

ffiffiffi
x

p
<

ffiffiffi
4

p
= 2: Thus,

ffiffiffi
2

p
+

ffiffiffi
3

p
<

ffiffiffi
x

p
+

ffiffiffi
3

p
< 2+

ffiffiffi
3

p
, or 2

ffiffiffi
2

p
<

ffiffiffi
x

p
+

ffiffiffi
3

p
< 4:

Therefore, 1
2
ffiffi
2

p > 1ffiffi
x

p
+
ffiffi
3

p > 1
4 , and

j f ðxÞ−
ffiffiffi
3

p
j= jx− 3j 1ffiffiffi

x
p

+
ffiffiffi
3

p < 1
2
ffiffiffi
2

p jx− 3j:

The value of this expression will be smaller than the given ε> 0 if 1
2
ffiffi
2

p jx− 3j< ε, that is, if
jx− 3j< 2

ffiffiffi
2

p
ε: Thus, choose δ=minf1, 2 ffiffiffi

2
p

εg: It is left to the reader to check that this choice of δ
is indeed correct.

31. Existence: Since ad – bc ≠ 0, at least two of these four numbers are not equal to 0. Without loss of
generality, we will assume a ≠ 0. From the first equation we obtain x= ðe− byÞ/a: We can substitute
this formula for x into the second equation to obtain y= ðaf − ceÞ/ðad− bcÞ: If we substitute this
representation of y into the formula for x, we find that x= ðde− bf Þ/ðad− bcÞ: The two fractions are
well defined because ad – bc ≠ 0. Therefore, we have found a solution of the given system. (Check
what would happen for other combinations of nonzero coefficients, in addition to ad – bc≠ 0.)

Uniqueness: The solution just found is unique because the values of x and y are uniquely determined
by the two equations found above. Note: The uniqueness of the solution can be established in another
way, which is considerably longer. Assume that ðx1, y1Þ and ðx2, y2Þ are two solutions. Therefore,(

ax1 + by1 = e

cx1 + dy1 = f
and

(
ax2 + by2 = e

cx2 + dy2 = f
:

Then

ax1 + by1 = ax2 + by2

cx1 + dy1 = cx2 + dy2:

This is equivalent to

aðx1 − x2Þ= bðy1 − y2Þ
cðx1 − x2Þ= dðy1 − y2Þ:
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Therefore, if a≠ 0

x1 − x2 = bðy1 − y2Þ/a:
Substituting this expression into the second equation yields

ðy1 − y2Þðad− bcÞ= 0:

Since ad – bc ≠ 0, this equality implies y1 − y2 = 0, that is, y1 = y2: From this conclusion we obtain
that x1 = x2, as well. Therefore, the two solutions coincide.

32. This statement will be proved by induction.
a. The smallest number we can use is k = 6. In this case we obtain 26 = 64> ð6+ 1Þ2 = 49: Thus the

inequality is true in this case.
b. We will now assume that 2n > ðn+ 1Þ2:
c. We need to prove that 2n+1 > ½ðn+ 1Þ+ 1�2: Using algebra rules and the inductive hypothesis, we

obtain

2n+1 = 2× 2n > 2ðn+ 1Þ2 = 2n2 + 4n+ 2:

We need to see how the expression we just obtained compares with the right-hand side of the
inequality we want to obtain, namely ½ðn+ 1Þ+ 1�2: If we evaluate ½ðn+ 1Þ+ 1�2 we obtain

½ðn+ 1Þ+ 1�2 = n2 + 4n+ 4:

Therefore, we have to compare the expressions 2n2 + 4n+ 2 and n2 + 4n+ 4: We will do so by
calculating their difference:

ð2n2 + 4n+ 2Þ− ðn2 + 4n+ 4Þ= n2 − 2:

Because n2 ≥ 36, n2 − 2> 0: This proves that

ð2n2 + 4n+ 2Þ> ðn2 + 4n+ 4Þ:
If we now list all the steps just performed altogether, we have

2n+1 = 2× 2n > 2ðn+ 1Þ2 = 2n2 + 4n+ 2

> n2 + 4n+ 4= ½ðn+ 1Þ+ 1�2:
The inequality is therefore true. So, by the Principle of Mathematical Induction the inequality will
hold true for all integers k≥ 6.

33. As this is an existence statement, it is enough to find one number (not necessarily an integer) such
that 2k > ðk+ 1Þ2: Consider k= 6.

34. We cannot use mathematical induction because the number could be negative. We are assuming that
the numbers used are integers because divisibility is only defined for integer numbers. Let n be an
integer. We want to prove that the number n− n3 is divisible by 6. This is equivalent to proving that
n3 − n is divisible by 6. The reason for using this second expression is that it makes factorization
easier.
We can write n3 − n= nðn2 − 1Þ= nðn+ 1Þðn− 1Þ: Thus, n3 − n is the product of three consecutive
integers. Then at least one of the three numbers is even, which implies that the product is even, and
thus divisible by 2. In addition, at least one of the three numbers is divisible by 3. Therefore the pro-
duct is divisible by 3. Since 2 and 3 are prime numbers, if the product is divisible by both of them, it
is divisible by 6.
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35. The statement does not seem to be true. We can try to prove that it is false by providing a
counterexample. Consider t = 1 and q = 1/2. Then t + q = 3/2, and this is not an irrational number.
(We can indeed prove that the statement is false for every two rational numbers. We can prove that
the sum of two rational numbers is always a rational number. Indeed if t and q are two rational
numbers, we can write t = a/b with a and b relatively prime integers, and b ≠ 0; and q = c/d with c
and d relatively prime integers, and d≠ 0. Then bd≠ 0, and

t+ q= ðad+ bcÞ/bd:
Therefore, t+ q is a well-defined rational number because ad+ bc and bd are both integers and bd≠ 0.)

36. This is an existence statement. To prove that it is true we only need to exhibit three consecutive
integer numbers whose sum is a multiple of 3. Consider 3, 4, and 5. Then 3+ 4+ 5 = 12, which is a
multiple of 3. The fact that this statement is true for any three consecutive integer numbers is
irrelevant. It just makes it very easy to find an example.

37. The statement seems false. Therefore we will search for a counterexample. Consider n= 5. Then 5 is
a multiple of itself, but 52= 25, which is not a multiple of 125.

38. (We cannot use proof by induction because we do not know what the smallest number is that can be
used to establish the base case.) We are going to prove that n2 + n= 2t for some integer number t.
Using factorization we can write n2 + n= nðn+ 1Þ:
If n is an even number, then n= 2q for some integer number q. Thus

n2 + n= nðn+ 1Þ= 2½qðn+ 1Þ�:
As the number q(n + 1) is an integer, this proves that n2 + n is an even number. If n is an odd num-
ber, then n= 2k +1 for some integer number k. Thus,

n2 + n= ð2k+ 1Þ½ð2k+ 1Þ+ 1�
= ð2k+ 1Þð2k+ 2Þ= 2½ð2k+ 1Þðk+ 1Þ�:

Because the number (2k +1)(k + 1) is an integer, this proves that n2 + n is an even number. There-
fore, the statement is true.

39. We will prove this statement by induction.
a. Let us check if the inequality holds for k= 6. In this case we obtain 6!= 720> 216= 63:
b. Assume that n!> n3:
c. We have to prove that ðn+ 1Þ!> ðn+ 1Þ3: By the properties of factorials, ðn+ 1Þ!= ðn+ 1Þn!: If

we use this fact and the inductive hypothesis, we obtain

ðn+ 1Þ!= ðn+ 1Þn!> ðn+ 1Þn3:
We will now use this inequality and other algebraic properties of inequalities to obtain the expression
n3 + 3n2 + 3n+ 1= ðn+ 1Þ3:

ðn+ 1Þ!= ðn+ 1Þn!> ðn+ 1Þn3
≥ ð6+ 1Þn3 = n3 + 6n3

> n3 + 6n2 = n3 + 3n2 + 3n2

= n3 + 3n2 + 3n× n> n3 + 3n2 + 3× 6× n

> n3 + 3n2 + 3n+ n> n3 + 3n2 + 3n+ 1

= ðn+ 1Þ3:
Therefore, by the Principle of Mathematical Induction the original statement is true for all integers
k≥ 6.
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40. Assume that lim
x→∞

ð−1Þn 1
5

	 

= L, where L is a real number. Then for every ε > 0 there exists an N> 0

such that jð−1Þn 1
5 − Lj< ε for all n>N. This implies that −ε<L− ð−1Þn 1

5 < ε, i.e.,

−ε+ ð−1Þn 1
5
<L< ε+ ð−1Þn 1

5
:

As these inequalities will hold true for all n > N, they will hold true for odd and even values of n.
Thus one has to consider the following two sets of inequalities:

−ε+ 1
5
< L< ε+ 1

5

and

−ε− 1
5
<L< ε− 1

5
:

As ε can be any positive number, they will have to hold true even when ε= 1/5. In this case the first
set of inequalities will yield 0 < L and the second L < 0. Clearly this is impossible. Therefore the
limit of the sequence does not exist.

41. The conclusion can be rewritten as: The product PðnÞ= nðn+ 1Þðn+ 2Þðn+ 3Þ is a multiple of 8 for
all n ≥ 2. This statement can be proved in two different ways: constructing a proof by cases or using
mathematical induction.
1. Constructing a proof by cases.

First case: Let n be even, that is, n= 2k, with k≥ 1. Then

PðnÞ= nðn+ 1Þðn+ 2Þðn+ 3Þ
= 2kð2k+ 1Þð2k+ 2Þð2k+ 3Þ
= 4½kð2k+ 1Þðk+ 1Þð2k+ 3Þ�
= 4½kðk+ 1Þð2k+ 1Þð2k+ 3Þ�:

The numbers k and k + 1 are consecutive. Thus, one of them is even, and the product kðk+ 1Þ is
even. So kðk+ 1Þ= 2s with s an integer. Therefore,

PðnÞ= nðn+ 1Þðn+ 2Þðn+ 3Þ
= 4½2sð2k+ 1Þð2k+ 3Þ�
= 8½sð2k+ 1Þð2k+ 3Þ�:

This proves that P(n) is a multiple of 8 when n is even.
Second case: Let n be odd, that is, n= 2k+ 1, with k≥ 1. Then

PðnÞ= nðn+ 1Þðn+ 2Þðn+ 3Þ
=ð2k+ 1Þð2k+ 2Þð2k+ 3Þð2k+ 4Þ
= 4½ð2k+ 1Þðk+ 1Þð2k+ 3Þðk+ 2Þ�
= 4½ðk+ 1Þðk+ 2Þð2k+ 1Þð2k+ 3Þ�:

The numbers k + 1 and k + 2 are consecutive. Thus one of them is even, and the product
ðk+ 1Þðk+ 2Þ is even. So ðk+ 1Þðk+ 2Þ= 2l with l integer. Therefore,

PðnÞ= nðn+ 1Þðn+ 2Þðn+ 3Þ
= 4½2lð2k+ 1Þð2k+ 3Þ�
= 8½lð2k+ 1Þð2k+ 3Þ�:
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This proves that P(n) is a multiple of 8 when n is odd. Therefore the conclusion holds true,
whether n is even or odd.

2. Proof by mathematical induction.
Base case. Check if the statement is true for n = 2:

Pð2Þ= 2× 3× 4× 5= 8× 15:

Thus P(2) is a multiple of 8.
Inductive step. Assume that the statement is true for a generic number k≥ 3, that is,

PðkÞ= kðk+ 1Þðk+ 2Þðk+ 3Þ= 8l

for some integer number l≥ 2.
Deductive step. Is the statement true for k + 1? Is P(k + 1) a multiple of 8? Note that
Pðk+ 1Þ= ðk+ 1Þðk+ 2Þðk+ 3Þðk+ 4Þ: If we multiply out by the fourth factor, we have

Pðk+ 1Þ= ðk+ 1Þðk+ 2Þðk+ 3Þk+ ðk+ 1Þðk+ 2Þðk+ 3Þ4:
Then it is possible to use the inductive hypothesis to replace the first term, and the fact that k+ 1
and k + 2 are consecutive. Thus one of them is even, and the product ðk+ 1Þðk+ 2Þ is even. So
ðk+ 1Þðk+ 2Þ= 2r with r an integer. Therefore,

Pðk+ 1Þ= ðk+ 1Þðk+ 2Þðk+ 3Þk+ ðk+ 1Þðk+ 2Þðk+ 3Þ4
= 8l+ 2rðk+ 3Þ4
= 8½l+ rðk+ 3Þ�:

Since the conclusion in the deductive step holds true, we can use mathematical induction to con-
clude that the statement holds true for all n≥ 2.

42. It is possible to use factorization so that the conclusion can be rewritten as: The product
PðnÞ= nðn2 − 1Þðn2 − 4Þ= ðn− 2Þðn− 1Þnðn+ 1Þðn+ 2Þ is divisible by 60 for all natural numbers.
This statement can be proved in several different ways: 1) using previous results, 2) using
mathematical induction, and 3) constructing a proof by cases (n even, n odd).
1. Using previous results. We are considering a product of five consecutive numbers. Therefore, at

least one the numbers is a multiple of 5. Thus P(n) is a multiple of 5 (i.e., divisible by 5).
We are also considering a product of three consecutive numbers. Thus P(n) is a multiple of 3,
and thus divisible by 3. Also, n+ 1 and n + 2 are consecutive. Thus one of them is even, and the
product ðn+ 1Þðn+ 2Þ is even. So ðn+ 1Þðn+ 2Þ= 2r with r an integer. The same is true for the
product ðn− 2Þðn− 1Þ since n − 2 and n − 1 are consecutive. Therefore ðn− 2Þðn− 1Þ= 2q with q
an integer. This implies that P(n) is divisible by 4. Since P(n) is divisible by 3, 5, and 4, and
these numbers are relatively prime, P(n) is divisible by 60.

2. Using mathematical induction.
Base case. Check if the statement is true for n = 1. Since P(1)= 0, it is divisible by 60.
Inductive step. Assume that the statement is true for a generic number k≥ 2, that is,

PðkÞ= k5 − 5k3 + 4k= 60l

for some integer number l≥ 2.
Deductive step. Is the statement true for k + 1? Is P(k + 1) divisible by 60? By definition
Pðk+ 1Þ= ðk+ 1Þ5 − 5ðk+ 1Þ3 + 4ðk+ 1Þ: Performing calculations yields

Pðk+ 1Þ= ðk5 + 5k4 + 10k3 + 10k2 + 5k+ 1Þ− 5ðk3 + 3k2 + 3k+ 1Þ+ 4k+ 4

= ðk5 − 5k3 + 4kÞ+ 5ðk4 + 2k3 − k2 − 2kÞ:
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Then it is possible to use the inductive hypothesis to replace the first term and factorization to write

Pðk+ 1Þ= ðk5 − 5k3 + 4kÞ+ 5ðk4 + 2k3 − k2 − 2kÞ
= 60l+ 5kðk2 − 1Þðk+ 2Þ
= 60l+ 5kðk− 1Þðk+ 1Þðk+ 2Þ:

Note that k + 1 and k + 2 are consecutive. Thus one of them is even, and the product
ðk+ 1Þðk+ 2Þ is even. So, ðk+ 1Þðk+ 2Þ= 2r, with r an integer. Also k and k− 1 are consecutive.
Thus one of them is even, and the product kðk− 1Þ is even. So kðk− 1Þ= 2q with q integer. This
means that the product kðk− 1Þðk+ 1Þðk+ 2Þ is divisible by 4. In addition, this product contains
three consecutive numbers, so it is also divisible by 3. Combining all this information with the
fact that 3 and 4 are relatively prime allows us to conclude that kðk− 1Þðk+ 1Þðk+ 2Þ is divisible
by 12. Thus kðk− 1Þðk+ 1Þðk+ 2Þ= 12c for some integer c. So we can finally write

Pðk+ 1Þ= 60l+ 5ð12cÞ= 60ðl+ cÞ:
Since the conclusion in the deductive step holds true, we can use mathematical induction to con-
clude that the statement holds true for all n≥ 1.

3. Proof by cases. Similar to the one in the solution of Exercise 41.
43. Let a and b be two consecutive even numbers. Then a= 2n and b= 2n + 2 for some integer n. Then

their average is

a+ b
2

=
2n+ ð2n+ 2Þ

2
= 4n+ 2

2
= 2n+ 1:

Therefore, the average is an odd number. More specifically it is the odd number between a and b.
44. If A=∅, then ∅×∅=∅: Let A= f1g: Then A×A= fð1, 1Þg≠A: So the statement is false.
45. By hypothesis n= 2k+ 1 for some integer number k. Then

n2 − 1= ð2k+ 1Þ2 − 1= 4k2 + 4k= 4ðk2 + kÞ:
The number k2 + k is an integer. Thus, n2 − 1 is divisible by 4. (Moreover, it is divisible by 8
because k2+ k is an even integer.)

46. By contradiction, assume that the set of irrational numbers in the interval (1, 2), call it A, is countable.
Then it is possible to make a complete list of all the elements of A, and write their decimal
representation, avoiding infinite sequences of 9s. The list will look something like

1:a11a12a13a14a15a16…
1:a21a22a23a24a25a26…
1:a31a32a33a34a35a36…
1:a41a42a43a44a45a46…
1:a51a52a53a54a55a56…
1:a61a62a63a64a65a66…
………

where ajk represents the kth decimal digit in the expansion of the jth number in the list.
How can we get a contradiction? We need to find a weak point in this construction. Is this really a
complete list, or can we produce an irrational number between 1 and 2 that is not in the given list?
The integer part of such a number, let’s call it b, is 1. What about its decimal part?
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This “missing” number has to be different from all the numbers in the list. In order for it to be
different from the first number in the list, it is sufficient that its first decimal digit is different from
the first decimal digit of the first number. Let’s also avoid 9, to avoid constructing an infinite string
of them. So b1 ≠ a11 and b1 ≠ 9: To make b different from the second element in the list, it is suffi-
cient to choose its second decimal digit to be different from the second decimal digit of this number.
So b2 ≠ a22 and b2 ≠ 9: We will repeat this pattern, making the decimal digits of b different from
the digits on the main diagonal of the list we have. Thus in general bk ≠ akk and bk ≠ 9 for all k ≥ 1.
The number b= 1:b1b2b3b4… is an irrational number between 1 and 2 that is different from all the
numbers in the list by deliberate construction. This contradicts the assumption that the list was
complete.

47. a. We will prove that x∈A∪B if and only if x∈B∪A: By definition of union, x∈A∪B is
equivalent to either x∈A or x∈B: This statement is logically equivalent to saying that either
x∈B or x∈A: By definition of union, this is true if and only if x∈B∪A:

b. By the properties of union, the statement A⊆A∪A is known to be true. So, we need to prove that
the other inclusion holds true. If x∈A∪A, then either x∈A or x∈A: If this statement is true,
then x∈A: Thus, A∪A⊆A, and A∪A=A:

c. Let x∈A∪∅: By definition of union this is true if and only if either x∈A or x∈∅: The
statement x∈∅ is always false. Therefore, the statement “either x∈A or x∈∅” is true if and
only if x∈A: Thus, A∪∅=A:

d. By the properties of union, the statement U ⊆A∪U is known to be true. By definition of the
universal set, A∪U ⊆U: Therefore, the two sets are equal.

e. By hypothesis, x∈A implies x∈B: The truth of this statement is equivalent to the truth of its
contrapositive: x ∉ B implies x ∉ A: Therefore, “x∈A implies x∈B” is equivalent to “x ∉ B
implies x ∉ A” which is equivalent to “x∈B′ implies x∈A′:” Thus, A⊆B is equivalent to B′⊆A′:

48. Is the function one-to-one? If x1 ≠ x2, then x31 ≠ x32: This implies 1
5 x

3
1 ≠ 1

5 x
3
2, and 1

5 x
3
1 + 1≠ 1

5 x
3
2 + 1:

Thus f ðx1Þ≠ f ðx2Þ, and f is one-to-one.
To prove that f is onto, let y∈ℝ be given. Can we find an x0 ∈ℝ such that f ðx0Þ= y? Starting from
this equation yields 1

5 x
3
0 + 1= y: Therefore, x30 = 5ðy− 1Þ, and x0 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðy− 1Þ3

p
: Since this equation is

well defined for all values of y, f is onto. So f is a bijective function. (It is also possible to prove
that f is a bijective function by construction its inverse function.)
Let’s prove that f ð½0, 5�Þ⊆ ½1, 26�: If x∈ ½0, 5�, is f ðxÞ∈ ½1, 26�? Since 0≤ x≤ 5, 0 ≤ x3 ≤ 125: Then
0≤ 1

5 x
3 ≤ 25: Therefore, 1≤ 1

5 x
3 + 1≤ 26, that is, f ðxÞ∈ ½1, 26�: To prove that ½1, 26�⊆ f ð½0, 5�Þ, we

need to show that for every y∈ ½1, 26� there exists an x∈ ½0, 5� such that f ðxÞ= y: From the work pre-

viously done we know that x=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðy− 1Þ3

p
: So, we only need to prove that y∈ ½1, 26� implies

x∈ ½0, 5�: If y∈ ½1, 26�, 0≤ y− 1≤ 25: Therefore, 0≤ 5ðy− 1Þ≤ 125: This yields 0≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðy− 1Þ3

p
≤ 5:

Thus, for every y∈ ½1, 26� there exists an x∈ ½0, 5� such that f ðxÞ= y: This implies that
½1, 26�⊆ f ð½0, 5�Þ: Therefore, f ð½0, 5�Þ= ½1, 26�:

49. We will prove that x∈
\
f∈F

Af

 !
×B if and only if x∈

\
f∈F

ðAf ×BÞ: By definition of Cartesian

product, x∈
\
f∈F

Af

 !
×B if and only if x= ða, bÞ with a∈

\
f∈F

Af

 !
and b∈B: By definition of

intersection of a family of sets, this is equivalent to stating that x= ða, bÞ with a∈Af for all f ∈F
and b∈B: By definition of Cartesian product this is true if and only if x= ða, bÞ∈Af ×B for all

f ∈F: By definition of intersection of a family of sets this is equivalent to x= ða, bÞ∈
\
f∈F

ðAf ×BÞ:
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50. If the number x is not divisible by 5, it can be written as x= 5q+ r with q an integer and r= 1, 2, 3, 4: The
information about the other two numbers will give more clues on r. Using the remainder, r= 1, yields
x− 1= ð5q+ 1Þ− 1= 5q: This is not possible because by hypothesis x− 1 is not divisible by 5. The
remainder r= 4 gives x+ 1= ð5q+ 4Þ+ 1= 5q+ 5= 5ðq+ 1Þ: This is not acceptable since by hypothesis
x+ 1 is not divisible by 5. These conclusions leave two choices: either r= 2 or r= 3: We need to examine
both of them. If r= 2, then x2 + 1= ð5q+ 2Þ2 + 1= 25q2 + 20q+ 5= 5ð5q2 + 4q+ 1Þ: The expression in
parenthesis is an integer (sum of products of integers), and thus x2 + 1 is divisible by 5.
If r= 3, then x2 + 1= ð5q+ 3Þ2 + 1= 25q2 + 30q+ 10= 5ð5q2 + 6q+ 2Þ: The expression in parenthesis
is an integer (sum of products of integers), and thus x2 + 1 is divisible by 5.
In any case, under the given hypothesis, x2 + 1 is divisible by 5.
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OTHER BOOKS ON THE SUBJECT OF PROOFS AND MATHEMATICAL WRITING
The books included in this section represent a very small section of those in print at this time on the subjects
of mathematical proofs and discrete mathematics. The reader can use these titles to start searching for others
available on the market. Thanks to the ease of electronic searches, finding yet another book can be very inter-
esting, informative, and entertaining.

Most of the following books have parts that concentrate on logic and construction of proofs, and parts
that introduce new mathematical concepts. Some of them are considered to be classics, while others are
much more recent. Some are textbooks, and others offer supplemental reading material.

1. Barnier, W. and Feldman, N. Introduction to Advanced Mathematics. Prentice Hall, 2000. Read
Chapters 1 and 2.

2. Bloch, E. D. Proofs and Fundamentals: A First Course in Abstract Mathematics. Springer, 2011.
Read the first two chapters.

3. Chartrand, G., Polimeni A. D., and Zhang, P. Mathematical Proofs. A Transition to Advanced
Mathematics. Addison-Wesley, 2nd edition, 2007.

4. Copi, I. M. Introduction to Logic. Prentice Hall, 1998.
5. D’Angelo, J. and West D. Mathematical Thinking: Problem-Solving and Proofs. Prentice Hall, 2nd

Edition, 2000. Read Part 1.
6. Eccles, P. J. An Introduction to Mathematical Reasoning: Numbers, Sets and Functions. Cambridge

University Press, 1998.
7. Enderton, H. A Mathematical Introduction to Logic. Academic Press, 2nd edition, 2001.
8. Exner, G. R. An Accompaniment to Higher Mathematics. Springer-Verlag Undergraduate Texts in

Mathematics, 1996.
9. Franklin, J. and Dauod, A. Proof in Mathematics: An Introduction. Kew Books, 2011.

10. Garnier, R. and Taylor, J. 100% Mathematical Proof. John Wiley & Sons, 1996.
11. Gerstein, L. J. Introduction to Mathematical Structures and Proofs. Springer-Verlag, 1996.
12. Goodfriend, J. H. Gateway to Higher Mathematics. Jones & Bartlett Learning, 2005.
13. Hodel, R. E. An Introduction to Mathematical Logic. PWS Pub. Co., 1995.
14. Hermes, H. Introduction to Mathematical Logic. Springer-Verlag, 1973. Read Part I.
15. Houston, K. How to Think Like a Mathematician. Cambridge University Press, 2009.
16. Lucas, J. F. Introduction to Abstract Mathematics. Rowman & Littlefield Publishers, Inc.,

2nd edition, 1990.
17. Morash, R. P. Bridge to Abstract Mathematics: Mathematical Proofs and Structures. McGraw Hill,

College Division, 1991. Read Chapters 1 to 5.
18. Penner, R. C. Discrete Mathematics: Proof Techniques and Mathematical Structures. World

Scientific Pub. Co., 1999.
19. Polya, G. How to Solve It: A New Aspect of Mathematical Methods. Ishi Press, 2009.
20. Rodgers, N. Learning to Reason: an Introduction to Logic, Sets and Relations. Wiley & Sons, 2000.

Read the section “Writing Our Reasoning.”
21. Rosenbloom, P. C. The Elements of Mathematical Logic. Dover Publications, 2005.
22. Rotman, J. J. A Journey into Mathematics: An Introduction to Proofs. Prentice Hall, 1997.
23. Schumacher, C. Chapter Zero. Fundamental Notions of Abstract Mathematics. Addison-Wesley

Publishing Co., 2000. Read Chapters 1 and 2.
24. Schwartz, D. Conjecture & Proof: An Introduction to Mathematical Thinking. Saunders College

Publishing, 1997. Read Chapters 2 and 3.
25. Solow, D. How to Read and Do Proofs. John Wiley & Sons, 2001.
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26. Solow, D. Reading, Writing and Doing Mathematical Proofs. Proof Techniques for Advanced
Mathematics. Dale Seymour Publications, 1984. Newer editions are also available.

27. Stolyar, A. A. Introduction to Elementary Mathematical Logic. Dover Publications, 2010. Read the
first two sections.

28. Suppes, P. Introduction to Logic. Dover Publications, 1999. Chapter 7 is quite interesting.
29. Velleman, D. J. How to Prove It: A Structured Approach. Cambridge University Press, 2006.
30. Whitehead, A. N. Introduction to Mathematics. Barnes & Nobles Publishing, Inc., 2005.
31. Wickelgren, W. A. How to Solve Mathematical Problems. Dover Publications, 1995.
32. Wolf, R. S. Proof, Logic, Conjecture: The Mathematical Toolbox. W. H. Freeman & Co., 1998.

Read Chapters 1 to 4.

33. An interesting and useful book for a quick review of mathematical terms is the well-known
Mathematics Dictionary by Glenn James and Robert C. James, published by Springer, 1992.

34. A book that goes to the roots of mathematical words is The Words of Mathematics: An Etymological
Dictionary of Mathematical Terms Used in English, by Steven Schwartzman, published by The
Mathematical Association of America, 1996.

The following books offer suggestions on writing mathematical material:

35. Alley, M. The Craft of Scientific Writing. Springer-Verlag, 1996.
36. Countryman, J. Writing to Learn Mathematics. Portsmouth, NH, Heinemann, 1992.
37. Gerver, R. Writing Research Papers. Enrichment for Math Enthusiasts. Key Curriculum Press, 1997.
38. Gillman, L. Writing Mathematics Well. Mathematical Association of America, 1987.
39. Higham, N. J. Handbook of Writing for the Mathematical Sciences. SIAM, 1998.
40. Knuth, D. E., Larrabee, T., and Roberts, P. M. Mathematical Writing. Mathematical Association of

America, 1996.
41. There is a book that focuses on the processes of experimentation, conjecture, proof, and

generalization, by using material from number theory, discrete mathematics, and combinatorics. The
author also addresses some issues in writing mathematics:
Levine, A. Discovering Higher Mathematics: Four Habits of Highly Effective Mathematicians. Aca-
demic Press, 2000.

There are a multitude of books that help to see how to use the tools of logic to solve problems. Here is a
brief (and thus incomplete) list of them.

42. Daepp, U. and Garkin, P. Reading, Writing and Proving: A Closer Look at Mathematics. Springer-
Verlag, 2003.

43. Engel, A. Problem Solving Strategies. Springer-Verlag, 1998.
44. Larson, L.C. Problem Solving through Problems. Springer-Verlag, 1983.
45. Lozansky, E. and Rousseau, C.Winning Solutions (Problem Books in Mathematics). Springer-Verlag, 1996.
46. Vakil, R. A Mathematical Mosaic: Patterns and Problem Solving. (Revised Edition). Brendan Kelly

Publishing, 1997.
47. Williams, K. S. and Hardy, K. The Red Book of Mathematical Problems. Dover Publications, 2010.
48. Williams, K. S. and Hardy, K. The Green Book of Mathematical Problems. Dover Publications, 1997.
49. Zeitz, P. The Art and Craft of Problem Solving. John Wiley & Sons, 2006.

A list of books to enjoy after becoming familiar with the basics of mathematical proofs includes:

50. Aigner, M. and Ziegler, G. Proofs from the Book. Springer-Verlag, 4th edition, 2009.
51. Alsina, C. and Nelsen, R. B. Charming Proofs: A Journey into Elegant Mathematics. MAA, 2010.
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52. Dunham, W. W. The Mathematical Universe: An Alphabetical Journey through the Great Proofs,
Problems, and Personalities. John Wiley & Sons, 1997.

53. Dunham, W. W. Journey through Genius: The Great Theorems of Mathematics. Penguin, 1991.
54. Katz, V. J. A History of Mathematics. Addison Wesley, 3rd edition, 2008.
55. Polster, B. Q.E.D.: Beauty in Mathematical Proof. Walker & Company, 2004.
56. Swetz, F. J. From Five Fingers to Infinity. Dover Publications, 2011.
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Page numbers in italics indicate textboxes.

A
Abelian group, 134, 139–140, 142, 146, 154, 157–158
Addition table, 142–143
Algorithms, division, 16
Alternating sequence, 159
And/or statement, 16–21
Antisymmetric relation, 106
Argument validity, 4–5
Associative operation, 125
Associative property, 121–122, 125–127, 136, 145

B
Bijection (or bijective function), 92–93, 148, 150, 152–154,

179–181
Binary operation, 118–129, 133, 145
Bounded sequence, 160–162

C
Cancellation laws, 138
Cantor’s diagonal argument, 186
Cartesian plane, 83
Cartesian product of sets, 82–84, 184
Cayley table, 120
Cayley’s theorem, 158
Closure property, 118, 133
Clusters, 162–163
Codomain of a function, 89
Commutative group, 132, 155
Commutative operation, 121
Commutative property, 123–125, 127
Complement of a set, 77–78, 78
Complete induction. See Mathematical induction
Composite statement

definition, 1
true-false, 7–8

Composition of functions, 93–98, 127, 129, 149–150
Conclusion

definition, 2
multiple, 61–66

Congruence (mod m), 112–113
Constructive method, 71
Continuum hypothesis, 186
Contrapositive of a statement, 21, 24, 59, 61
Converging sequence, 168
Converse of a statement, 21
Coordinates of a pair, 82
Corollary, 3
Countable set, 179–182, 184–185
Counterexample, 40–42

D
De Morgan’s laws, 78, 78, 80, 80, 86
Decreasing function, ix
Decreasing sequence, 159, 162
Definition, 2
Diagrams (Venn), 73–74, 76–77, 79
Difference of two sets, 80
Digraph (directed graph), 104–105, 104–105
Direct proof, 9
Divisible, vii
Division algorithm, viii
Domain of a function, 89, 99, 170

E
Elements of a domain, 99
Elements of a set, 71, 82
Equality, 123, 125, 158
Equality of numbers, 66–69
Equality of sets, 72–73
Equivalence class, 109–110, 109, 113–114, 116–117, 142
Equivalence relation, 36, 38, 38–39, 106, 109–111, 114, 116, 142
Equivalence statement, 68
Equivalence theorems. See If and only if theorems
Euclid’s algorithm to find the GCD, 19
Example, 40, 42
Existence statement, 154
Existence theorems, 52–54

F
Function

about, 87–102
bijective, 92–93, 148, 150, 152–154, 179–181
codomain of a, 89
composite statements, 58–66
composition of, 93–98, 127, 129, 149–150
decreasing, ix
definition, 88–89
domain of a, 89, 99, 170
identity, 129, 149
increasing, viii
injective. See One-to-one function
inverse, 55–56, 97, 154
inverse of, 55–56
limit, 170, 174
odd, ix
one-to-one, 90–91, 90–92, 94, 180
Onto, 90–91, 90–92, 180, 182
polynomial, 53
range, 89
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Function (Cont.)
range of a, 89
simple, 180
surjective. See Onto function

G
Gauss’ proof, 15
Greatest common divisor, viii
Group

Abelian, 134, 139–140, 142, 154, 157–158
commutative, 132, 155
isomorphic, 152–153, 155–156, 158
Mod M and Arithmetic, 142–148
permutation, 156
size and structure, 138–142
symmetric, 148–151, 150
theory, 138

Groups, 118–159

H
Hypothesis

definition, 2
implicit, 10–11, 64
inductive, 43–44, 45
multiple, 58–61
understanding, 3

I
Identity

element, 128, 130, 135, 139–141, 153
function, 129, 149
for the operation, 128

If and only if theorems, 33–40
If/then statements, 12
Image

of an element, 99
of an interval, 98–99
of a set, 86

Implicit hypothesis, 10–11, 64
Increasing function, viii
Increasing sequence, 159–160, 162
Indexed families of sets, 84–87
Indexing set, 84
Induction, mathematical, 42–51
Inequalities, 49–50, 73, 166, 173, 175
Injective function. See One-to-one function
Intersection of sets, 74, 76, 85
Inverse

of an element, 128, 130, 135, 137, 154, 157
of a function, 55–56, 97, 154
of a statement, 21

Isomorphic groups, 152–153, 155–156, 158
Isomorphism, 152–156, 158

L
Least common multiple, vii
Lemma, 3

Limit
definition, 172, 177
existence, 167
of a function, 170, 174
nonexistence, 178
of a sequence, 159, 164–165, 167–169, 177

Logic, 1
Logical equivalence, 16

M
Mathematical induction, 42–51
Matrices, 119, 125, 157
Memorization, 1
Mod M and Arithmetic groups, 142–148
Modus ponens, 8
Monoid, 132, 146, 150
Monotone sequence, 159, 161
Multiple conclusions, 61–66
Multiple hypotheses, 58–61
Multiplication table, 142–143, 143–144

N
Negation of a statement, 16–21
Negative sequence, 159

O
Odd function, ix
One-to-one function, 90–91, 90–91, 94–95, 180
Onto function, 90–91, 90–92, 180, 182
Operation table, 120, 122, 124, 137, 139, 146, 150
Operations, properties of, 80
Order relation, 106

P
Paradox, 2
Partition, 115–116
Permutation group, 156
Permutations, 148–152, 158
Polynomial function, 53
Positive sequence, 159
Pre-image of a set, 100
Prime number, 29, 56–57, 148
Principle of Mathematical Induction

definition, 43
Strong, 46–47
Weak, 46

Proof
construction, 13, 19, 43, 171
by contradiction, 25–32, 52
by contrapositive, 21–25
definition, 2
design, 4
direct, 9
Gauss’, 15
by induction, 12, 42–51
sound, 5

Properties of operations between sets, 79
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Q
Quantifiers (logical), 17

R
Range of a function, 89
Recursive formula, 161
Reflexive relation, 105, 107
Relation

antisymmetric, 106
common properties, 105–108
definition, 104
equivalence, 36, 38, 38–39, 106, 109–111, 114, 116, 142
order, 106
reflexive, 105, 107
symmetric, 107
transitive, 106

Relations, 102–118
Relatively prime, viii
Roster method, 71

S
Sequence

alternating, 159
bounded, 160–162
converging, 168
decreasing, 159, 162
increasing, 159–160, 162
limit, 159, 164–165, 167–169, 177
monotone, 159, 161
negative, 159
positive, 159
terms, 168–169

Sets
Cartesian product, 82–84
complement, 77–78, 78
countable, 179–182, 184–185
definition, 71
difference of two, 80
elements, 71
equality, 72–73
image, 84
indexed families, 84–87
indexing, 84
intersection, 74, 76, 85
pre-image, 100
properties of operations between, 80
uncountable, 185
union, 74–75, 85, 86–87
universal, 71

Simple function, 180
Simple statement, 1
Sound proof, 5
Statements

and/or, 16–21
composite, 1, 7–8, 58–66
contrapositive, 21, 24, 59, 61
converse, 21
definition, 1
equivalence, 68
existence, 154
If/then, 12
multiple conclusion, 61–66
negation, 16–21
simple, 1
tautology, 2
true-false, 7

Strong Principle of Mathematical Induction, 46–47
Subgroups, 157, 159
Surjective function. See Onto function
Symmetric groups, 148–152
Symmetric relation, 106–107

T
Tautology, 2
Terms of a sequence, 159, 164, 166, 168–169
Theorems

Cayley’s, 158
definition, 3
existence, 52–54
If and only if, 33–40
uniqueness, 54–58

Transitive relation, 106
True/false statement, 7, 72
Truth table, 8, 22, 63

U
Uncountable set, 185
Union of sets, 74–75, 85, 86–87
Uniqueness theorems, 54–58
Universal set, 71

V
Validity of argument, 4–5
Venn diagrams, 73–74, 76–77, 79

W
Weak Principle of Mathematical Induction, 46
Well-ordering principle, viii
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